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In the class of scalar type spectral operators in a complex Banach space, a characteriza-
tion of the generators of analytic Cp-semigroups in terms of the analytic vectors of the
operators is found.

1. Introduction

Let A be a linear operator in a Banach space X with norm || - |,

(oY)

c>(A) ¥ N p(an), (1.1)
n=0

and 0 < f3 < oo.
The sets of vectors

EP )L [fec™A)Ta>0, 3c>0: ||A"f|| < ca"[n1)F, n=0,1,...}, (12)
1.2
EBA) L [feC®(A) | Va>03c>0:||A"f|| < ca[n!]f, n=0,1,...}

are called the Sth-order Gevrey classes of the operator A of Roumie’s and Beurling’s types,
respectively.

In particular, €'V (A) and €V (A) are, correspondingly, the celebrated classes of ana-
Iytic and entire vectors [6, 17].

Obviously,

M(A) c €M (A). (1.3)

In [7, 8] and later in [19, 20], it was established that, for a selfadjoint nonpositive operator
A in a complex Hilbert space H,

D) = JR(e™), €W (A) = R(e™) (1.4)

t>0 t>0
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1008  One characterization of analytic semigroups

where R(-) is the range of an operator, the exponentials understood in the sense of the
operational calculus (o.c.) for normal operators

ot :=J eMEL (L), >0, (1.5)
C

E(+) is the operator’s resolution of the identity (see, e.g., [3, 18]).

In [9], it was proved that the second equality in (1.4) holds in a more general case,
namely, when A generates an analytic Cy-semigroup {e*4 | t > 0} in a complex Banach
space X.

Later, in [12], it was demonstrated that, in the class of normal operators in a com-
plex Hilbert space, each of the equalities (1.4) characterizes the generators of the analytic
semigroups.

The purpose of the present paper is to stretch out the results of [12] to the case of
scalar type spectral operators in a complex Banach space.

It is absolutely fair of the reader to anticipate that abandoning the comforts of a Hilbert
space would inevitably require introducing new approaches and techniques.

2. Preliminaries

Henceforth, unless specified otherwise, A is a scalar type spectral operator in a complex
Banach space X with norm || - || and E4(+) is its spectral measure (s.m.) (the resolution of
the identity), the operator’s spectrum o(A) being the support for the latter [1, 4].

Note that, in a Hilbert space, the scalar type spectral operators are those similar to the
normal ones [21].

For such operators, there has been developed an o.c. for complex-valued Borel measur-
able functions on C [1, 4], F(-) being such a function, a new scalar type spectral operator,

F(A) = JCF(/\)dEA(A), 2.1)

is defined as follows:

F(A)f = limF,(A)f, fe&D(F(A)),

(2.2)
D(F(A)) := {f € X | lim F,(A)f exists},
D(-) is the domain of an operator, where
Fu(+) == F( )xneciray<nt (1), n=12,..., (2.3)

Xa(+) is the characteristic function of a set &, and

F,(A) = JCFn()L)dEA(A), n=12..., (2.4)
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being the integrals of bounded Borel measurable functions on C, are bounded scalar type
spectral operators on X defined in the same manner as for normal operators (see, e.g.,
(3, 18]).

The properties of the s.m., E4(+), and the o.c. underlying the entire subsequent ar-
gument are exhaustively delineated in [1, 4]. We just observe here that, due to its strong
countable additivity, the s.m. E5(-) is bounded, that is, there is an M > 0 such that, for
any Borel set §,

I[EA(8)]| = M, (2.5)

see [2].

Observe that, in (2.5), the notation || - || was used to designate the norm in the space
of bounded linear operators on X. We will adhere to this rather common economy of
symbols in what follows, adopting the same notation for the norm in the dual space X*
as well.

With F(-) being an arbitrary complex-valued Borel measurable function on C, for any
f €D(F(A)), g* € X* and arbitrary Borel sets § < o, we have (see [2])

|, IFav(£g70)

< 4sup LF(A)d(E«(Mﬁg*) '

dco

_ 4sup J XsMFN)d(Es(L) f,g*)

dco

= 4sup <J Xg()L)F(/X)dEA(/\)f,g*> ‘ (by the properties of the o.c.) (2.6)

dco

(by the properties of the o.c.)

= 4sup | (E(8)E4(0)F(A)f,g*) |

dco

< 4§UPHEA(6)EA(U A) I g™l

< 4sup |[Ea(O)|[ ||Ea(0)F(A) f[ lg*]|  (by (2.5))

dco

< AM||E4(a)F(A) f1] [Ig*]].

For the reader’s convenience, we reformulate here Proposition 3.1 of [14], heavily relied
upon in what follows, which allows to characterize the domains of the Borel measurable
functions of a scalar type spectral operator in terms of positive measures (see [14] for a
complete proof).

ProrosITION 2.1 [14]. Let A be a scalar type spectral operator in a complex Banach space
X and let F(-) be a complex-valued Borel measurable function on C. Then, f € D(F(A)) if
and only if the following hold:

(i) for any g* € X*,

J«: |FO) [dv(f,g* 1) < oo, 2.7)
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(ii)

|F(A) |dv(f,g"A) — 0 asn— oo, (2.8)

w |
{grex*||gll=1} J IAECIIF)[>n}

As was shown in [13], a scalar type spectral operator A in a complex Banach space X
generates an analytic Cy-semigroup, if and only if, for some real w and 0 < 8 < 7/2,

a(A);{Aem | arg(l— )| z§+9}, (2.9)

where arg - is the principal value of the argument from the interval (—m,7] (see [15] for
generalizations), in which case the semigroup consists of the exponentials

et = j eNdE, (), t20. (2.10)
(®

It is also to be noted that, according to [16], for a scalar type spectral operator A in a
complex Banach space X,

%{1}(A)2UD(6”A‘), %(1)(A)2ﬂD(e”A|), (2.11)

t>0 t>0

the inclusions turning into equalities provided the space X is reflexive.

3. The principal statement

THEOREM 3.1. Let A be a scalar type spectral operator in a complex Banach space X. Then,
each of equalities (1.4), the operator exponentials e'A, t > 0, defined in the sense of the o.c.
for scalar type spectral operators, is necessary and sufficient for A to be the generator of an
analytic Cy-semigroup.

Proof
Necessity. We consider the general of A being a generator of an analytic Cy-semigroup
{et4 | t > 0} in a complex Banach space X, without the assumption of A being a scalar
type spectral operator.

First, note that the inclusions

€ (A) 2 JR(e™) €W (A) 2 R(e") (3.1)

t>0 t>0
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immediately follow from the estimate

n
||AnetA|| < eth
mn

nl, n=12,....,t>0 (3.2)

with some positive w and M, known for analytic Cy-semigroups (see, e.g., [11]).

We show now that the inverse inclusions hold even in a more general case, when A
generates a Cy-semigroup {e*4 | t > 0} not necessarily analytic.

Let f be an analytic (entire) vector of the operator A, then, for some (any) & > 0, the
power series

s A, (33)

converges whenever || < §.
Formally designating the series by e*=4) f and differentiating it termwise, with the
closedness of A in view, we obtain

4 f € D(A), %eu Jf=—AAf, A <6 (3.4)

Considering that for any g € D(A),

%e”‘g =Aeh g =e"Ag, t=>0, (3.5)

(see [5, 10]), we have, forall 0 < t < 6,

d tA tH(—A) d As t(—A) At d H(—A)
—e e —e e _tt+e " —e
dt f= ds o= dt f

_ AetAet(—A)f+ eAt( _Aet(fA)f) (3.6)
= Aetfe ™ f — AeAle™ f = 0.

This implies that, forall 0 < ¢ < §,
etAet(—A)f _ eAses( A)f|s:0 — f (3.7)

Therefore,

€ (A) c | JR(eM) ( )EﬂR(eA’)>. (3.8)

t>0 t>0

Sufficiency. We prove this part by contrapositive.
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As was noted in Section 2, for a scalar type spectral operator A, its being the generator
of an analytic Cy-semigroup is equivalent to inclusion (2.9) with some real w and 0 < 6 <
/2.

Hence, as is easily seen, the negation of the fact that A generates an analytic Co-
semigroup implies that for any b > 0, the set

o(A)\ {1 € C|ReA < —b|ImA|} (3.9)

is unbounded.
In particular, for any natural n, the set

o(A)\{AeCIRe)Ls—%IImAI} (3.10)

is unbounded.
Hence, we can choose a sequence of points of the complex plane {A,},_; in the fol-
lowing way:

A€eo(A), n=12,...;
Re/ln>—%|1m/\|, n=12,...; (3.11)
Ao:=0, |A;|>max[n,|A,1|], n=1,2,....
The latter, in particular, implies that the points A, are distinct:
Mi#Aj, i#j. (3.12)
Since the set

{AemReb—%an} (3.13)

is open in C for any n = 1,2,..., there exists such an ¢, > 0 that this set contains together
with the point A, the open disk centered at A,

Ay={AeC||A-N] <en}s (3.14)

that is, for any A € A,

Rel > f%llm/ll,
n (3.15)

Al >max [n, | A1 ]].

Moreover, since the points A, are distinct, we can regard that the radii of the disks, ¢,, are
chosen to be small enough so that

0<sn<l, n=12,...;
n (3.16)
AinAj=0, i#j (thedisksare pairwise disjoint).
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Note that, by the properties of the s.m., the latter implies that the subspaces Ex(A,)X,
n=1,2,..., are nontrivial, since A, N 6(A) # @ and A, is open and

Ea(Ai)Ea(Aj) =0, i#j. (3.17)

Thus, choosing a unit vector e, in each subspace E4(A,)X, we obtain a vector sequence
such that

EA(Ai)ej = 5,‘]'61' (318)
(0;j is the Kronecker delta symbol).
The latter, in particular, implies that the vectors {e;,e,,...} are linearly independent
and that
d, = dist (ep,span ({ex |k €N, k#n})) >0, n=12,.... (3.19)
Furthermore,
dy+—0 n— oo, (3.20)
Indeed, assuming the opposite, d, — 0 as n — o, would imply that, for any n = 1,2,...,
there is an f, € span({ex | k € N, k # n}) such that |le, — full < d,+ 1/n, whence e, =

EA(Ay)(en — fu) — 0, which is a contradiction.
Therefore, there is a positive ¢ such that

d,>¢, n=12,.... (3.21)
As follows from the Hahn-Banach theorem, for each n = 1,2,..., there is an ¢} € X*
such that
llex |l =1, (einef) = 0yd;. (3.22)
Let
g¥ = i ie"‘. (3.23)
n=1 n2 !

On one hand, foranyn =1,2,...,

V(enag*)An) = | <EA(An)emg*> | (bY (3-18))

= [(eng*)| =% (by (3.21)) (3.24)
&€

= .
n2
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On the other hand, for any n = 1,2,...,

v(eng*,Ay) (0 being an arbitrary Borel subset of A,, [2])
< 451;p | (Ea()en,g™) | < 451;p||EA(5)Il lleall [lg*Il  (by (2.5)) (3.25)

= 4M[g*|].

Concerning the sequence of the real parts, {Rel,},_,, there are two possibilities: it is
either bounded below, or not. We consider each of them separately.

First, assume that the sequence {Rel,};_, is bounded below, that is, there is such an
w >0 that

Red,>w, n=12,.... (3.26)

Observe that this fact immediately implies that the operators e~*4, t > 0, are bounded
and, thus, defined on the entire X [1, 4].

Therefore, R(e!4) = D(e™ ') = X, t > 0.

Let

fimS —e (3.27)

" (3.28)
EA<Un:1A,,)f -7
For an arbitrary t > 0, we have
Jefmdv(f,g*,)t) by (3.28);
C
= J My (EA ( U A,,)f,g*,)t) (by the properties of the o.c.)
c n=1
- J M dv(Ex (An) frg* 1)
U;l.g:] All
_ tIAl *
nZan My (Ex(An) f,8%0)  (by (3.28)) 529)

S %J M dv(eng* 1) ford € Ay (by (3.15), A = n)
n=1 Ay

l26”’V(f,g*,An) (by (3.24))

\%
M
=

sem
nt

\%
Me

= 00,

=
1l
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This, by [14, Proposition 3.1], implies that

feUD(M). (3.30)

t>0

Then, by (2.11), moreover,
f €A (3.31)

Therefore, equalities (1.4) do not hold.
Now, suppose that the sequence {ReA,},; is unbounded below, that is, there is a sub-
sequence {Red, )}, (k <n(k)) such that

Redyy — —o0  ask — oo. (3.32)
Without the loss of generality, we can regard that

Red,y < -k, k=1,2,.... (3.33)
Let

kRe Ay

-
Il

[Me
X

en(k)- (3.34)

=~
Il
—_

Similarly to (3.17), we have

Ea(Du) f = eRM0e,00, n=1,2,...,

© (3.35)
EA(U An(k))f = f.
n=1
For any t >0 and an arbitrary g* € X*,
J e_tRe’\dV(f,g*,A)
c
= J e "Reldy(f,g*,1)  (by the properties of the o.c.)
Ukt Au
=3[ eMdv(EaBu) f1870) (by (3.39))
k=17 200
(3.36)

I
Me

ekRe}L”(“ J eitReAdV(en(k))g*,/l) (by (316))
Ay

>~
l

1

IA
[Me

eFRetn ol ReMity (¢4, 8%, M) (by (3.25))
k

1

[

< 4Ml|g*||e! Z ek=DRedub) < oo,
k=1
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Indeed, for A € Ay k), by (3.16), —ReAd = —ReAy k) + (Redyk) — Red) < —Redyi) + [Auii)
— Al < —ReAyk) + €nk) < — Redy) + 1 and for all natural k’s large enough so thatk — ¢ > 1,
due to (3.33),

elk=OReduiy < o=k (3.37)
Similarly, for any ¢ > 0,

e_tReAdV(f,g*,)L)

su J
{g*EX*HIg*Hzl} {Ag(:|eftke/\>n}
00
= sup el > ekRetu J e "Rerdy (enn), g0
{grex*|lg*l=1} _ (A€M le=tRer>n}

<eé Z ek Redue) sup v(f,g* A € Ay | e Red 5 1) (by (2.6))
k=1 tgreX*|lg*ll=1}

<e' > elRbw  sup  AM||Ex({A € Auay | €N > n}) £ |lg*]|
k=1 {grex*|lg*ll=1}

<4Me' > ek Rebw ||, (A e C | e 'Rt > n}) £
k=1
(by the strong continuity of the s.m. — 0 as n — o).
(3.38)

According to [14, Proposition 3.1], (3.36) and (3.38) imply that

fe(\D(e™) =\R(e"). (3.39)

t>0 t>0

However, for an arbitrary ¢ > 0, we have

| eav(f.gm

ekReAniy I e'Mdv(en),g* 1)  (by the properties of the o.c. and (3.35))
Anci)

M e

b
Il
—_

ekReMuw o= tnkY Rkt ¥ 1) gy (e, 1 0 A ) (by (3.15) and (3.16))

v
Me

=
Il
—

e—tn(k)ze(tn(k)hk)(—Re)tn(k))dv(en(k)’g*’An(k)) (by (3.24))

I
M e

=
Il
—_

etk (n(k)=k) (~Redui)) & _

(k)>

=
Il

v
[Me
S

1
(3.40)
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Indeed, for A € Ay, by (3.15) and (3.16), [A| > |ImA| > —n(k)?Red > —n(k)?*(Re A,k
+ |ReA — Redyi)|) = —n(k)*(Redyk) + 1), and for all natural k’s large enough so that
tn(k)? — k >0, due to (3.33), we have

€ etn(k)3fm(k)2—kn(k)
00

—tn(k)? ,(tn(k)—k)(~ ReAyty)
e e > — o0,
n(k)? n(k)?

ask — oo, (3.41)

Whence, by [14, Proposition 3.1], we infer that f ¢ U0 D(e'41). Then, by (2.11), more-
over f ¢ €1 (A). Therefore, equalities (1.4) do not hold in this case either.

With all the possibilities concerning {ReA,},-; having been analyzed, we conclude
that the sufficiency part has been proved by contrapositive. O
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