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We study the internal exact null controllability of a nonlinear heat equation with
homogeneous Dirichlet boundary condition. The method used combines the
Kakutani fixed-point theorem and the Carleman estimates for the backward ad-
joint linearized system. The result extends to the case of boundary control.

1. Introduction

This work is concerned with the internal controllability of the equation

yi(x,t) — Ay(x, t) +alx, ) y(xt)+ f (L Hy (-, 1) y(x, £)
=m(x)u(xt), (xt)eQ=Qx(0,T),

y(x,t) =0, (xt)eX=00x(0,T),

y(x,0) = yo(x), x€Q.

Here O € R" is an open, bounded set with a boundary 0Q, m is the character-
istic function of a nonempty open subset w of (), and A is the Laplace operator
with respect to the variable x.

Here a: QX (0,T) — R and f:(0,T) — R are given functions satisfying the
following conditions:

(i) ae L*(Qx(0,T)),
(ii) f is nonnegative and continuous with respect to all variables,

(iii) f(-,0) € L*(0,T) and f is locally Lipschitz according to the second

variable.

Also we assume that
(iv) H: L*(Q) — Risalocally Lipschitz continuous operator and y, € L*(Q).

Equation (1.1) describes the heat propagation with a viscosity term.
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376  Null controllability of a nonlinear heat equation

System (1.1) is said to be null controllable if for every T > 0 there are (y,u) €
C[0, TL2(Q)) N WE2((0, TLA(Q)) 0 L2(0, TsHH(Q)) 1 L3, (0, T HA(Q) X
L?(Q), which satisfy (1.1) and such that y(x, T) = 0 a.e. x € Q.

The main result of the paper amounts to saying that system (1.1) is null con-
trollable for all yo € L*(Q).

Null controllability of the linear heat equation, when the control acts on a
subset of the domain (), was established by Lebeau and Robbiano [6] and was

extended later by Fursikov and Imanuvilov [5] to the semilinear equation,

Y1) = Ay(x, )+ f(y(x, 1) = m(x)u(x, 1), (xt)€Q (1.2)

where f is a sublinear function.
Fernandez-Cara [4] established null controllability of superlinear control sys-
tem of the form

Y1) = Ay )+ f(y(x, 1) y(x t) = m(Xu(x,t), (xt)€Q, (1.3)

with f satisfying the condition f(y)(log|y|+1)~! — 0 as |y| — o while Barbu
[3] established the same result in the case f(y)(log|yl+1)"¥? = 0as |y| — o if
l<n<e.

A general discussion on dissipative semilinear heat equation has been done by
Anita and Tataru [1]. It has been proved that if f is nonnegative and is growing
at infinity faster than a polynomial, then the equation is not null controllable.

This is not the case of our problem. Here, we show that system (1.1) is null
controllable for any f satisfying the hypotheses mentioned above. Anyway, in
(1.1) the nonlinear term f(t, Hy(-,t)) does not depend explicitly on the spatial
variable.

The paper is organized as follows. The main result is stated in Section 2 and
proved in Section 3 via the Kakutani fixed-point theorem. The proof is based on
Carleman inequality for the backward adjoint linearized system associated with
(1.1). We do not impose asymptotic conditions on f (asin [3, 4]).

In what follows we use standard notations for the Sobolev spaces H?(Q),
H}(Q), and L>(Q) on Q and Q. Denote by | - | the usual norm of R”, and by
(-, ) the inner product of L>(Q). Moreover, we set

W12 (0, T;L2(Q)) = {y € 12(0, T;12(Q)); % e 12(0, T;LZ(Q))},
(1.4)
W2 (0, T;L2(Q)) = Nocor W8, T5LA(Q),

where dy/dt is taken in the sense of distributions.
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2. The main result

THEOREM 2.1. Assume that conditions (i), (ii), (iii), and (iv) hold. Then for all
yo € L*(Q) and T >0, there are u € L*(Q) and y € C([0,T;L*(Q)) n
WE2((0, TI;L2(Q)) N L2(0, T; HY(Q)) N LY, ((0, T H2(Q)), which satisfy (1.1),
and

y(,T)=0 aexel. (2.1)

The result of Theorem 2.1 extends in a classical manner (see [3]) to the case
of boundary control. More exactly we have the following result.

TaEOREM 2.2. Under assumptions (i), (ii), (iii), and (iv) for each T >0 and y, €
HY(Q), therearev € L*(X) and y € W2([0, T];L*(Q)) n L*(0, T; H*(Q)), which
satisfy

yi—Ay+alx,t)y+ f(LHy)y=0 inQ,
y=v oni
y(x,0) =y inQ,
y(x,T)=0 inQ.

Proof of Theorem 2.2. Let Q) be an open bounded set such that Q > Q. We set
w =0\ Q and apply Theorem 2.1 with y, € H'(Q) to (1.1) on Q with Dirichlet
boundary condition, and the initial value condition y(x,0) = y(x) on Q) where
o is an Hy-extension of yy to Q.

Consequently, there is 7 satisfying (1.1) on Q X (0, T) such that y(T) = 0. So,
by the trace theorem v = 7 on 9Q x (0, T') belongs to L*(X) and y, the restriction
of y to Q x (0, T') satisfies the requirements of Theorem 2.2. O

3. Proof of Theorem 2.1
Firstly, we prove Theorem 2.1 in the case y € Hj(Q).
We fix yo € Hj(Q) and define the set
K={welL(0,T;L*(Q)); |w(®)||2q) < M, ae.t € (0, T)}, (3.1)

where M is a positive constant to be defined later.
For w € K and p € L2(Q) consider the linear system

ye—Ay+alxt)y+ f(L,Hw(t))y=u inQ,
y=0 onZ (3.2)
y(x,0) =y, inQ.



378  Null controllability of a nonlinear heat equation

We note first that for all w € K, u € L*(Q), and yy € Hy(Q), (3.2) has a
unique solution

y=y"eL*(0, T;H} (Q) n H*(Q)) n W2(0, T;L*(Q)). (3.3)

We give a sketch of the proof for this assertion. Since H : L>(Q) — R is locally
Lipschitz continuous, for w € L*(0, T; L?(Q)) it follows that Hw € L (0, T).

Now, assumptions (ii) and (iii) imply that f(-,Hw(:)) € L*(0,T) for all
w e K.

Along with (i), the last implies that @ € L*(Q) where a(x,t) = —a(x,t) —
f(t, Hw(t)), for all w € K.

Let S(t) be the Cp-semigroup generated on L?(Q)) by the Laplace operator
with Dirichlet boundary value conditions. Then, the solution y to (3.2) (if it
exists) can be represented by the variation of constant formula,

y(t) =S{t)yo + JO S(t—s)(as)y(s)+u(s)) ds. (3.4)

In a standard way (see [2]) we show that (3.4) has a unique solution, y €
C([0, T];L*(Q)), provided that the operator J : C([0, T];L*(Q)) — C([0, T];
L*(Q)),

t
(Ty)(t) = Jo S(t—s)(a(s)y(s) +u(s))ds (3.5)

is a contraction.
Multiplying now (3.2) by y and integrating on (0, t) X (2, we obtain

t
O = A+ | 17Ol ds (:6)
where A and B are positive constants. Then, Gronwall’s inequality gives
Iyl =C Vtelo,T], (3.7)

C being a positive constant (independent of w € K).

Asa e L*(Q), y € L*(Q), and u € L*(Q), it follows that ay +u € L*(Q) and
by [2, Theorem 2.1, page 189] we conclude that the solution y of (3.2) satis-
fies (3.3).

Multiplying now (3.2) by y; — Ay and having in mind (3.7), the following
inequality is obtained

IOy + | (7000 Ayun ) dxds

=< ﬂ(M:H)/oHH(;(Q)) +JQy2dxdt,

where ji is a constant depending on M and y,.
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Now consider the optimal control problem (e > 0),
Minimize {%J Y (x, T) dx+J u? dxdt} (3.9)
Q Q

subject to (3.2).

It is easy to observe that (in (3.2)) the map u — y* is closed in (L*(Q)),, X
L?(Q), where by (L*(Q)),, we have denoted the space L>(Q) endowed with the
weak topology. This implies that there exists an optimal pair ( y,, u.) for the func-
tional (3.9).

The Pontryagin maximum principle yields that

ug(x, 1) = m(x) pe(x, 1) ae. (x,1) €Q, (3.10)
where p, is the solution to the backward adjoint system

(pe), + Ape —ape — f(t, HW(1))pe =0 inQ
pe=0 on2, (3.11)
Ps(x; T) = _%yg(x, T) in Q.

Now, we prove an observability result for the solution p € L?(0, T; Hj (Q)) N
C([0, T];L*(Q)) to the equation

pr+tAp—alx,t)p— f(LHw(t))p=0 inQ. (3.12)

LemMA 3.1. There is a constant C independent of w, M, and p such that

T
f pz(x,O)dstJ Jpz(x,t)dxdt. (3.13)
Q 0 Jw
Proof. Consider the problem

pitAp—ap=0 inQ,
p=0 on2 (3.14)
pxT)=2z(x) inQ,

where z € L2(Q).

It is well known (see [5]) that the solution of (3.14) satisfies the Carleman
inequality,

T
j pz(x,O)dstJ Jpz(x,t)dxdt, (3.15)
Q 0 Jo

for all z € L*(Q).
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It is easy to observe that the solution to (3.12) is given by

Ppelt) = e~ H SSHWO)ds p(p, (3.16)

which implies that

J p2(x,0)dx = e‘szTf(S’HW(S))dSJ p?(x,0)dx,
Q Q

T T . (3.17)
|| prundvar= | (e oot [ pndr)
0 JQ 0 Q

Now inequality (3.15) and f = 0 imply that

T
e—zfon(s,Hw(s))ds JQ pz (x’ 0) dx < CefszTf(s,Hw(s))ds JO J p2 (x) l‘) dx dt
w
T
- CJ e—zftTf(s,Hw(s))dsJ P tdxdt (3.18)
0 )

T
:CJ Jpg(x,t)dxdt,
0 Jw

and thus p, verifies (3.13) ending the proof of the lemma. O

Remark 3.2. The result given by the lemma can be viewed as a uniform observ-
ability result for the linear adjoint system (3.11) with respect to w € K.

Proof of Theorem 2.1 (continued). Multiplying (3.2) by p,, (3.11) by y,, and hav-
ing in mind (3.10), we obtain, after integration on Q that

T
Y pemdss || e
€Ja 0 Jw

=— L} ¥e(x,0) pe(x,0) dx

(3.19)
— [ neopw0)dx
1
< 2(x,0 +—J 2(x)dx  Vy>0.
<YJst(x ) y Q)’o(x) X y >
As p; satisfies (3.13), the latter implies that
1 T
EJ yf(x,T)dx+J J u(x,t)dxdt
’ e (3.20)

T
sCyJO J u?(x,t)dxdt+$L2y§(x)dx Vy>0
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which gives

T
%J y2(x, T)dx < Cy, f [ 2(x t)dxdt < O, (3.21)
Q 0 Jo

C, being a positive constant.
By estimates (3.21) it follows that, selecting a subsequence, we have

ue — u weakly in L*(Q),

3.22
ye — y weakly in L*(0, T; H} (Q) n H*(Q)) n W2 (0, T; L*(Q)), (3:22)

where (y, u) satisfies (3.2) and y(T') = 0.
For each w € K, we denote by ®(w) C L*(Q) the set of all solutions y* €
L*(0, T; HY(Q) n H2(Q)) n W2(0, T;L*(Q)) to (3.2) such that

yUT) =0, lullzg <Cl? (3.23)

By (3.21) and (3.22) we deduce that ®(w) # & for each w € K. Moreover, it
is readily seen that ®(w) is a convex subset of L?(Q). Since, by (3.8)

u, — u weakly in L*(Q) (3.24)
implies that

y—y inL*Q), (3.25)

it follows also that ®(w) is a closed subset of L?(Q). At the same time from
estimate (3.8) we deduce, via the Arzela-Ascoli theorem that ®(K) is relatively
compact.

Multiplying once again (3.2) by y and integrating on Q; = Q X (0, ), we ob-
tamn

||y(t)||L2(Q) <M Vte(0,T), (3.26)

which is a constant that we choose in the definition of K. So, we have proved that
®(K) C K. Finally, we prove that @ is upper semicontinuous in L?(Q) X L?(Q).
For this, let w, € K, y, € ®(wy,), yn = y*» such that

wy, — w inL*(Q),

Jo—y in 12(Q). (3.27)
By estimate (3.8) it follows that, eventually on a subsequence,
u, — u weaklyin L*(Q),
yu — y strongly in C([0, T];L*(Q)) and (3.28)

weakly in L? (0, T; Hi (Q) N H*(Q)) n W2(0, T; L*(Q)).
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So, we have

S Hwy () yulx, t) — f(6Hw(t)) y(x,t) ae. inQ,

) (3.29)
f(t, Hwy) yu — 1 weakly in L*(Q).
By Egorov’s theorem we conclude that
n=f(LHw(t))y(xt) ae inQ. (3.30)

Since y, is a solution of

(Pn); = Dyn+alx,)yu+ f (L HWy) yu = phn  in Q
yn=0 onZ, (3.31)
}’n(x: O) = )’O(x)> )/n(x, T) = 0 in Q,

we get (by passing to the limit) that (y,u) satisfies (3.2) and (3.23), that is,
y € ®(w) as claimed. By the Kakutani fixed-point theorem in L?(Q) satisfied
by @, we infer that there is at least one w € K such that w € ®(w). Then, by the
definition of @, this implies that there exists at least one pair (y, u) satisfying the
conditions of Theorem 2.1. |

In the general case yy € L?(Q)), we can use the smoothing effect of the par-
abolic equation on the initial data. More exactly, for each € > 0 there exists £ €
(0,¢] such that j(&) € Hj(Q), y being the solution of (1.1) with u = 0 on w X
(0,¢) (see [2]).

Theorem 2.1 applies, for example, to the semilinear heat equation with a vis-
cosity term,

yt—Ay+ay+f<t,J y(x,t)dx)yzy in Q,
Q

y=0 onZ (3.32)

y(x,0) = yo(x) in Q.
Here a and f satisfy conditions (i), (ii), and (iii).
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