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A Class of Fourth-order Parabolic Equations with Logarithmic Nonlinearity
Menglan Liao and Qingwei Li*

Abstract. In this paper, we apply the modified potential well method and the logarith-
mic Sobolev inequality to study the fourth-order parabolic equation with p-Laplacian
and logarithmic nonlinearity. Some results are obtained under the different initial
data conditions. More precisely, we give the global existence of weak solution by
combining the classical Galerkin’s method with the modified potential well method,
decay estimates, and blow-up in finite time when the initial energy is subcritical and
critical, respectively. In addition, sufficient conditions for the global existence and
blow-up of the weak solution are also provided for supercritical initial energy. These

results extend and improve many results in the literature.

1. Introduction

In this paper, we study the following fourth-order parabolic equation with logarithmic

nonlinearity:

u + A?u — div(|Vul[P=2Vu) = |[ulP~2ulog |u| if (x,t) € Q x (0,T),
(1.1) U= % =0 if (z,t) € 0Q x (0,T),
u(x,0) = up(x) itz e,
where Q@ € RY (N > 1) is a bounded domain with smooth boundary 992, T € (0, +oc],
v is the outward normal on 9Q and ug € HZ(f2), the parameter p satisfies the following
condition:
2<p< o0 it N=1,2,
2<p<2N/(N—-2) if N>3.

(1.2)

It is well known that the fourth-order parabolic partial differential equations have many
applications in the fields such as materials science, engineering, biological mathematics,

image analysis, etc. Zangwill [30] gave a basic model

(1.3) uy=9g—Vj+n
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with periodic boundary conditions and some initial condition ug = ug(x), which described
a spatial variable z in the domain Q = [0, L], the height u(z,t) of a film in epitaxial
growth. The phenomenological approach is to expand j in Vu and powers thereof, and to

keep only “sensible” terms, which yielded
§ = A1Vu+ AV (Au) + A3|Vul*Vu + A4V|Vul?

with constants Ay, ..., A4 in the growth law (L.3). After that, Ortiz, Repetto and Si [21]
showed A4 = 0 if Onsager’s reciprocity relations hold, and dropped the noise term 7,
furthermore, they introduced a transition function which models the energetics of the
boundary layer at the film/substrate interface. With the success of the model in simulat-
ing the experimental observations, the study of existence, uniqueness, and regularity of
solutions is more important. King, Stein and Winkler [10] considered nonlinear parabolic
problem

ug + A%u — V(f(Vu)) =g

with Neumann boundary condition, and obtained existence, uniqueness and regularity
of solutions under suitable conditions. Qu and Zhou [23] studied the following thin-film

equation:
1

(1.4) g + Uppee = |uP1u — / |u|P~ u d.
122 Jo

By using the method of potential wells, they obtained a threshold result of global existence
and blow-up for the sign-changing weak solutions. They also obtained the conditions under
which the global solutions extinct in finite time. Further, Li, Gao and Han [13] added
the term —(|ug|P~2ug), in , discussed the global existence, uniqueness, blow-up in
finite time and asymptotic behavior of solutions under different initial conditions. For
N = 1, some other results for fourth-order parabolic equations were obtained, one can

refer to [5,27]. For general dimension N > 1, Xu et al. [28] studied parabolic equation
ug — qAu + A%u + f(u) =0

with the same initial boundary value in , and showed that the solutions exist globally
or blow up in finite time under suitable conditions by using the modified potential well
method. However, they did not show whether there exist non-global solutions when the
initial energy is supercritical. Until recently, Han [6] considered the following fourth-order

parabolic equation with arbitrary initial energy:
(1.5) ug + A%y — div(|VulP2Vau) = |u]? u.

Specifically, the author gave a threshold result for the solutions to exist globally or to blow-

up in finite time when the initial energy is subcritical and critical, respectively. Moreover,
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the decay rate of the L? norm was also obtained for global solutions. Sufficient conditions
for the existence of global and blow-up solutions were also provided for supercritical initial
energy.

In recent years, partial differential equations with logarithmic nonlinearity have been
studied by many authors. Some remarkable achievements were also obtained. Chen, Luo
and Liu [2] studied the following semilinear heat equation under zero Dirichlet boundary

value condition:
(1.6) up — Au = ulog |ul,

and obtained the existence of global solution and blow-up at +o0o under some suitable
conditions by using the logarithmic Sobolev inequality and a family of potential wells, and
gave the results for decay estimates of the global solutions. In the same year, Chen and
Tian [3] added pseudo-parabolic term Awu; in to consider semilinear pseudo-parabolic
equations with logarithmic nonlinearity, and obtained the existence of global solution,
blow-up at +00, behavior of vacuum isolation of solutions and the asymptotic behavior of
solutions. Ji, Yin and Cao [8] revealed the effect of logarithmic nonlinearity on periodic
problems for semilinear heat equation and pseudo-parabolic equation with logarithmic
source. Some authors considered p-Laplace equation with logarithmic nonlinearity instead
of heat equation, one can refer to [1,[7,/11}/19], and the references therein. Here, we must
mention potential well method, which first was proposed by Sattinger [24] to study non-
linear hyperbolic boundary-initial value problem. Since then, many authors have studied
the existence of solutions for evolution equations by potential well theory [15H17} 20,22,
26,129]. Especially, authors [16,/17,[29] improved the results of Sattinger by introducing a
family of potential wells. They not only obtained some new results on global existence
and invariant sets of solutions, but also discovered the vacuum isolating of solutions.

However, when the right-hand side of is logarithmic nonlinearity |u|P~2ulog |ul,
i.e., problem , what will happen? To our best knowledge, there is no relative work
to answer this problem. There are many difficulties to deal with this problem. For exam-
ple, (1) generally speaking, the higher-order problems do not admit the usual maximum
principle and comparison principle, which makes some most effective methods, such as
the method of upper and lower solutions, invalid any more; (2) the main difficulty is in
this case that the potential well in [6] will be not suitable, since |u|P~2ulog |u| does not
have similar properties corresponding to that one of |u|?~'u. In this paper, we will over-
come these difficulties to consider the global existence, uniqueness, decay estimates, and
blow-up property of problem (|1.1)).

This paper is organized as follows: In Section [2| we will give the crucial logarithmic

Sobolev inequality, some notations and lemmas about potential well theory. Sections
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and 4] will be devoted to the cases J(up) < d and J(ug) = d, respectively, here J(up) is
initial energy. In Section |5, we consider the case J(ug) > d.

2. Preliminaries

Throughout this paper, we denote by || - ||, the LP(Q) norm and (-, -) the inner product
in L2(Q2). We will equip HZ() with the norm lull 2 () = [|Aul|2, which is equivalent to
the standard one due to Poincaré’s inequality. S is the optimal embedding constant from
HE(Q) to LP(Q).

First, we need the following logarithmic Sobolev inequality:

Lemma 2.1. [4] For any u € WP(RN) with p € (1, +00), u # 0, and any u > 0,

N
p/ lu[P log N dx + — log < Pre ) / |ulP dz < ,u/ |VulP de,
RN HUHLP(RN) p NLy) Jry RN

where . N N
c :p(p—1>” 7Tp/z[ I'(3 +1) ]”/ ‘
PON\ e I(NEL 41)

For u € Wol’p(Q), we define u = 0 for # € RY \ Q such that u € W1P(RY), then the

following LP logarithmic Sobolev inequality holds for bounded domain €2:

|ul N pue
2.1 p/ u”log< dr + — log ulPde < p | |VulP de.
B ey, ) e e e, ) g oV

Lemma 2.2. |[11] Let p be a positive number. Then we have the following inequalities:

-1
WPlog U < S WP for all U > 1
p

and
|TPlog U| < (ep)™' forall0 < ¥ < 1.

Secondly, we need to introduce some notations and definitions of some functionals and
sets.
For u € HZ(12), define

1 1 1 1
J(u) = Z||Aull3 + = [|Vulp — - Pl dz + —|ul?
(u) 2” U\|2+p|| ullb p/Q|U| og |ul $+p2\|U|lp7
I(w) = || Auf + [Vulf? - /Q lulP log u] dz.

It is obvious that the functionals J(u) and I(u) are well-defined and continuous on HZ()
due to the condition ([1.2), and satisfy the following relation:

1 1 p—2 )
2.2 =71 = ull? + == Aull3.
(2:2) J(u) ’ (U)+p2HUHP+ 2 [[Aull;
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The relation implies that if I(u) > 0, then J(u) > 0, which plays an important
role in dividing J(ug) and I(ug) into different situations. For instance, we do not need to
discuss the situation J(ug) < 0, I(ug) > 0.

Define the Nehari manifold

N = {u e Hj(Q) | I(u) = 0, || Aull2 # 0}.
The potential well and its corresponding set are defined respectively by
W ={uc HXQ) | I(u) >0,J(u) < d} U{0},
V={uc H3Q)|I(u) <0,J(u) <d},
where
I e o o () = 1o T )
is the depth of the potential well W.
Lemma 2.3. The depth of the potential well W is positive.

Proof. Fix u € N, according to Lemma and (1.2), we get

|Aul3 + [Vull? = /Q P log ] dx

:/ |u|P log |ul d:c+/ |u|P log |u| dz
{ze:|u|>1} {ze:|u|<1}

(23)
< / |ulP log |u| dz < — Ju|PTP da
{zeQ:|u|>1} P1 J{zeQ:|u|>1}
-1 -1
< o ullpth < =P | Aulp
T om e = py
which implies [|Aullz > (W)l/(ﬁm_m, here we use the embedding HZ(2) to

LPTPL(Q), and p; > 0 is chosen such that p+ p; < 2N/(N —4) as N > 5 and p; is positive
as N < 4. Since

1 1 1 1
J(u) = 5| Aul3 + EHVU\\% 5 /Q |uf"log [u] dz + ];HUI@

1/(p+p1—2)
p—2 1 p—2 1
= Sl + S llully > = :
2p D 2p TSerm
1

— 1/(p+p1—2
Therefore, d Z %(W) /(ptp1=2) > 0. O

For any § > 0, define the modified functional and Nehari manifold as follows:
Is(u) = S| Aul + 5]Vl - | uploglul dz
Q

Ns = {u € HF(Q) | Is(u) = 0, | Aullz # 0}.
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The corresponding modified potential well and its corresponding set are defined respec-
tively by

Ws = {u € H3(Q) | I5(u) > 0,J (u) < d(8)} U {0},

Vs = {u € H3(Q) | Is(u) <0, J(u) < d(6)},

where d(9) = inf,en; J(u) is the depth of Wi.

Definition 2.4 (Weak solution). A function u = u(z,t) € L>®(0,T; H3(Q)) with u; €
L%(0,T; L?(2)) is called a weak solution to problem (L.1)) if u(z,0) = wug(x) and the
following equality holds:

(2.4) (us, ) + (Au, Ap) + (|VulP2Vu, Vo) = (JulP"*ulog|ul,¢) a.c.t >0

for any ¢ € HZ(2). Moreover,

t
(2.5) / |ur||3dr + J(u) = J(up) a.e. t > 0.
0

The following lemmas, which give a series of properties of the functionals and sets
defined above, will play a pivotal role in the proof of our results. The proof of these
lemmas is different from that one of [2] due to the existence of logarithmic nonlinearity

|u|P~2ulog |u|. Here, we will give the specific process of proof.
Lemma 2.5. For any u € HZ(Q) with |Aulls # 0, we have

(1) limy o+ J(Au) =0, limy o0 J(Au) = —o00;

(2) there exists a unique \* = X*(u) > 0 such that dJa(&u) A

on 0 < X < X*, decreasing on A\* < A < oo and takes its mazimum at A = \*;

= 0. J(Au) is increasing

(3) I(Au) >0 0n 0 <A< N, I(Au) <0 on A\* <\ < oo and I(A*u) =0.

Proof. (1) It follows from the definition of J(u) that
22 AP AP AP AP
=" |Au|3+ = p_— Pl - =1 Pt —||u®.
TOw) = FlAulz + —lIVulp = = /QM og |u] dv — —=log Aljulfy + 5 [lull;

Obviously, assertion limy_, J(Au) = —oo follows from p > 2, and limy_,o+ J(Au) = 0.
(2) By a direct computation, we get

dJ (\u)
A

(2.6) _ (AHHAuH% =Vl — [ Juloglul s - 1ogxuu\§;) .

h(X) = NP Aull3 + [[Vullf — /Q |ul?log [u| dz —log Allullp,
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then
lim h(\) = +o0, lim h(\) = —oo,

A—0t A—+o0

and
W(A) = (2= p)A 7P| Aull3 = A7 ullh < 0.
Therefore, there exists a unique A* > 0 such that A(\*) = 0. Moreover, (2.6) implies
dJ(Au)

dXA Ia=xx

Since h(A) > 0 on (0, A*) and A(A) < 0 on (A*,4+00), (2) holds.
(3) By the definition of I(u), we get
dJ(Au)  I(Au)

A
It is obvious that (3) holds from (2). O

= (AP (W) = 0.

Lemma 2.6. For any u € HZ(Q) and v(8) = %(%)N/pz, we have
(1) if 0 < [[Aullz < v(6), then Is(u) = 0;
(2) if Is(u) < 0, then ||Aull2 > v(0);
(3) if Is(u) = 0, then [|Aullz = 7(5).

Proof. (1) Using the logarithmic Sobolev inequality , we easily get

Is(w) = 18l + 3l | JuP <1og H‘j; T log ||u||p> dn
V4

p N ppe
> sl + (32 1vulp + (10 ()~ tog lull, ) g
P

Taking p = dp in (2.7)), we obtain
N p>de
(2.8) 1) > (Gyion (520) = 1ol )

If 0 < ||Aullz < 7(8), then ||ull, < (figi)N/pz by embedding HZ () to LP(Q). Therefore,
it follows from (2.8)) that I5(u) > 0.
(2) It easily follows from (1).

(3) If I5(u) = 0, then by (2.8) we get

N p2de
(2.9) 2 log (N£p> < log [[ullp.

(2.7)

It follows from the embedding HZ(2) to LP(Q) that

1
1Aull2 > llullp = ~(8). [
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Lemma 2.7. The function d(9) satisfies the following properties:

p

(1) d(6) > (%fs + 2;])2)(7(5))2 + ((1_5)'{1 + %)(ﬁgi)N/p for 0 < § < 1. In particular,
d=d(1)>22(y(1)? + % ﬁ;p)N/p := m, where k1 is the first eigenvalue of the

problem
—div(|VuP=2Vu) = klulP~2u  if x € Q,
u=0 if © € 08

(2) there exists a unique b € (1,0] such that d(b) = 0 and d(§) > 0 for 1 < § < b, here
0 =max {1+ 1/(pr1),p/2};

(3) d(9) is strictly increasing on 0 < 0 < 1, strictly decreasing on 1 < § < b and takes

its mazimum d = d(1) at 6 = 1.
Proof. (1) For any u € HZ(Q) with ||Aulj2 # 0 and I5(u) = 0, we get ||Aull2 > v(8) by
Lemma [2.6{3). It follows from q [|ull} < [[Vu[} and ([2.9) that

1 p—2
J(u) = —(1 = o) ([|Aull3 + [[Vullp) + Ls(U) + FHUIIZ + WHAUH%

%\»—l%\»—l

p—2
(1 - &) Auf3+ 2 (1—5Hu\lp QHUHZJrWHAUH%

- <1;5 + p;p?) (4(6) + (“‘p‘” ¥ pl) (Zi )N/ ’

for 0 < § < 1. Therefore, we have

w0 (5t (500 3) ()

for 0 < § < 1. We get d =d(1) > m by taking 6 = 1.
(2) For any u € HZ(2) with ||Aul|z # 0 and § > 0, there exists a unique A = A\(§) such
that I5(Au) = 0 by Lemma [2.5(3), thus Au € Ns. Further, we have

1 1 AP
d(0) < J(Au) = ];(1 = ) (M Aullz + M| Vullh) + *Ls(AU) + *QIIUIlﬁ +

1-96 -2 1-— 5 1
< ( n p) A2 A2 + ( n ) N
D 2p D PR

(p —2)A\2
BT | Aull

Therefore, d(6) < 0. On the other hand, d = d(1) > m, d(§) is continuous with d, so there
exists a unique b such that d(b) = 0 and d(J) > 0 for 1 <6 < b.

(3) Clearly, we only need to prove that for any 0 < ¢’ <d6” <lorb>¢ >¢" >1and
any u € Ny, there exists av € Ny and a constant €(¢’, 6”) such that J(u)—J(v) > €(d',8").
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For uw € Ny», we get Ig#(u) = 0 (This implies A(6”) = 1) and [[Aul2 > (") by
Lemma (3) For any u € HZ(Q) with ||Aulls # 0 and § > 0, there exists a unique
A = A(8) such that I5(Au) = 0 by Lemma [2.5(3). Then, we have

5 M Jolullog |u] dz + W log Aullp
A2|| Aull + NP [[Vul

=f).

By a direct computation, then
pVas
(N[ Aull3 + AP[[Vullp)

(2.10) i) = 5 F(N);

where
F(\) = {(p—2)/9IUIplogIUIdl'Jr(p—2)10gMUH£+ [llB| 1 Aulz + X7 [lul B Vull?.

Obviously,
F(A) = —00 as A= 0", F(\) = 400 as A = +o0,

and
lullpl| Aull3

A
for A > 0. Therefore, there exists a unique A* such that F'(A*) = 0. It is obvious from
that f/(A\*) =0, and f(\) is decreasing on 0 < A < A*, increasing on \* < \ < oo
and takes its minimum at A = A*. A possible example of function f(\) is given as shown
in Figure H where Ql(exp ( — M),O), Q2 (O,exp ( — M)).

[ullp llullp

_2 B
Py =22 - 2N Vul > 0

A=f71()

Q2

S
o

Figure 2.1: A possible example.

Next, we will prove that A = A(d) is strictly increasing in (0,+00). Since § > 0, we

- W), +oo), i.e., the blue solid line.
P

Obviously, red solid line is the graph of inverse function corresponding to function f(\).

only consider function f(\) with A € (exp (

By the property of inverse function, it easily follows that A = f~1() is strictly increasing
in (0, 400).
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Choosing v = A\(8')u, then we have v € Nyg. Let g(\) = J(A(0)u), then

dg(A) 1
2 = S = 9N Aul + (1= )N Vullp + L)
= (1= DA Aul3 + (1 = 53| Vul.

If 0 < 0’ < ¢§" < 1, since A is strictly increasing and A(6”) = 1, then

1 1
1) = 30) = o(t) g0 = [ B anz [ a0 ol
> (1= 8)(5(5")PA) (1~ A(5) = (5, 8") > 0.

Ifo>¢ > 06" >1, then

> (" = D(18")°A@)AE) ~ 1) = e(5',8") > 0.

Since d(6) is continuous, d(6) takes its maximum d = d(1) at 6 = 1. O
Define
do = lim d(9).
0—07t

Lemma [2.7(1) implies dgy > 0.

Lemma 2.8. Assume u € H3(Q), 0 < J(u) <d, 1 <6 < 5, and § € (1,b) satisfying
d(8) = J(u), then the sign of Is(u) does not change for 1 < § < 6.

Proof. Clearly, J(u) > 0 implies ||Aul|2 # 0. If the sign of I5(u) changes for 1 < § < 5,
then there exists a & € [1,4) such that I5(u) = 0. By the definition of d(§), we get
J(uw) > d(3), which contradicts J(u) = d(g) < d(g) by Lemma (3) O

Obviously, the following corollary holds:

Corollary 2.9. Assume u € HZ(2), dy < J(u) < d, 61 < 1 < 82, and 81, &2 satisfy the
equation d(8) = J(u), then the sign of Is(u) does not change for 61 < § < ds.

Lemma 2.10. Assume that u is a weak solution of problem (1.1)), then for 0 < J(ug) < d,
there exists a 6 € (1,b) such that d(8) = J(ug). Furthermore,

(1) if I(uo) > 0, then u(z,t) € W5 for 1 <6<band0<t<T;

(2) if I(ug) <0, then u(x,t) EVsfor1<§<dand0<t<T.
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Proof. Since 0 < J(up) < d, there exists e (1,b) such that d(g) = J(up) by Lemma
Possible situations are obtained as shown in Figure 2.2} and corresponding situations of
the following Corollary are also given.

(1(5) 3 E 3 \\
01 1 0o 5b 1)

Figure 2.2: Possible situations corresponding to different dg.

(1) For 1 <4 < 5, we get
I5(uo) = (8 — 1)[[Auol3 + (8 — 1) Vuoll} + I (uo) > 0.

It follows from Lemma [2.7|(3) that

-~

J(ug) = d(3) < d(5).

Therefore, ug € Ws for § € [1,A). Next, we prove u(z,t) € Wsfor1 < < Sand0<t<T.

-~

Otherwise, there exists a tg € (0,7) and a dg € [1,0) such that u(ty) € OWs,, i.e.,
Isy(u(to)) = 0, [[Aulto)ll2 #0 or J(u(to)) = d(do)-

Clearly, J(u(to)) < d(do) by (2.5). Therefore, I5,(u(to)) = 0, [|Au(to)|2 # 0. The
definition of d(8y) implies J(u(ty)) > d(dy), which contradicts (2.5)).

(2) First, we show ug € Vs for § € [1,A). If not, there exists a 6° € [1,A) such that
ug € Vs for § € [1,dp) and ug € OVio, i.e.,

Io(ug) =0 or J(ug) = d(6°).

By Lemma (3), we have J(ug) = d(g) < d(8%). Therefore, we only have Iso(ug) = 0,
then

Is(ug) = (6 — 6%)[|Aug|3 + (6 — 6| Vug|lh + Iyo(ug) < 0 for 6 € [1,6°).

By Lemma (2), we get ||Augllz > v(8) for § € [1,8°). Further, Lemma (3) implies
|Auglle > v(6°). Therefore, ug € Ny is obvious. By the definition of d(6°), we get
d(g) = J(up) > d(6°), which is a contradiction.
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Secondly, we show u(x,t) € Vs for 1 < § < Sand 0 < t < T. If not, there exist a

~

to € (0,T) and a dg € [1,0) such that u(tyg) € OVj,, i.e.,
Is, (u(to)) =0 or J(u(to)) = d(do).

Clearly, I5,(u(to)) = 0. Assume that ¢ is the first time such that I, (u(to)) = 0, then
Is,(u(t)) < 0 for 0 < t < to. By Lemma [2.6(2), we get [|Aullzs > v(6) for 0 < ¢t < to.
Further, Lemma [2.6(3) implies [|Au(to)||2 > v(dp). Combining with Is,(u(to)) = 0, we
get u(tog) € Ns,. By the definition of d(dp), we obtain J(u(tg)) > d(do), which contradicts
23). m

Based on Lemma [2.7] and Corollary the following corollary is obvious.

Corollary 2.11. Assume that u is a weak solution of problem (1.1)), then for dy < J(ug) <
d, there exists §1, 02 such that 61 < 1 < d2 and d(61) = d(d2) = J(up). Furthermore,

(1) if I(uo) > 0, then u(z,t) € W5 for 61 < d < dg and 0 <t < T
(2) if I(ug) < 0, then u(z,t) € Vs for 51 <0 <dp and 0 <t < T.

Lemma 2.12. Assume that u is a weak solution of problem (1.1)), then for J(ug) = d, the

following statements hold:
(1) if I(up) > 0, then I(u) >0 for 0 <t <T;
(2) if I(ug) <0, then I(u) <0 for0 <t <T.

Proof. (1) Otherwise, there exists t; € (0,7) such that I(u(t1)) < 0. We can find tg €
(0,t1) being the first point satisfying I(u) = 0, i.e.,

I(u(tg)) =0 and I(u)>0 forall 0<t<tp.
Taking ¢ = u in (2.4), then we get
(2.11) I(u) = —(ug,u) >0

for all 0 < t < tg. Therefore, we get fg |lur||3 dr > 0. It follows from (2.5) that
t
(2.12) 0 < J(u) = J(ug) — / |ur|3dr < d
0

for all 0 < ¢ < to. I(u(ty)) = 0 implies |[Au(to)||2 > (1) by Lemma [2.6[3), then we have
J(u(tp)) > d by the definition of d, which contradicts ([2.12)).
(2) Otherwise, there exists tg € (0,T) such that

I(u(to)) =0 and I(u) <0 forall 0<t<tp.

Obviously, (2.12)) still holds. I(u(tp)) = 0 implies [|Au(to)|]2 > (1) by Lemma [2.6{3).
Therefore, by the definition of d, we have J(u(ty)) > d, which contradicts ([2.12)). O
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3. The subcritical initial energy J(ug) < d

In this section, we consider the global existence, decay estimate and blow-up of weak
solution for problem (1.1)) under J(ug) < d. First, we give the following global existence

theorem:

Theorem 3.1 (Global existence for J(ug) < d). Let condition (1.2) hold, ug € HZ(Q).
If J(up) < d, I(ug) > 0, then problem (1.1) admits a unique global weak solution u €
L>(0,T; H3(Q)) with us € L*(0,T; L?(2)) and u(t) € W for 0 <t < T.

Proof. The proof of this theorem is divided into two steps.
Step 1: Global existence. Choose a sequence {¢; }icn, which is an orthonormal basis of

HZ(Q). Consider the following Galerkin approximation:

n
u(z,t) = Zc?(t)goi(x), n=12,...,
i=1

where functions ¢'(t): [0,7] — R satisfy the following system of ordinary differential

equations:
(U?, 30]) =+ (Aun7 A(')DJ) + (|vun|p—2vun, V(')D]) = (|un|p—2un log |un|’ ij)a
(3.1) § n
u (:E? 0) = Z(u(xv 0)7 SDj)(,Oj
j=1

u™(x,0) — ug  in HZ(Q) as n — oo.

It follows from ({3.1]) that

dC?(t) _ n n|p—2 n nip—2, n n
o = (AU Agy) = (VU PTIVU, Vigg) + (Ju™ P77 log [u”], ;).
Define
n n =2 p
Fi(e") = - (Z C?(t)A%(H«“%A%> — | Do dOVeix)| (Vi) Ve
=1 =1 =1
n =2 p n
+ ( G tei(r)| D tpia)log > tei)| ¢ |
=1 =1 =1

and
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Therefore, (3.1]) can be rewritten as

4" _
(32) dt - ]jrl( (t))v
c"(0) = cg.

Next, we aim to use the Peano’s theorem to prove the existence of (3.2)). Multiplying
the first equality of (3.2) by c"(¢), then we get

1djc"(t)|” o
> ar ZC JAp;(x ;Cj (t)Ap;
p—2 n n
— Zc OVei(z)| DG OVeila), Y )V,
i=1 j=1
n =2 pn n n
+ Do) Y i) log | Y i), )
i=1 i=1 i=1 J=1

Clearly, the first and second terms on the right-hand side of the above are non-positive,
then similar to (2.3))

Ldje"(t)]? - -
5 @ = i (t 902(95) ZC z) log Zc?(t)%(x) ,Zc?(t)wj
i=1 j=1
6_1 n p+p1
< W@ <— Z e @) Z i) 57,
=1 ptp1

Diad Z P Z |Agi(a) [ < (Cm)Poren e,

here C(n) > 0 is a constant. Solving the above ordinary differential inequality, we get

(1)) < :

< . Vtelo,T),
(Icp |22 — 2p(C/(n))per) /P

here T = |c|~22/[2p(C(n))P**1]. There exists a sufficiently small ¢ > 0 such that V¢ €
[0,T—¢], |c"(t)] < C, where C > 0 is a constant. Further, F(c"(t)) is bounded, we denote
by Gg the boundedness. Denote

Ty=0, E:={(tc"(t) eRxR"|[t—Ty| <T,|c"(t)—cj|<C}, Vtel0,T).

Peano’s theorem implies that there exists a solutions ¢”(¢) of (3.2]) on [0, 7], where
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For t € [0,T1], the following inequality (3.4) still holds, then we have

n ~ n n 2pd
O <> G WP E |} (¢ !2/ lej[? dz = [[u"])3 < S*[|Au™|f3 < 52 —5
i=1 Jj=1

by embedding HZ(2) to L*(2). Further, F(c"(t)) is bounded. Denote by T} the new initial
point, Peano’s theorem implies that there exists a global solution ¢™(¢) of the ordinary

differential equation (3.2]) by repeating the similar argument.

Multiplying (3.1) by dcgt(t), and summing for 7 from 0 to n, and then integrating with

respect to ¢ from 0 to ¢, we get

t
| heigar + 1) = o))
It follows from u™(z,0) — ug(z) strongly in HZ(£2) that
J(u"(z,0)) = J(uo(z)) <d and I(u"(x,0)) — I(ug(z)) >0 asn — co.

Therefore, for sufficiently large n, we get
t

(3.3) /H¢@m+JW%:ﬂwm»<dam_umwn»>a
0

which implies that v"(x,0) € W.
Next, we prove u"(z,t) € W for sufficiently large n. Otherwise, there exists a ty €
(0,T) such that u"(x,tg) € OW, i.e.,

I(u"(z,t0)) =0, ||Auz,to)a #0 or J(u"(z,t)) = d.

Clearly, J(u"(z, 1)) # d by (3.3). If I(u™(z to)) =0, ||Au(z,to)||2 # 0, then J(u"(z,t9)) >
d by the definition of d, which contradicts (3.3). Therefore, u™(z,t) € W and I(u") > 0.

Recalling (3.3) and ( , we get

n 1 n n
/ a3 dr + Lr(um) + u Hp+—HA 13 <d.
0 p
which implies
n 2pd
(3.4) 0" ey < 2%

t
| i ar <.
0

Therefore, there exist a u and a subsequence of {u"},en (still denoted by {u"},en)

such that as n — oo,

u™ 5y weakly * in L°°(0,T; H3(Q));
up — vy weakly in L?(0,T; L*()).
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Since compact embedding HZ () to W& P(Q), further we have

u" — u  strongly in L=(0,T; Wy *(Q)).
According to the continuous embedding I/VO1 P(Q) to L%(R), then we get
(3.5) u" — u strongly in C([0,T]; Wol’p(Q)) as n — 0o
by the Simon’s theorem [25]. Clearly, this implies

O(u") = P(u) ae. (x,t) € Q2x(0,7)

where ®(u") = |[u"|P~2u" log [u™|.

By a direct computation, we get

/ @ (u") P dar < / D () der + / @ ()P da
Q {zeQ:|un|>1} {zeQ:|um|<1}

6_1 p/ * /
< () / WP de + fe(p - 1] P19
P {zeQ:|lun|>1}

671

p/
<(5) 1A +ler- 11 10) < C(@),

where p' = p/(p — 1), p2 > 0 is chosen such that 2N/(N —4) > p* := (p — 1 + p2)p’ as
p < N and p9 is positive as p > N.

Therefore, as n — oo, we have

*

O(u") 2 ®(u) weakly * in L=(0, T; LP'(Q)).
Finally, we show that the limit u is a weak solution. Fix k € N and choose a function
v e CL[0,T); C§°(2)) with the following form:

k

J
here ;(t) € C*([0,T]) with j = 1,2,...,k. Taking n > k in (3.I), multiplying the first
equality of (3.1)) by {;(¢), summing for j from 1 to k, and then integrating with respect to

t from 0 to T, we have

T T T T
/ (uy,v) + / (Au™, Av) dt + / (VU™ [P~2Vu", Vo) dt = / (|u™P~2u" log [u"|, v) dt.
0 0 0 0

Letting n — oo, the following equality holds:

T T T T
(3.6) / (ut,v) + / (Au, Av) dt + / (|Vul[P~2Vu, Vo) dt = / (JulP~2ulog |ul, v) dt.
0 0 0 0
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Since C1([0,T];C°(Q)) is dense in L?(0,T; HZ(S)), it follows that (3.6) holds for v €
L%(0,T; H3(2)). Moreover, by the arbitrariness of T > 0, it follows that

(ug, ©) + (Au, Ap) + (]Vu\p*QVu, V) = (\u|p*2ulog lul, ) a.e.t>0

for any ¢ € HZ(Q). In view of and u™(x,0) — up(z) strongly in HZ(Q), then
u(z,0) = up(z). Assume that u is sufficiently smooth such that u; € L2(0,T; H3(Q2)),
taking v = u; in (3.6]), then holds. Since L%(0,T; H3(£2)) is dense in L?(0,T; L*(Q2)),
holds for weak solutions of problem (|1.1]).

Step 2: Uniqueness of weak solution. Assume that both u, v are two weak solutions
for problem , then by the definition of weak solution, for ¢ € Hg(Q), we obtain

(ut, @) + (Au, Ap) + (|VulP 72 Vu, Vo) = (JulP"*ulog |ul, ¢),
(ve, ) + (Av, Ap) + (|VoP~2Vo, Vo) = ([u]Pvlog|v], »).

Subtracting the above two equalities, taking ¢ = u —v € HZ(f2), and then integrating for

t from 0 to t, we have

t t ¢
/ (Au — Av, Au — Av) dt + / (|VuP~2Vu — |[Vu|P~2Vu, Vu — Vv) dt + / (pt, ) dt
0 0 0

¢
—//(]u\p_Qulog]u — [v[P~2vlog |v]) @ dadt.
0J/Q

Clearly, the first and second terms on the left-hand side of the above equality are non-

negative. By the Lipschitz continuity of |u|P~2ulog |u|, we get

t t
/(sot,so>dt§0//so2dxdt,
0 0JQ

here C > 0 is the Lipschitz constant. Further,

t
Hso||%<0//so2dxdt
0JQ

by ¢(x,0) = 0. Gronwall’s inequality implies
lpll3 = 0.

Therefore, ¢ = 0 a.e. in Q x (0,7). O

Here, we consider the decay estimate. Before stating the result, we need the following

lemma:
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Lemma 3.2. [1§] Let E: R — Ry be a non-increasing function and ¢: R — Ry be a

strictly increasing function of class C' such that
»(0) =0 and ¢(t) — +oo ast— +oo.

Assume that there exist o > 0 and w > 0 such that

o0 1
/t (B(s))1*78/(s) ds < ~(B(0))7 E(t),

€

then E has the following decay property:

(1) if o =0, then E(t) < E(0)e'~“?®) for all t > 0;

(2) if o >0, then E(t) < E<0>(1+iﬁ;(t))”" for all t > 0.

Theorem 3.3 (Decay estimate for J(ug) < d). Assume that u is a global weak solution
for problem (1.1), 0 < J(ug) < d, I(ug) > 0, then we have

2/(p—2)
p
HUHIQ/VOLP < ”U0||I2/V01,p <2—|—w(p—2)t> for allt >0,

here w > 0 is obtained later.

Proof. Recalling Lemma we know that u(z,t) € Wy for 1 <6 <dand 0 <t < T.
Particularly, I(u) > 0 for 0 < t < T. Therefore, it follows from (2.2)), (2.11) and (2.5] that

[ullp < p*J(u) < p*J(ug) < p*d.

Taking § = 1 in (2.7)), for Np—gp(de)pZ/N < < p, we get

7 N ppe 1
I(w) > Al + <1 - ) Iul? + (p log ( ) - L1og ||u||z) ull?

» NL,
(3.7) > (1= ) vl + (Xog (229}~ Liogp2icun) ) fuf?z
> v p P2 NL, P p
(6%
> Sl

where

. ©w N pue 1 9
« = min 1—,log< )—longu0}>0.
{ p'p? NL,) p (o)

Integrating (2.11)) from ¢ to T', then we have

T
1 1 1~
(3.5) | 1w dr = 311 = 31DIB < 3571l
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where S is the optimal constant of the embedding WO1 P(Q) to L?(2). Combining (3.7)
and (3.8)), we obtain

T §2 )
[ Wl dr < Sl

Letting T'— 400, it follows that

400 §2 1
[ E@P2dr < 2 B(t) = S (B0)7E(®),

o w

where E(t) = ||u||3volp, w = a/(5’2|]u0||12;01,p), o =p/2—1. By Lemma we have the
following estimates:

1/c
2 2 p
HUHWOl’p S HU()(Q:)HWOLP <2—’—u}(p—2)t> for all ¢ Z 0. O
Theorem 3.4 (Blow-up for J(ug) < d). Let condition (1.2) hold, ug € H3(Q). If u is a
weak solution of problem (L.1)), J(ug) < d, I(up) < 0, then there exists a finite time T*

such that u blows up in the sense of limy_ = fg |ul|3 dr = +o0.
Proof. Assume that u is a global weak solution of problem ((1.1)) with J(ug) < d, I(ug) < 0,
and define .

Mt = [ fulgdr, vezo

0

then M'(t) = ||lul|3, and
(3.9) M"(t) = 2(ug,u) = —21(u).
Using (2.5)), (3.9), (2-2) and the embedding HZ(2) to L?(), we get

2

M"(t) = el + (p = 2)|| Aull3 — 2pJ (u)

p—2
p—2
52

t
Jully +2p [ lJurl3dr — 207 (uo)
0

t
3@+ 29 [ flurlBdr - 29 (wo)
0

Noticing that

t 2
wmwfz4(//3hmmm) T 2 uolZM (1) — lluollt
0JQ
then we have

M OM(E) — D00 (1)) > M0 () — 20M (8 o)

t t
p 4
2 [ ular [l dr + § ol

t 2
—m(//mumm)—mm@Mw»
0JQ
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By Cauchy-Schwarz inequality

t 2 t t
( / / uTuda:dT> < / Jul3 dr / s |3 dr,
0JQ 0 0

(3:10)  MUME) - EOr@) > L2 M OM(@) - 20M(0) (o) — plluolBM ()

then

Now, we discuss the following two cases:
Case 1: J(up) < 0. For J(up) <0, (3.10) implies

M OM(E) — 20 @) > L2 (0)M () — pluo M (1)

Now we show that I(u) < 0 for ¢ > 0. Otherwise, there exists a ¢y > 0 such that
I(u(to)) = 0 and I(u) < 0 for 0 < ¢ < to. By Lemma [2.6(2)(3), we get [|Aull2 > (1)
for 0 < ¢ < to, and [|Au(ty)|2 > v(1). Therefore, J(u(ty)) > d, which contradicts (2.5)).
Moreover, implies M"(t) > 0 for t > 0. Since M’(0) = |jup|/3 > 0, there exists a
to > 0 such that M’'(ty) > 0. Thus, we get

t

M(t) = M(to) + [ M'(t)dr > M'(to)(t — to),

to

then for any

34+ B2 M (to)t
£> 1 max{tO’pHUoHQ + Pz M'(to) 0}7

B2 M (to)

we have

MO0 - o1/ w)2 = M) (252 00) - ol

S M (P XM~ 1) —puuou%)

> 0.

Case 2: 0 < J(up) < d. By Lemma 2), we have u(z,t) € Vs for 1 < § < 4 and
0<t<T. Lemma implies I3(u) < 0. Furthermore, Lemma implies || Aull2 > v(3)
for ¢t > 0. It follows from (3.9) that for ¢ > 0, we get

~

M"(t) = =2I(u) = 2(8 — 1)||Aul} +2(5 — 1)[|Vullp — 2I5(u) > C := 2(5 — 1)(7(6))?,

which implies

M'(t) > Cut, M(t) > %ﬁ,
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and M'(t) > 0, M(t) > 0 for any ¢ > 0. Considering (3.10), for any

1/2
L5 1 a4 22 (0) (puuon%)

p—2 "\ p=2C.
252 Cs 452 2

we have

MO0 - B 102 2 M) (B 0r'6) — 207(wo) )

p—2 2
#0r') (B M)~ plual)
> 0.

Based on the above discussion, for t*, we get M (t*) > 0, M'(t*) > 0, thus M (t) — oo as
t—T* <t"+ % by the Levine’s concavity method [9,/12,/14], which contradicts

our assumption. This proof is complete. O

4. The critical initial energy J(ug) = d

For critical initial energy J(up) = d, we still have the following global existence of weak

solution by using the method of approximation.

Theorem 4.1 (Global existence for J(ug) = d). Let condition (1.2) hold, ug € HZ(L).
If J(ug) = d, I(ug) > 0, then problem (1.1 admits a unique global weak solution u €
L>=(0,T; H3(Q)) with ug € L*(0,T; L*(2)) and u(t) € WUIW for 0 <t <T.

Proof. Let A\, =1—1/k, k=1,2,.... Consider the following initial value problem:

up + A?u — div(|Vul[P=2Vu) = |[ulP~2ulog |u| if (x,t) € Q x (0,T),

u(z,0) = A\puo(x) := ulb if x € Q.
Noticing that I(ug) > 0, by Lemmal[2.5/3), there exists a unique A* = A*(ug) > 1 such that
I(Mug) = 0. Using A, < 1 < X* and Lemma [2.5(2)(3), we get I(uf) = I(\uo) > 0 and
J(uf) = J(Agug) < J(ug) = d. In view of Theorem for each k, problem (4.1) admits
a global weak solution u* € L*>(0,T; H3(Q?)) with uf € L?(0,T;L*(Q)) and u* € W
satisfying

t
| It ar + 5y = s <
0

Applying the similar argument in Theorem [3.1} there exist a subsequence of {u*}ren and
a function u such that u is a weak solution of problem with I(u) > 0 and J(u) <d
for 0 < t < T. The proof of uniqueness for weak solution is the same as that one in
Theorem [3.1] O
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Theorem 4.2 (Decay estimate for J(ug) = d). Assume that u is a global weak solution
for problem (1.1), J(ug) = d, I(up) > 0, then the following statements hold:

(1) if I(u) >0 for 0 <t <T, then

2/(p—2)
2 2 p
||uHW01,p < ||U0HW01,p (2‘1‘0-)1(]9—2)15) fOT allt >ty > 0,

here wy s obtained later;

(2) if I(u) >0 for 0 < t < t* and I(u(t*)) = 0, then weak solution u(x,t) vanishes in

finite time t*.

Proof. Recalling Lemma we have I(u) > 0for 0 <t <T.
(1) For I(u) > 0 for 0 < t < oo, by the same argument of (2.12)), we have

0 < J(ulto)) = J(uo) /0 sl dr < d

for any to > 0. Taking t = to as the initial time, by the same argument of Theorem

we get,
) ) » 2/(p-2)
< T for all t >ty > 0,
lullyso < ool (55— orall > 1y

where the value of a; in w; = ay/ [§2(E(()))"] is as follows:

. uw N pue 1 9
= 1—=,—=1 — -1 J(u(t 0.
ar=min {12 Ziog (5) - D og A atulto) } >

(2) Assume that I(u) > 0 for 0 < ¢ < ¢* and I(u(t*)) = 0, then (2.11]) implies u; # 0
for 0 < t < t*. Therefore, (2.5)) implies

t*
J(u(t*)) = d — / ur||2 dr < d.
0

By the definition of d, we easily know ||Au(t*)|2 = 0, which implies u(¢*) = 0. Therefore,

u(t) =0 for t > t*, i.e., weak solution u(z,t) vanishes in finite time t*. O

Theorem 4.3 (Blow-up for J(ug) = d). Let condition (1.2) hold, up € H3(Q). If u is a
weak solution of problem (L.1)), J(ug) = d, I(ug) < 0, then there exists a finite time T*

such that u blows up in the sense of limy_,+ fg |u||3 dr = +o0.

Proof. By the same argument in (3.10)), we get

M M) — BO(0)? 2 P MM () — 20dM (1) — pllug 3 (1)
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Since J(ug) = d, I(up) < 0, by the continuity of J(u) and I(u) with respect to ¢, there
exists a ¢y such that J(u(z,t)) > 0 and I(u(z,t)) < 0 for 0 < t < ty. By the same
argument of (2.12)), we have

to
0 < J(ulto)) = d — / ur|2dr < d.
0

Taking t = to as the initial time, then we get u(x,t) € Vs for 1 < ¢ < $ and to < t
by Lemma (2) Therefore, Is(u) < 0, ||Aullz > v(5) for 1 < 6 < S and ty < t by
Lemma [2.6(2). Furthermore, recalling Lemma we get I5(u) < 0 and [[Aulls > 7(3\)
for tg < t. The rest of this proof is the same as that one of Case 2 in Theorem here

we omit the specific process. ]

5. The supercritical initial energy J(ug) > d

In this section, we will give some sufficient conditions for global existence of weak solutions
and blow-up in finite time. Before stating our theorem, we need some sets and lemmas.
Define

Ny = {ue B3Q) | I(w) > 0}, N = {ue HQ) | I(u) <0},
and the (open) sublevels of J
J={uec HZQ)| J(u) <}
Obviously, by the definition of J(u), N, J* and d, we get
Ne=NNJ = {u eN ‘ %Hu”ﬁ—{— ;2||Au||% < §} #0, V¢>d.
p 2p
For ¢ > d, define
A = inf{lullz [ue N}, Ac =sup{[ullz | u € N*}.

Clearly, A¢ is non-increasing and A is non-decreasing.

For convenience, we introduce the following sets:

B = {up € HZ(Q) | the solution u = u(t) of problem (1.1 blows up in finite time};
Go = {up € HZ(Q) | u(t) = 0in HZ(Q) as t — oo}.

Lemma 5.1. If condition (1.2)) holds, then

(1) 0 is away from both N and N_, i.e., dist(0,N') > 0 and dist(0, N_) > 0;
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2) for any ¢ > 0, the set JS NN is bounded in HZ(S2).
0

Proof. (1) For u € N, by the definition of d, (2.2)), and the embedding H3(Q2) to LP(Q),

we have
1 1 1 1
d< =||Au|?+ = Vup—/ ulP log |u| dx + — [|ul|?
5 1Aullz pll 15 . Q| 7 log [ul p2|| 15
1 -2 SP p—2
:—up—i—iAqu—Aup—i—iAuQ,
sz 115 o [ Aullz pe [ Aulls 5 [ Aullz

which implies that there exists a constant p > 0 such that dist(0,N') = inf,ep ||Aull2 > p.
For u € N_, we get |Aul|2 # 0, and similar to (2.3), we have

—1
e
|Aul)3 + [[Vullh < /Q |ul?log |u| dz < Zb”’ﬂ”IIAUWZW1

which implies ||Aul2 > (W)l/(p+prz). Therefore, dist(0, N_) = infyepn [|Aul2
> 0.

(2) For any u € J* NN, then J(u) < ¢ and I(u) > 0. Therefore, it follows from ({2.2))
that

1
<> Ju) = ST + 5 Hu\lp + 7HA 13>2= \|Au||2,
which yields ||Aul|3 < Z%g. Therefore, the set J* N A is bounded in H3 (). O

Lemma 5.2. For any ¢ > d, Ac and A¢ satisfy
0 <A <A < Ho0.

Proof. 1f u € N*, then by (2.3) and Gagliardo-Nirenberg inequality, we obtain
-1
€ +
I8ul + 1Vl = [ fuptog ul o < el
(5.1)

-1
€ a —a
< OV p) A3 full Y,

where a € (0,1) due to p < 2N/(N —4) — p1 when N > 5, C(N,p) > 0 is a constant.
(5.1) can be written as

(1—a)ptpr) 5 P11 2-a(p+p1)
5.2 > 2
(52) Jull > 2 Al
Clearly, the left-hand side of (| is bounded and away from 0 by Lemma ( ) and the
definition of N¢. Therefore, we get A¢ > 0 by the definition of A.. Using the embedding

HE(Q) to L*(Q), then |lu||? < S?||Au||3. Recalling the definition of N*, it is obvious that
A < +o0. O



A Class of Fourth-order Parabolic Equations with Logarithmic Nonlinearity 999

Theorem 5.3. Let condition (1.2)) hold, ug € HZ(Q). If J(ug) > d, then the following

statements hold:
(1) if uo € Ny and [[uoll2 < Xjeue), then ug € Go;
(2) if ug € N_ and ||’LL0||2 > AJ(uo)) then ug € B.

Proof. Denote by T'(up) the maximal existence time of the solutions for problem (L.1)). If

there exists a global solution, i.e., T'(up) = oo, we denote by

N ez g™
>0
the w-limit of ug € HZ(Q).

(1) If up € Ny and [Jug|l2 < A j(yy), then we claim that u € N for all ¢ € [0,T(ug)). By
contradiction, there exists a tg € (0,7 (up)) such that u € N for ¢t € [0,9) and u(ty) € N.
Therefore, u; # 0 for Q x (0,to) from (2.11). It follows from that J(u(to)) < J(uo),
which implies u(tg) € J/®0). Further, u(ty) € N’/(“0). By the definition of AJ(ug)s W€

obtain

(5.3) [uto)ll2 = Asuo)-

Noticing that I(u(t)) > 0 for ¢t € [0, %), it follows from (2.11) that

[u(to)ll2 < lluollz < As(ue):

which contradicts (5.3)). Therefore, u € N} for all ¢ € [0,T(ug)), which implies u(t) €
J70) for all ¢ € [0,T(up)) by (2-11) and (2-5). Lemma ( ) shows that wu(t) remains
bounded in HZ(R) for t € [O,T(uo)), and the boundedness of ||ul| g2y is independent of
t, moreover, T'(ug) = 400, u € Ny N J70) for 0 < t < co. For any w € w(up), then

lwlle < Asqu)s I (@) < J(uo),

by and (2.11). Noticing that the definition of X j(,,), we obtain w(ug) NN = 0.
Therefore, w(ug) = {0}, i.e., up € Go.

(2) If up € N— and [Jug|l2 > Aju,), then we claim that u € N_ for all ¢ € [0, T (up)).
By contradiction, there exists a t° € (0,T(ug)) such that w € N_ for ¢t € [0,t) and
u(t’) € N. Similar to Case (1), we get J(u(t®)) < J(ug), which implies u(t?) € J/(u0),
Further, u(t°) € N/(“0), By the definition of A J(ug)» We obtain

(5.4) [u(t®)]l2 < Asug)-
Noticing that I(u(t)) <0 for ¢ € [0,t°), it follows from (2.11) that

[u(t®)ll2 > lluollz > Aygu)
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which contradicts (5.4). Suppose T'(ug) = 0o, then for any w € w(up),
||OJ||2 > AJ(uo)? J(w) < J(“O)v

by (2.5)) and (2.11). Recalling the definition of A y(,,), we obtain w(ug) N = 0. Therefore,
w(up) = {0}, which contradicts dist(0, N_) > 0 in Lemma [5.1(1). Therefore, w(ug) = 0,
T (up) < oo. O

Corollary 5.4. Let condition hold, ug € H3(R), J(ug) > d. If p?|QP=2/2J(ug) <
lluolly, then ug € NN B.

Proof. By Holder’s inequality, we get
(5.5) pPQIP22 T (wg) < [[uollf < [luollh||® 72,
Combining (2.2)) and ([5.5]), we obtain
1 1 p—2 )
J(ug) = —1I(ug) + —||uo|? + —=—||Aug
(uo) . (uo) pQH [ o [ Auo2
>~ I(uo) + lluollh > ~I(uo) +J (o)
= —1(ug) + —lluo —1(uop up),
p prt P p

which implies I(ug) < 0, i.e., ug € N_.
To prove up € B, we only need to prove [[ugll2 > A ¢y, by Theorem (2) For any
u € N7 it follows from (2.2) that

_ _ 1 1 p—2
lully < IlullpQ®=2/2 < |0 P=272p? (1@) + S5 [lull? + 2||Au|§>
p p p
= QP22p2 I (u) < QP2 2p2 T (ug).
Therefore, taking the supremum of above inequality over N/(%0)  we easily obtain
N gy < 1AP7D202 7 (o) < o},
i.e., [luoll2 > A (). Therefore, ug € NN B. O

The following theorem indicates that there exist blow-up solutions to problem ([1.1])

for any supercritical initial energy.

Theorem 5.5. Let condition (1.2)) hold, ug € HZ()). For any M > d, then there exists
upr € N_ such that J(upr) = M and up € B.

Proof. Assume that M > d and Q1, 29 are two arbitrary disjoint open subdomains of €.
Furthermore, we assume that v € HZ(;) is an arbitrary nonzero function, then we take

¢ large enough such that

2 (P ¢ ¢ ¢
T(Cw) = Al + [Tl — 2 /Q [ullog fu] dz — 10| /Q ul? e + 5 ulfy <0,
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and

Icvllf > 12272,

We fix such a number ¢ > 0 and choose a function u € HZ(fs) satisfying M = J(u) +
J(Cv). Extend v and g to be 0 in 2\ ©Q; and Q \ Qs. Set upr = (v + p, then M =
J(p+ C¢v) = J(upr) and it follows that

luarly = llgvll5 > 11P~2/2p% ) (unr).

By Corollary then up; € N_ N B. This completes the proof of this theorem. O
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