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1. Introduction

We study the problem of the existence and nonexistence of global weak solutions of the
initial value problem for systems of parabolic inequalities of the following two types:

u— x| Au > |, (x,1) € RY x (0, 00),

v —|x|2Av > ul?,  (x,1) e RN x (0,00),

(1.1)

w—Au >t x[ M|, (x,1) € RN x (0, 00),

v —Av > R x| T2 u|P, (x,1) € RN x (0, 00), (-2
where p,g > 1 and u(x,0) = ug(x), v(x,0) = vo(x), x € RV. Systems like (1.1)
and (1.2) will be called degenerate and singular, respectively. Several authors have
addressed this problem recently: we refer the interested reader to the papers by Levine
[4] and Deng and Levine [1] for a survey of the literature on this subject. In the proofs
we follow the technique developed by Mitidieri and Pohozaev in [6, 7], which allows
to prove the nonexistence of not necessarily positive solutions avoiding the use of any
comparison principle through the choice of suitable text functions and careful capacitary
estimates. We emphasize that in the present paper we do not assume any sign condition
on the solutions, while we ask that the initial data have the following weak weighted
positivity property:

R—0 R—o0

liminf/ uglx|""dx > 0, liminf/ volx| " 2dx > 0, (1.3)
BRr Br

where 71 = 7o = 0 in case of system (1.2). Of course, (1.3) is in particular satisfied by
positive initial data.

Throughout the paper by “nonexistence of weak solution” we mean “nonexistence
of nontrivial weak solutions.”
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266  Existence and nonexistence of global solutions

The paper is organized as follows: in Section 2, we consider systems of type (1.1),
containing subcritical degeneracies, that is, we assume that 71 < 72 < 2. The main result
of this section (Theorem 2.4) recovers the result obtained in [7] for the single inequality,
that is, when 71 = 12 and p = q. Moreover, Theorem 2.4 includes as a particular case
the result by Escobedo and Herrero [2], which concerns the system of equations under
the assumptions that 7y = 7 =0 and ug, vg > 0.

In Section 3, we deal with critical degenerate systems like (1.1), where the term
“critical” means that 71 = 1» = 2. For the single inequality (p = g), it is known (see
[7]) that g*, the critical exponent for the nonexistence of global solutions, is independent
of the dimension N. Here we show that the same fact occurs for systems like (1.1).
More precisely, in Theorem 3.4 we establish that if 71 = 7o =2 and p,q > 1 satisfy
the following condition:

min {g(p—2), p(g—2)} <3, (1.4)

then, no weak solution of (1.1) exists. In the second part of Section 3, we prove that
global solutions of system (1.1) exist when 1] = 70 = 2, p, ¢ > 1 and (1.4) does not hold
and the initial data are sufficiently small. The results of this section can be summarized
by saying that the curve

min {g(p—2), p(g—2)} =3 (1.5)

is the critical curve for the system (2.39).

Section 4 contains a nonexistence theorem for the singular parabolic system (1.2).
Fujita-type results for system (1.2) were obtained in [8] for k; = k = 0 and in [9]
for o1 = 0o = 0. Theorem 4.2 includes the blowup results of [8, 9], giving a unique
nonexistence condition containing all the parameters. This answers a question posed in
Deng-Levine [1].

Throughout the paper we use the following notations: for any p > 1 we denote by p’
the conjugate exponent of p, thatis, 1/p+1/p’ = 1. The symbol C denotes a positive
constant which may vary from line to line.

We conclude this introduction with a short remark: in the course of the proofs, we
frequently use the fact that if ¢ € C§° (RN x [0, 00)) is a standard cut-off function and
p > 1, then it is always possible to select ¢ in order that

/OOO/RN %dxdt<oo. (1.6)

A justification of this fact is contained for instance in [6].

2. Systems of parabolic differential inequalities containing
subcritical degeneracies

Set D = R" x (0, +00). We consider the following initial value problem:
we—|x["Au >, v —|x[?Av > ul?,  (x,t) €D,
(2.1)
u(x,0) =up(x), v(x,00=vo(x), xeR",

where we assume that 71 < 13 <2, p,g > 1 and vo|x| ™2, uglx|™™ € LIIOC(RN).
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Definition 2.1. We say that (u, v) is a weak solution of (2.1) if the following assumptions
are satisfied:
(i) u,v:D— R,
(i) [vl9]x|™™, |ul?|x|"™ € Ly,
(iii) v|x|™™ u|x| nelLl (D),
@iv) u,velL, (D),
and for any nonnegative ¢ € C(° (RN x [0, 00)) the following inequalities hold:

(D),

loc

1oc

/|v|q|x|*”¢dxdts—fu(A¢>+|xr“¢,)dxdr—/ uolx| " p(x, 0)dx,
D D RN

/ lu|?|x| " Rpdxdt < —/ U(A¢+|x|7’2¢,)dxdt—/ volx| "¢ (x,0)dx.
D D RN
2.2)

In this section, we study the nonexistence of weak solutions of problem (2.1). To
this aim we use the approach developed by Mitidieri and Pohozaev in [6] in the context
of elliptic problems and successively modified in [5, 7] to deal with parabolic and
hyperbolic problems. This technique consists in deriving careful estimates of weighted
LP-norms of solutions by choosing suitable cut-off functions and rescaling arguments.

In order to formulate our results we introduce some notations.

Let y > 0 and R > 0 be given. For any ¢ € C(C)’O(]R) such that 0 < ¢o(s) < 1, for
any s € R and

1, 0<s<1,
s) = -~ 2.3
$o(s) {0’ §=2. (2.3)
we define
|x|?
¢y (x) =¢o _+F (2.4)
For any u,v : D — R such that |[v|?|x|™™ and |u|?|x|~ TZGLIOC(D),we set
S (L R PR S L 2.5)
AT p e P X '

Further, given y > 0 let

p p
n y+N
w=—24+24YT2
L (2.6)
T1 y+N
G=-—y—(n-— —,
q q
T N
oy =-—2 L v
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PROPOSITION 2.2. Assume that vg|x|™%2, ug|x|~™ € LIIOC(RN) and that (u,v) is a weak

solution of (2.1). Then, for any ¢, € Cy° (RN x [0, 00)) given by (2.4) the following
estimates hold:

91 < C(R +R°‘2)9§/”—f wolx| "¢, (x, 0)dx,
N
R 2.7)
97 < C(R*® +R“4)9}/q —/ volx| "¢, (x,0)dx.
]RN

Proof. Let (u,v) be a weak solution of (2.1). Applying Holder inequality to the right-
hand sides of (2.2) with ¢ = ¢,,, we obtain

, ) ) 1/p
91 < |:</D |(¢V)z|p |x|—(fl—fz/P)P d’}l/_P dxdt)

, ) ) 1/p'
+</ |Agy |7 1|27 D) =P dxdt) }95/1’—/]@ uolx|~" ¢y (x, 0)dx,
D
(2.8)

, ) ) 1/4'
$y < |:</;)|(¢V)t’q |x|*(fsz1/q)q ¢)1/*q dxdt)

, ) ) 1/q’
+(/ |Agy | x| V)74 dxdt) ]@}/"—/RN volx| "2y (x, 0)dx.
D

(2.9)
Using the definition of ¢, and applying the following change of variables:
t=R"s, x =RE, (2.10)
to the integrals in (2.8) and (2.9), we get
/ () |P’|x|—(r1—rz/p)p/¢}1/—p/dx dt < C R~VP —(m—n/p)p'+y+N
t — 9
b / (2.11)
/ |A¢V |P |x|f2(P’*1)¢)l/*p'dx dt < C R+’ =D+y+N
D
Analogously from (2.9) we get
/ |(¢y)t|q’|x|—(rz—n /q)q’¢)1/—q/dx dt < C R™VI—@=1/0q'+y+N
b (2.12)

/ [Ag, |7 1x|™ (q/_l)q),l,_q/dx dit < C R~24'+01@=D+y+N,
D

We conclude the proof by substituting (2.11) and (2.12) into (2.8) and (2.9). O
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For the sake of brevity, we introduce the following notations: for any ug, vg such

that volx| ™™, uglx| ™™ € L} (RV) and ¢, given by (2.4) we set

i1(R) = /N vo(x) x| "2y (x,0)dx,
R (2.13)

iz(R)=/ uo(x)|x]"" ¢y (x, 0)dx.
RN
From Proposition 2.2 the following result follows.

COROLLARY 2.3. Assume that vg|x|™ %2, uglx|™ ™ € Llloc(RN). Let (u,v) be a weak

solution of (2.1). Then, for any ¢, € C{° (RN x [0, 00)) given by (2.4) the following
estimates hold:

91 < C(R +R®)((R +R*)9)" iy (R))'? —ia(R), (2.14)
92 < C(R™ + R*)((R¥ + R*) 9N —in(R)) /! iy (R). (2.15)
Proof. The inequalities (2.14) and (2.15) follow from (2.7) by substitution. [l

Now we are in a position to state the main result of this section.

THEOREM 2.4. Let p,q > 1 and 11 < 10 < 2. Assume that ug™|x|™", vo~|x|72 €
LY(RN) and that

liminf/ uolx|""dx > 0, liminf/ volx| 2dx > 0. (2.16)
Bg Bg

R—00 R— o0
I
min{(N—11)(pg—1)—(2—11) —¢(2— ),
(N-1)(pg—1)—(2-1) - p2—12), 2.17)
(N—=11)(pg—D)—(2—1)—p(2—11)} <0,

then there exists no weak solution of (2.1).

Proof. Let (u, v) be a weak solution of (2.1) and suppose that i{(R) > 0 and i>(R) > 0
for any R large enough. Slight modifications yield the proof in the general case. From
Corollary 2.3 it follows that

56:—(1/Pq) < C(RO” —|—R°‘2)(R“3 _|_R014)1/p7 (2.18)
9;—<1/pq> < C(R*% + R)(R™ +Raz)‘/q_ (2.19)
We deduce that if there exists y > 0 such that one of the following conditions holds:

max {1 p+o3, aip+as, azp+ez, axp+as} <0, (2.20a)
max {al +a3q, a1 +oaq, o +ozq, o +a4q} <0, (2.20b)
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then taking the limit as R — oo in (2.18), or respectively in (2.19), we obtain that

/ lv|?|x|""dxdt —> 0, or respectively / lu|P|x| " 2dxdt — 0, (2.21)
AyR Ay R
where A, g = {(x,7) € D: tR™ +|x|*R~% < 1}. This implies that u = 0 and v = 0,
against our assumption.

Now, define

fily) =a1p+as, L) =aip+ay,

f3(y) =aap+tas, fa(y) =aap+oy,
(2.22)
hi(y) = a1 +a3q, ha(y) = a1 +ougq,

h3(y) = ax+a3q, ha(y) = aa+augq.

Using (2.6), it is easy to check that the lines § = f;(y), and respectively § = h;(y),
mutually intersect at y =2 —1t1 and y =2 — 15 as follows:

fi-u)=f02-1)= (N_Tl)(pq_1)_q(2_t1)_q(2_t1),

L2-1)=f02-1)= (N_Tl)(l’q_1)—q(2—f1)—q(2—12)’

fl—0) = p2—1) = (N—n)(pq—1)—q(2—72)_q(2_,2)7

f2-n)=f02-1)= (N—T2)(P61—1)—(2—r1)_q(2_12)’

q
(N—n)(pg—D—(2—11)—p(2—-11)

h1(2—‘[1)=h3(2—l’1)= ,

(2.23)

—~

B

ha(2—71)=hs(2—7) = (N—n)(pg—1)— 2_'52)—17(2—1:1)’

hl(z_TZ) :h2(2—l'2) = (N_TZ)(])(]—])— 2_'52)—19(2—1'2)’
(N=1)(pg—1)—(2—-12) - p(2—12)
p

Figure 2.1 shows the graphs of the lines § = f;(y) for the following choice of the
parameters: p =2, g = 3, 11 =0, and 7 = 1. Note that in this case 2 — 1] = 2 and
2— T = 1.

—~

<

—~

S

—~~

2—n)=hi2-1)=

The best condition on the parameters p, ¢, 71, T2 in order that (2.20a), or (2.20b)
holds for some y > 0, (actually, y =2 —11 or y =2 —13), is

min{max{fi(Z—rl), i=14}, max{f;(2—n), i = 1,4},

(2.24)
max{hi(Z—n), i = 1,4}, max{hi(Z—rz), [ = 1,4}} <0.
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Figure 2.1

From the explicit expressions of f;(2—1;) and #;(2—7;) fori =1,4and j =1,2
which can be obtained using (2.6) we can deduce that, since 71 < 12,

f(2-n) < L2-n).  fi2-u) < H2-1),

(2.25)
h3(2—1’2)§h2(2—‘[2), h3(2—1’1)§h2(2—‘61).
Moreover, we can check that f; is decreasing and hence (2.24) is equivalent to
min{f2(2—tl), h2(2—r2), h2(2—r1)} <0, (2.26)

that is,

min{(N—tl)(pq— D-(2-11)—q(2—-1),
(N—1)(pg—D)—(2—n)—p(2—n), (2.27)
(N—t)(pg—1D)—(2—1)—p(2—11)} <O.

This concludes the proof when (2.17) holds with the strict inequality.
Now, suppose that

min{(N—11)(pg—1)—(2—11) —¢(2— 1),
(N-)(pg—1D~(2-n)-p(2-n),
(N=7)(pg =)= (2-)-p(2-n)}
=(N-t)(pg—D—(2-11)—q(2—1)=0.
The other cases can be handled similarly.
Since (N —11)(pg—1)—2—11)—qR—1) = max{fi(2—r11), i = 1,4} =0, it

follows that for any i = 1, 4 we have f;(2—1t;) <0. Set y =2 — 1. From (2.14), we
get that

(2.28)

/ [ |x|" " dx dt < oo. (2.29)
D
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From the definition of weak solution and the fact that ¢g(s) = 1 for any s € [0, 1], we
know that

/ [ |x]" oz dx dt
D

< [ u(d0r + T @), )dxdr= [ uolel i dx,
Dy RN

(2.30)
/ [ul?|x|" 2 ¢y_r dxdt
D
<= [ o(a0rn +xI T (B2) Jardr = [ wolal g2
Dpg RN
where
Dr={(x,t)eD:1 <tR" *+[x]*’R™? <2}. (2.31)

Applying Holder inequality and proceeding as in the proof of Proposition 2.2 and
Corollary 2.3, we find that

1/(pq)
/ [v|?|x| " Mdxdt < C(/ |v|‘1|x|_f'dxdt> , (2.32)
Ay.R Dpg

where we have also used that ¢»_, (-, ) < 1. From (2.29) we know that
/ lv[?|x|""dxdt — 0, R — o0, (2.33)
Dpr

hence taking the limit for R — oo in (2.32) we get a contradiction. This concludes
the proof. O

Remark 2.5. If 11 = 13, p = q, and uy = vy, Theorem 2.4 recovers the result for the
single inequality proved in [5]. For the sake of completeness we state the corresponding

result.

COROLLARY 2.6. Let p > 1 and t < 2. Assume that ug~ |x|~% € L'(RN), and that

liminf/ uglx| " "dx > 0. (2.34)
R—o00 Bg
If
<1g 27T (2.35)
p _— N_T’ .

then there exists no weak solution of the following problem:
Mt—l.xlTAMZ|M|p, (x7t)€Da

2.
u(x,0) =up(x), xeRV. (2:36)
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Remark 2.7. In the special case 11 = 75 = 0 the system (2.1) reduces to
ug—Au>vl?,  (x,1) €D,
v —Av>ulf, (x,t) €D,
u(x,0) =up(x), xeR",

v(x,0) =vo(x), xeRY,

(2.37)

and the nonexistence condition given by Theorem 2.4 coincides with the condition
found by Escobedo and Herrero in [2], for the system of equations with positive initial

data, that is,

1 1 N

max{i, 9+ }z—. (2.38)
rqg—1 pg—1 2

Now, consider the case when 1) = 2:
u;—|x|""Au>v|?, (x,t) €D,
v —|x[*Av > [ul?, (x,1) €D,
ulx,0) =up(x), =x ERN,

v(x,0) =vp(x), xe€ RV,

(2.39)

Arguing as in the proof of Theorem 2.4 we can prove the following theorem.

THEOREM 2.8. Let p,q > 1 and 1) < 2. Assume that ug™|x|™™, vo~|x|~2 € LY(R"M)
and that

liminf / uolx| " "dx > 0, liminf / volx|~2dx > 0. (2.40)
R—o00 Br R—o0 Bpr
If
(N=1)(pg—D—(2—n)-p(2—7) <0, (2.41)

then there exists no weak solution of (2.39).

Proof. The proof is similar to the proof of Theorem 2.4. In this case we are forced to
choose y = 2 — 11. Hence, the best condition which guarantees that (2.20a) or (2.20b)
holds is

min { max { f;(2—11)}, max {h;(2—11)}} <O, (2.42)

which taking into account of the explicit values of the f;(2—1ty) and f;(2 — 1) is
equivalent to

(N—rl)(pq—l)—p(Z—r1)<0. (2.43)

The case when (N —11)(pg — 1) — p(2—11) = 0 can be dealt with as in Theorem 2.4.
O
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3. Systems of parabolic differential inequalities containing critical degeneracies

3.1. Nonexistence of global solutions. Set D* = RV \ {0} x (0, 00). Consider the
following initial value problem

ur—|x)?Au > |9, (x,1) € D,
v —|x)?Av > [u|?, (x,t) € D*,
u(x,0)=up(x), xeRY\{0},
v(x,0) =vo(x), xeRV\{0},

(3.1)

where p,q > 1 and vy, ug € LIIOC(RN\{O}).
Here, we extend to the case of systems the definition of weak solution introduced in
[5] for critical degenerate problems.

Definition 3.1. We say that (u, v) is a weak solution of (3.1) if the following assumptions
are satisfied:
(i) u,v:D*— R,

.. q p 1
(i) |vl, |ul” € Ly

(D*),
and for any nonnegative ¢ € Ci° (RV\ {0} x [0, +-00)) the following inequalities hold:

/ [v|]x| N pdxdt
D*

IA

- f u(A( )+ 1517 )dxdr f uolx| ™V (x, 0)dx,
* RN
(3.2)
/|u|p|x|_N¢dxdt
D*

< —/ v(A(|x|2_N¢)+|x|_N¢,)dxdt—/ volx| "N (x, 0)dx.
* RN

It is understood that in the proofs of the theorems of this section we choose the
cut-off function ¢ as follows: let v, 1 € C;°(R) be such that 0 < v;(s) < 1, for any
seR,i=0,1and

Vo(s) 1, 0<s<1, 016s) I, Is| <1, (3.3)
S) = S) = .
0 0, s>2. : 0, Is|>2.
Then for any R > 0, we take
t log|x|4+ (N —2)t
$x.1) = wo(ﬁ) ¥ (%) (3.4)

For the sake of brevity, we introduce the following notations: for any u, v : D* — R
such that [v|7 and |u|? € L{, (D*) and ¢ € C5° (RN \ {0} x [0, +00)), we set

loc

Fi =/ lo|9|x|"N ¢ dx dt, }2=/ lu|P|x|"Npdxdt. (3.5)
D* D*
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PROPOSITION 3.2. Assume that vy, ug € LllOC (RN \{0}) and that (u, v) is a weak solution

of (3.1). Then, for any ¢ € CSO(RN \ {0} x [0, +00)) given by (3.4) the following
estimates hold:

§1 < CRC2/W glip _ / uolxl N (x, 0)dx.,
R (3.6)
$2 < CRC-2V/4' g1/9 _ /R ol TN p . 0)dx.

Proof. Suppose that N > 2 and let (1, v) be a weak solution of (3.1). We proceed as in
the proof of Proposition 2.2. First we apply Holder inequality to the right-hand sides
of (3.2) with ¢ given by (3.4) and obtain

Alx12-N -N|P ) 1/p'

21 igl/P } (|X| ¢)/+¢t|x| | |x|N(P _l)dxdt

2 ]
D* or

—/ uolx| "N (x,0)dx,
RN

(3.7)
A(xPNé) + x|~V q' / 1/q'
92 59}/‘1(/ [A(20) el 7] |x|N<q—”dxdt)
D* ¢!
- [ wli™ g0
RN
In order to estimate the term
A(x PN b) + x|~V P
/ |A(Ix| ¢)/ x|~V | dxdr, (3.8)
* d)P -1
we first apply the change of variables
o =log(lx]), [|x|>0 (3.9)
and obtain
AN )+, x| N |” % poo Q2= N+, |7
/ | (|x| ‘i))/ ¢ lx] } dxdth/ / |¢oa ( / )Po ¢t’ do dt.
" PP’ 1 0 o pr'—1
(3.10)
Then, we introduce the change of variables,
t = R’t, o = RE, (3.11)

and we get

o0 poo _ P
/ / |poo + (2 p{i)l¢g+¢t| o di
0 Joo ¢ (3.12)

< CR32P,/OO/OO L 0" ¢ 1) P dedr,
0 —00
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where

L 1) = [Yo@y] (§+ (N —=2)R) + (D) ¥1(§ + (N —2)Rr)
¢(€,7) = vo()¥1(5+(N—2)R7).

Analogously, we obtain

k]

(3.13)

2—N —N fi
/|A | x| ¢q/+1¢|X| | drdi
¢ N (3.14)
ECR}ijn /' TE, 1) ¢E, 1)1 de dr.
0 —00

Now, we observe that since the functions v; for i =0, 1 have compact support, then

/OO/OO rE )" ¢E ) P dedr < oo,
R (3.15)

o0 o0 , ,
/ / FE 07 ¢ 1)1 dédr < oo.
0 —00
From (3.12) and (3.14) the statement follows. O
Set
J1(R) = / uolx| Vo (x,00dx  ja(R) = / volx| Vg (x,0)dx,  (3.16)
RN RN

where ¢ is given by (3.4). Notice that j;(-), (i = 1,2), depend on R through ¢.
COROLLARY 3.3. Let (u, v) be a weak solution of (3.1). Assume that vy, ug € Lloc (RN

{0}). Then, for any ¢ € C(‘)X’(RN \ {0} x [0, +00)) given by (3.4) the following esti-
mates hold:

$y < CR(372p')/P'(CR(3724')/(4’17)§}/‘1 _jl(R))l/P — (R),

/ (3.17)
s < CRG24)/q (CR(3—2P/)/(P/P)}5/P —jQ(R))l/q —j1(R).
Proof. The inequalities (3.17) follow from (3.6) by substitution. O
THEOREM 3.4. Let p,q > 1. Assume that ug™, vyp~ € LIOC(RN \ {0}) and that
mnm{/ uolx| " Ndx > 0, hmhﬁ/1UMerdx>O. (3.18)
R—o0 /B, R—o0 Jpg
If one of the following conditions holds:
q(p—2) <3, (3.19)
plg—2)=3, (3.20)

then there exists no weak solution of problem (3.1).
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Proof. Let (u,v) be a weak solution of (3.1). Assume that j;(R) > 0 and j>(R) > 0
for any R large enough. Slight modifications yield the proof in the general case. From
Corollary 3.3, it follows that

1-1/(pq)
(/ |v|fI|x|—Ndx dt> < CR(3—ZP’)/(P')+(3—211/)/(11/P)’ (3.21)
Dpg

1-1/(pq)
(/ |u|p|x|_Ndxdt) < CR(3—24’)/(4’)+(3—2P’)/(P’q)’ (3.22)
Dg

where Dg = {(x,1) € D* : |log|x|+ (N —2)t| < R and t < R?}.If g(p—2) < 3, then

3—2p’+3—2q’

2 q'p

<0. (3.23)

From (3.21) we conclude that
/ [v|9)x| " Ndxdt — 0, as R —> oo, (3.24)
Bgr

against our assumption that v # 0. If g(p —2) = 3, we proceed as in the proof of
Theorem 2.4. We argue similarly if (3.20) holds. This completes the proof. O

Remark 3.5. When p = g > 1, the condition (3.19) is equivalent to p < 3. Hence,
Theorem 3.4 contains the result for the single inequality proved by Mitidieri and
Pohozaev in [5], see also Giacomoni [3] for the case of the equation with positive
initial data.

3.2. Existence of global solutions. In this section, we deal with the problem of the
existence of global solutions of system (3.1), when we assume that p,q > 1 do not
satisfy (3.19) or (3.20) and the initial data ug and v are nonnegative, radially symmetric
and small. The result we are going to prove (see Theorem 3.6) shows that the curve in
the (p, g)-plane defined by

min{g(p—2),p(¢—2)} =3, p.g>1, (3.25)

is the sharp critical curve for problem (3.1), that is,

(a) if p,q > 1 and min{g(p—2), p(q—2)} < 3, then there exists no weak solution
defined on D*;

(b) if p,g > 1 and min{g(p —2), p(qg —2)} > 3, then there exist global solutions
defined on RN x (0, co) for sufficiently small initial data.

Part (a) has been established in Theorem 3.4. In order to prove part (b) we restrict
our attention to radial solutions of (3.1). Hence, we assume that ug(x) = ug(]x|) and
vo(x) = vo(|x]).

By introducing the change of variables s = —log(|x|) and setting i(s,t) =
u(s,t)exp(—(N —2)/(2)s) and v(s,t) = v(s, t)exp(—(N —2)/(2)s), it is easy to see
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that the radial solutions of system (2.39) satisfy
iy —ilgs+Anit = e~ N=D/D@=Dsga s R 1 >0,
b — Vs +AnD = e N=DDP=Dsgr s e R 1 >0, (3.26)
u(s,0) =up(s), v(s,0)=10v9(s), s€eR,
where ig(s) = ug(s)exp(—((N —2)/2)s), vo(s) = vo(s)exp(—((N —2)/2)s) and
A =((N—-2)/2)%

THEOREM 3.6. Assume that

min{g(p—2), p(¢—2)} > 3. (3.27)

Then the system (3.1) has global solutions for small initial data.

Proof. During the course we adapt the idea developed in [3] for the equation to the case
of systems. In particular, in [3] it is proved that the heat kernel of the linear differential
operator —ugs +Ayu is given by

exp (—Ant —s%/4t)

H(s,t) = g , seR, r>0. (3.28)

Hence, the solutions of (3.26) satisfy the following integral system:

t
ii(s,1) = H(s,t)*ﬁo(s)—i-/ H(s,t—1)% (s, 7)1 N72/D@=Ds g,
Ot (3.29)
(s, 1) = H(s,t)*f)o(s)—i-/ H(s,t —7)*ii(s, )P N =2/Dp=Ds g
0

where * denotes the convolution operator in the space variable.
Now, we sketch the idea of the proof. Assume that (3.27) holds and that ¢ > p. It
follows that ¢ > 3. Assume that there exists C > 0 such that

0<ig(s) <CH(s,y), seR, (3.30)
0<7do(s)<CH(s,y), seR. (3.31)

Let
% ={w(, 1) eL>®R"Y):3K > 0such that |w(s,t)| <K H(s,t+y)}.  (3.32)

& is a Banach space with respect to the norm

|lw|y = sup | ————] . (3.33)
t>g H(9t+y) o0
Define the operators
t
@ (w)(s,1) = H(s,t)*f)o(s)—i—/ H(s,t —1)xw(s, 7)Pe N =2/D0=Ds go.
0
(3.34)

t
Dy (w)(s,1) = H(s,t)*ito(s)—i—/ H(s,t —1)*w(s, 7)1eWN=2/2@=Ds g7
0
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where w € ¥. Since H(-,-) > 0 and #g, vg > 0, it follows that both & and ®, leave
invariant the cone P = {w € ¥ : w > 0} of positive functions.

In what follows, we will prove that ®, o ®; is a contraction on a small closed ball B
of %. By the contraction mapping principle, it will follow that there exists i € BN P
such that

ii = Oyod (i), (3.35)

Defining v = &1 (), we obtain a solution (i, v) of the integral system (3.29). Note that
if &g and vg are continuous, then i and v are smooth.

First, we prove that @, 0 &1(¥) C &. To this aim we remark that from (3.30) it
follows that

H(s,t)*up(s) < C/RH(s—x, H)H(x,y)dx =CH(s,t+vy), (3.36)
and similarly from (3.31),

H(s,t)*0g(s) < C/RH(S —x,0)H(x,y)dx =CH(s,t+7y). (3.37)
The following estimate will be useful:

t
/ H(s,t—1)% H(s,T+y)Pe N =2/D0r=Ds g
0

e N THY) = (2 AT +Y)+H((N=2)/2)s )P—l
dt

t
= H(s,t— H(s,
/0 (s,t—1)*H(s T+)/)< —4n(r+y)

t
=< H(s,t+y)/ (4ﬂ(f+y))—(17—1)/2dr’
0 (3.38)

where we have used that sup{e_)‘N(T+V)_(S2/4(’+V))+(<N_2)/2)“ iseR)=1.
Now, assume that

0<w(s,t) <CH(s,t+y), seR,t>0. (3.39)
From the definition of ®; and ®;, we get that
Do (1 (w)) (s, 1)

t
= H(s,t)*fto(s)—l-/ H(s,t— )% (D1 (w)(s, 7)) N =2/D@=Dsgr
0
t
5CH(s,t+)/)+2q_1/ H(s,t—1) % (H (s, 1) % vo(s)) e N2/ Ds g
0

t T ,
+24—1/ H(s,t—r)*(/ H(S’T_”)*w(&n)pe((N_z)/z)@—l)sdn)
0 0

w e (N=2)/2)(q=Ds g
(3.40)
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From (3.37) and (3.39), we have
t
/ H(s,t—1) % (H (s, 1) % vg(s)) N =2/2@=Ds g
0
t
< C"/ H(s,t —1)%H(s, T +y)4eN=2/2@=Ds gp (3.41)
0
t
<CIH(s,1+ y)f (4m(t+7)) " ar.
0
Since g > 3 it follows that
o° /2
/ (4m(t+1)) a0t = K < 0. (3.42)
0
Using (3.42) in (3.41), we get that
t
/ H(s,t—1) % (H (s, 1) % vo(s)) N =2DUDs gr < CIK H(s,t+y). (3.43)
0
On the other hand, from (3.39) and (3.38), we obtain
t T q
/ Hs.t—1)% (/ H(s.7— )% wis, n)pe«zv—z)/z)(p—l)sd,’) S(N=2/2)g=)s g,
0 0

t
gcl’q/ H(s,t —1)% H(s, T +y)e(N =2/ s
0

T q
X (/ (47T(n+y))_(”_l)/2dn) dt
0
t T
< Cqu(s,H-y)-/ (/ (4ﬂ(n+y))_(q_”/2dn)
0 0
T q
X (/ (4n(n+y))_(l’—])/2dn> dr.
0
(3.44)

Since g > 3 and g(p —2) > 3, it follows that

o0 T T q
/O <f0 (4n(n+y))(q1)/2dn)</0 (4n(n+y))(p1)/2dn> dt =Ky (3.45)

is finite. Therefore, from (3.43), (3.44), and (3.45) we conclude that

Dro®y(w)(s,t) <CH(s,t+y)+29"'CIK H(s, 1 +y)+27 ' CPIK, H (s, t +y),
(3.46)
which shows that if C > 0 is sufficiently small and B¢ denotes the ball of & of radius
C,then ®0®d(BcNP)C BcNP.
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Now, we prove that ®; o @1 is a contraction of Bc N P for C > 0 sufficiently small.
Let wy and wy € ¥ satisfy (3.39). Then, for any ¢ > 0, we deduce that

|1 (w1) (s, 7) — @1 (w2) (s, 7)|

T
5/ H(s, T —n)x|wi(s,n)? —wa(s, n)P [N =2/D@=Ds gy
0

T
< pC”_I/ H(s,t—n)*H(s,n+y)" " wi(s,n) —was, )| (3.47)
0

w e (V=D/2(p=Ds g,

T
< pCP i —wp |, H(s. T +7) /0 (d(n+7)) """ an.

Furthermore,

|d>2od>1(w1)(s,t)—onqDl(wz)(s,t)|

t
5/ H(s,t — 1) % | @1 (w1) (5, 1)1 — @1 (w2) (s, 7)7 [ N2/ Ds g7
0

t T -1
< qC”(q_l)/ H(s,t—r)*H(s,r-l—y)q_l(/ (4ﬂ(n+y))_(p_l)/2dn>
0 0

X e((N_z)/2)(q_1)SiCI>1(wl)(s, ) —CI>1(u)2)(s, ‘E)idl’.

(3.48)
Using (3.47) in (3.48) we obtain
| @20 @ (w1)(s,1) — P2odi(w2)(s, )|
< qu17(q—l)+(p—l)”w1 —wy H%
X/IH(s,t—r)*H(s,t—i-y)q(/r (4n(n+y))"’“/2dn>q
' % ! (N=2)/2)(a=D)s g ’
< pgCPUDTC=D |y —wy ||, H (s, t+)
X/Ot (/OT (477(77+)/))_("_1)/261“7)[](47T(fJr)/))_(q_l)/zdt
< pgCPU= D=V H (st +y)Ka | wi — w2y (3.49)
From (3.49), we get that
2001 (1)~ @20@1(02) | = pgCPU Vs fuy —wa], (3.50)

Hence, if C > 0 is sufficiently small, ®; o ®; is a contraction. This concludes the
proof. O
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4. Systems of singular parabolic equations

Consider the following initial value problem:

u—Au > x| 7|9, (x,1) € D,
v—Av > 2 [x|72u|?,  (x,1) € D,
u(x,0) =up(x), xeRY,

v(x,0) =vo(x), xeRY,

4.1)

where we assume that k;,0; e Rfori =1,2, p,g > 1 and vg, ug € LIIOC(]RN).
Definition 4.1. We say that (u, v) is a weak solution of (4.1) if the following assumptions
are satisfied:
(1) u,v:D—> R,
(i) [v|9ekt]x|=on, julPi2|x| =2 € L]
(iii) u,velLl (D),

loc

(D),
and for any nonnegative ¢ € Ci° (RN x [0, 00)) the following inequalities hold:

/ lv|? ¢k |x|_‘7‘¢dxdt§—/ u(A¢+¢t)dxdt—/ uoe (x, 0)dx,
D D RN

4.2)
/ lulPR2 x|~ 2 pdx dr < —/ U(Aqb—f—q’)t)dxdt—/ vod (x,0)dx.
D D RN
THEOREM 4.2. Let p,q > 1. Assume that uo™, vy~ € LIIOC(RN) and that
liminf/ updx > 0, liminf/ vodx > 0. 4.3)
R—o0 Jpg R—oo Jpg
Ifki<qgq—1L,ky<p—1,0+N(p—-1)>0,01+N(g—1) >0and
min {N(pqg—1)—2(q+1+ki +kaq)+01+qo2, 44

N(pg—1)=2(p+1+ky+kip)+0o2+poi} <0,

then, there exists no weak solution of (4.1).
Proof. Let (u, v) be a weak solution of (4.1). The proof is similar to that of Theorem 2.4,

for this reason most of the details are omitted. Let ¢ = ¢, with ¢,, given by (2.4) and
set

9 =/ | |x| "7 Mg, dxdt, 9, =f ulP|x|~2t*2 ¢, dx dt. (4.5)
D D
Further, assume that for any R > O sufficiently large

/ upp (x,0)dx > 0, / vo¢ (x,0)dx > 0. 4.6)
RN RN
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The general case can be treated by slight modifications.
Applying Holder inequality to (4.2) we get

/ 1/p’
1 / _ 4 /
= §2/p |:(/D |(¢V)t|p |x|‘72(p /P)g=ka(p /P)d))(/P /”)a’xa’t>
4.7
/ , , , 1/p' @7
+(/D |A¢y|1’ |x |02/ P) p—ha(p /P)¢)1/7 “’dxdt) ,

! ’ / ’ l/q/
9y < gi/q |:(/D ’(‘f’y)t‘q |x|rf1(q 19) s —k1(q /q)¢}q/ dedt)
4.8
/ ’ / / 1/(1, ( )
+ (/D |A¢y |‘1 |x|°1 19 =k (q /Q)¢g /qudl‘) .

Substituting (4.8) in (4.7) and proceeding as in Proposition 2.2 and Corollary 2.3 to
estimate the integrals, we get

9,70 < C (R 4 R2) (R + R4)/7, (4.9)
where
N+y 2400 k N+y vyv+4+o k
o] = / - T T oy = ’ - T T
p p p p p p (4.10)
N+y 2401 k N+y y+4o k '
B=—— T, = —
q q q q q q

It is easy to check that if y =2, then
aiptaz=aiptas=optaz=ar2p+as
_ N(pg—1)—=2(q+1+ki+kag) +01+q02 (4.1D)
. .

From (4.9) we conclude that if

N(pg—1)—2(q+1+ki+kag)+01+g02 <0, (4.12)
then no weak solution of (4.1) exists. Analogously, substituting (4.7) in (4.8), we prove
that no weak solution exists if

N(pg—1)=2(p+1+ky+kip)+02+ por <O0. (4.13)
The case when

min {N(pg —1)=2(q +1+ki +kaq) + 014402, @i
N(pg—1)=2(p+1+ka+kip)+or+poi} =0 '

can be treated as in the proof of Theorem 2.4. This concludes the proof. (]
Remark 4.3. The nonexistence condition given in Theorem 4.2 includes all the param-

eters k; and o; (i = 1,2) and reduces to those found in [8, 9] in the particular cases
ki =0 and o; = 0, respectively. This solves a question posed in Deng and Levine [1].
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