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Upper Semicontinuity of Random Attractor for a Kirchhoff Type Suspension
Bridge Equation with Strong Damping and White Noise

Ling Xu* and Qiaozhen Ma

Abstract. This paper is devoted to the well-posedness and long-time behavior of
a stochastic Kirchhoff type suspension bridge equation with strong damping. The
existence of the random attractor for a Kirchhoff type suspension bridge equation with
white noise is established. Moreover, the upper semicontinuity of random attractors

is also provided when the coefficient of random term approaches zero.

1. Introduction

Lazer and McKenna presented the following suspension bridge equations in |9] as a new

problem of nonlinear analysis
(1.1) ug + N*u+ aug + kut = w(z, t) + f(z)

and studied the large-amplitude periodic oscillations of solutions. The existence of the pe-
riodic solutions and numerical simulations were investigated in [1,8./14]. We first achieved
the existence of global attractors for the coupled suspension bridge equations [11]. From
then on, the universal compact attractors for both the single and coupled suspension bridge
equations have been studied systematically by many authors, for instance [10,12}/15-17,24]
and reference therein. Combining the earlier ideas of Woinowsky-Krieger on the extensible
elastic beam [21] with , that is, taking into account the midplane stretching of road

bed due to its elongation, Bochicchio etc. 3] arrived at the following equation

(1.2) uit + D+ aug + (p = | VullFa ) Au + ku™ = f(2),
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moreover, they proved the existence of global attractors of optimal regularity as p € R.
If we consider the effect of strong damping and white noise in ((1.2)), then the following

equation is derived

(1.3)  wge + A%+ A% + (p — HVUH%Q(U))AU +kut + f(u,z) = g(z,t) + ag(x)W(t)
with the both ends of simple supported boundary

(1.4) u(t,7,x) = Au(t,7,2) =0, x€dU, t>r,

and the initial value condition

(1.5) u(t,7,x) =ur(t,7,2), w(t,nz)=w,(t7z), t<T,

where U is an open bounded subset of R? with smooth boundary AU, the unknown
u = u(t, 7, ) denotes the downward deflection of the bridge in the vertical plane, and u™

stands for its positive part, namely,

u ifu>0,

0 ifu<DO.

u+:

k > 0 is the spring constant, —ku™ models a restoring force due to the cables, which is
different from zero only when they are being stretched. The real constant p accounts for
the axial force acting at the end of the road bed of the bridge in the reference configuration.
Namely, p is positive when the bridge is compressed, negative when stretched, a € R. ¢(x)
is not identically equal to zero, f is a nonlinear function satisfying certain conditions.
g(+,t) € Cy(R,HE(U)), Cyp(R, H(U)) denotes the set of continuous bounded functions
from R into Hg(U). W is the derivative of a one-dimensional two-sided real-valued Wiener
process W (t), the white noise described by q(z)W. However, in the real world, small
irregularity has to be considered. Thus it is necessary to take account of the equation
with a random force. For this purpose, we will focus on the existence and the upper
semicontinuity of random attractors for f.

The classical results of global attractors for the deterministic dynamical system is
clearly not true for RDS. For a dynamical system perturbed by a noise, the difficulty is
of course in the fact that how to establish a compact random invariant set. The authors
introduce the concept of random attractors for the infinite-dimensional random dynamical
systems in [2,5], and these abstract results have been successfully applied into other
stochastic dissipative partial differential equations [6}7,|13}22,23] and references therein.
Therefore, we will use the methods established by Crauel, Flandoli, Arnold and Wang
etc. in [2,[5,/20] to establish the existence of random attractors for 7, and then

we establish the upper semicontinuity of random attractors when the coefficient a in (|1.3|)
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approaches zero. Moreover, another important ingredient in the argument is the parameter
p € R, which gives difficulties for estimation.
We assume that the nonlinearity f(-,z) € C?(R,R) is subject to the following growth

and dissipation conditions: for x € U and u € R,

(a) Growth conditions:
(1.6) |f(u,2)| < Colul” + i (x), ~v>1, ¢u(x) € LA(U),
where Cj is a positive constant.

(b) Dissipation conditions:

(A7) Pl = [ Jlsa)ds > Q™ = gale), 2 1, dala) € L),
0

(18) uf(u,x) Z CQF(U7$) - ¢3(.%'), ¢3(IE) S Ll(U)7

where C1, Cy are positive constants.

This paper is arranged as follows: In Section [2 we introduce some definition and
useful lemmas on random dynamical systems. In Section [3| we establish the existence
and uniqueness of the solution corresponding to the system , which can generates
a random dynamical systems. In Section [4 we obtain a compact measurable pullback
attracting set and the existence of random attractor for equation . Finally, the upper
semicontinuity of random attractors is proved in Section [5| as a — 0.

In this paper, the letters C; (i € N) below are generic positive constants which do not

depend on w, 7 and t.

2. Preliminaries

In this section, we introduce some definitions and useful lemmas, which is the key technique
to establish the existence and upper semicontinuity of the random attractor, which are
from [2,|4}5,19.120].

Let (X, ||-]|x) be a separable Hilbert space with Borel o-algebra B(X), and let (Q2, F,P)

be a probability space, where
Q={w(t) € C(R,R) : w(0) =0},

F is the Borel o-algebra induced by the compact-open topology of €2, and P is a Wiener

measure. In addition, we write W (¢,w) = w(t) and define

() =w(-+1t) —w(t), teR, we
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Then 6;: Q@ — €, t € R is a family of measure preserving and ergodic transformations
such that (t,w) — 6w is measurable, §y = id and 045 = 0,0, for all t,s € R. The
flow 0; together with the probability space (2, F,P, (6;):cr) is called as an ergodic metric

dynamical system.

Definition 2.1. Let (2, F,P, (6;)1cr) be a measurable dynamical system. Suppose that
the mapping ®: RT x O x X — X is (B(RT) x F x B(X), B(X))-measurable and satisfies

the following properties:
(i) (0, 7,w," )z =2z, 7T €R, z € X and w € §;

(i) ®(t+ s, 7w, ) = P, 7+ s,0sw) 0o ®(s,7,w,-) for all t,s € R, 7 € R, z € X and
w € Q.

Then @ is called a random dynamical system (RDS). Moreover, ® is called a continuous
RDS if ® is continuous with respect to z for £ > 0, 7 € R and w € Q.

Let D be a family if some subsets of X which is parameterized by (1,w) € R x Q:
D ={D(r,w) C X : 7 € Ryw € Q}. The family D is measurable with respect to F in
Q if the set D(7,w) is a closed nonempty subset of X for all 7 € R and w € 2, and the
mapping w € Q — d(z, D(1,w)) is (F, B(RT)-measurable for every fixed x € X.

Definition 2.2. A family B = {B(7,w) C X : 7 € R,w € Q} of nonempty subsets of X
is invariant under ® if ®(¢t,7,w, B(T,w)) = B(t + 7,60w) for all t > 0, 7 € R, w € Q.

Definition 2.3. Let B = {B(7,w) C X : 7 € R,w € Q} be a family of nonempty subsets
of X. For every 7 € R, w € ),

w(B) =w(B,r,w) = J®Et 71—t 0 1w, B(r —t,0_w))

is called the w-limit set of B.

Definition 2.4. A family D = {D(7,w) : 7 € R,w € 2} of nonempty bounded subsets of
X is said to be tempered with respect to (6;);er if for every v > 0, lim;_,o0 e V|| D(7 +
t,0w)||x =0 for a.e. w € Q, where ||D||x = sup,ep ||z]|-

In the following, let D = D(X) be the collection of all tempered families of nonempty
subsets of X.

Definition 2.5. A family K = {K(1,w) : 7 € R,w € 2} € D of nonempty subsets of X

is called a measurable D-pullback attracting (or absorbing) set for ® if

(i) K is measurable with respect to the P-completion of F in ;
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(ii) for all 7 € R, w € Q and for every B € D, limy_, 400 d(P(t,7 — ¢,0_4w), B(T —
t,0_w), K(r,w)) = 0, where d(-,-) denotes the Hausdorfl semi-distance between
two subsets of X (or there exists T'(B,7,w) > 0 such that ®(¢,7 — t,0_4w, B(T —
t,0_w)) C K(r,w), ¥Vt > T(B,T,w) > 0).

Definition 2.6. A family A = {A(T,w) : 7 € R,w € Q} € D is called a D-pullback
random attractor associated to the RDS & if

(i) A(7,w) is measurable in w with respect to F and compact in X for all 7 € R, w € Q;
(ii) A is invariant, i.e., ®(t,7,w, A(T,w)) = A(t+ 7, 0w), for every 7 € R, w € Q, Vit > 0;

(iii) A attracts every every member of D, i.e., for every B = {B(r,w): 7 € Rjw € Q} €
D, and for every 7 € R, w € 2,
lim d(®(¢t, 7 —t,0_4w, B(T — t,0_w)), A(T,w)) = 0.

t—o0

Definition 2.7. A mapping ¥: R xR x Q2 — X is called a complete orbit of ® if for every
t>0,7,s€Rand w e Q, then ®(t, 7 + s, 05w, ¥(s,T,w)) = Y(t + s, 7,w). In addition, ¥
is called a D-complete orbit of ® if there exists D = {D(1,w) : 7 € R,w € Q} € D such
that ¢ (t, 7,w) belongs to D(t + 7,0w) for every t € R, 7 € R and w € Q.

Theorem 2.8 (Existence of a random attractor). [20] Let ® be a continuous RDS on
X over R and (Q, F,P, (0;)ter). Suppose that ® has a compact measurable D-pullback
attracting set K in D, then ® has a unique D-pullback random attractor A in D given by
the following: for every T € R, w € €1,

Alr,w) = (U@, 7 1,60, K(r —t,0_w))

r>0t>r

={Y(0,7,w) : Y(-,7,w) is a D-complete orbit of P}.

Theorem 2.9 (Upper semicontinuity of random attractors). [19] Let I be an interval of
R and given a € I. Let {®%(t,7,w)}acr be a family of continuous RDS on X over R and
(Q,F,P,(0:)er). Given ag € I, ®(t,7) is a continuous process over R independent of
w € Q. Suppose that

(i) ®%(t,7) has a pullback attractor { A (1)} er with properties: (a) A(T) is a com-
pact for T € R; (b) ®%(t,7)A%(1) = A(t) for t > 7; (c) for any bounded set
B C X, limy_yoo d(®% (7,7 — t) B, A% (7)) = 0;

(il) @ (t,T) has a uniform pullback absorbing set B = {x € X : |lz||x < R*} C X
and for each a € I, ®* has a D(X)-pullback random attractor A*(t,w) € D(X) and
a D(X)-pullback random absorbing set K*(t,w) € D(X) such that for all T € R,
w € Q, limsup, 4 [[K(7,w)||x < RY;



916 Ling Xu and Qiaozhen Ma

(iii) for every T € R, w € Q, U, A%(T,w) is precompact in X;

(iv) for everyt e R, 71 € R, w € Q, a, € I with ap, — a and xp, v € X with x, — x,

limy, o0 @ (t, 7 — t,0 4w, x,) = PO (t, 7 — t, ).

Then for every T € R, w € Q, d(A*(7,w), A (7)) — 0 as a — ao.

3. Existence and uniqueness of solutions

In the sequel, we always assume that the conditions (1.6))—(1.8) hold, the ergodic metric
dynamical system (€, F,P, (6;)er) is defined as in Section
We consider the H = L?(U), V = H*(U) N H}(U) with the usual inner products and

norms, respectively,
(u,v) = /qud:n, lul|? = (u,u), Yu,veH,
((u,v)) = /UAUAU dr, |lull3=((u,u), YuveV.
Let £ =V x H, and endow space E with the scalar product and the norm:

(1, y2)E = ((ur,u2)) + (v, v2), |yl = (v, 9)E

for all y; = (u;,v;)T, y = (u,v)T € E, here T denotes the transposition.

Without loss of generality, we define H" = D(A™/*) for » € R, which turns out to
be a Hilbert space with the inner product (u,v), = (A’"/4u,AT/4v). We also consider by
| - |l = [|A"/*u|| the norm on A" induced by the above inner product. It is well-known
that D(A%) = H, D(AY?) =V, D(A) = {u € HU) : u,Au € H}(U)} with A = A%
A2 = —A. Thus, by the compact embeddings 7" ! < H" along with the the generalized
Poincré inequality, then
(3.1) lullpsy = Allullz, YueH ™,
where A\; > 0 is the first eigenvalue of A.

We define
A
3.2 =
(32) c 402 4+ 3\ + 4

To convert the stochastic equation (|1.3]) into a deterministic one with random param-
eters but without noise terms, we introduce an Ornstein-Uhlenbeck process driven by the

Brownian motion, which satisfies the Ito stochastic differential equation

dz +ezdt = dW (t),
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and is given by
0
z(t) = z(Opw) := —5/ e (Ow)(s)ds, teR, we Q.
—0oQ
By [2.4], we have the identity W (¢,w) = w(t), and there is a f;-invariant set w € Q of full
P measure such that for every w € ﬁ, t — z(Aww) is continuous in ¢ and
. —t _ A
tiumooe |z(0_tw)| =0, Vy>0, weQ,
the random variable |z(w)| is tempered. For convenience, we shall simply write € as €.
Let u(t, 7w, ) = u, v(t,7,w,x) = w(t, 7,w, ) + cu(t, 7,w,x) — aq(x)z(w), we get

the new random partial differential equation (RPDE) as follows:

du

G U Teut aq(z)z(Oww),

d

dit) = —(1—e)Au—e®u— Av+ev+ (p — ||[u]|?)AY?u — ku™

— flu,z) + g(x,t) — aAq(x)z(Ow) + 2acq(x)z(Orw),

u(t, 7, z) = ur(t,7,2), v, 7,2) =u(t,7,2)+ecu(t,7,2) — ag(x)z(fw).

In contrast to the stochastic differential equation ([1.3]), no stochastic differential ap-

pears here. Set

U el -1
o= , L=
v (1—e)A+e2T A—el
F(@a 015(4), t)
aq(z)z(Ow)

- )

(0 — lul2)AY2u =kt = f(u,2) + g(a.1) — aAq(x)=(0w) + 2acq(2)2(0,)
then (|1.3]) can be reinterpreted as
(3.3) ¢+ Lo =F(p,0w,1), ¢r(w)= (ur,u1, +ecu, —aq(x)z(,w))".

By [18] we have the fact that L is the infinitesimal generators of Co-semigroup e on E.
It is easy to prove that the functions F'(-,6w,t): E — FE is locally Lipschitz continuous
with respect to ¢ and bounded for every w € 2. Thus, by the classical semigroup theory
of existence and uniqueness of solutions of evolution differential equations in 18], we have

the following theorems.



918 Ling Xu and Qiaozhen Ma

Theorem 3.1. If (1.6) (1.8) hold, then for any T € R, w € Q and ¢, = (ur,v,)? € E, the
RPDE (3.3) has a unique solution o(-,7,w, ;) € C([r,7+T); E) with o(1,T,w, ;) € E

i mild sense, i.e.,
t
(10(1:7 T, W, 907') = e_L(t_T)SOT(w) + / e_L(t_S)F((p(T? T, W, @7)7 97“")7 T) dT, Vt Z 7.
T

Moreover, p(t,T,w, p;) is continuous in @, and measurable in w.

Theorem 3.2. If (1.6)—(1.8) hold, then fort € RT, 7 € R and w € , the solution
o(t, T,w, pr) of system (3.3)) generates a continuous random dynamical system over R and
(Q)J_-'vpv (Qt)tER):

P:RTXRxOxE—=E, (t,7,w,0;) &, 7,w,0,)

by
O(t, T, w,or(W) =t +7,7,0_rw, o (0_rw))
u(t+7,7,0_rw, o (0_rw))
= u(t + 7, 7,0 _rw, pr(0—rw)) +eu(t + 7, 7,0 —rw, o (0_rw)) — ag(x)z(Orw) )
where

u(T, T, 0_rw, pr (0_rw))
(p(07 Ta wa 907'(("})) =
wg (7, T, 0w, or(0—rw)) + eu(r, 7,0 _rw, pr (0_rw)) — aq(z)z(w)
= ¢r(f—rw)
and

O(t, 7 —t,0_ 4w, pr_1(0_rw)) = (1,7 — t,0_rw, pr_(0_rw)).

To consider the conjugation of the solution of the stochastic partial differential equa-
tion and the random partial differential equation , we defined the homeomor-
phism

R(Ow): (y1,52)" — (1,52 — eyr + aq(x)z(6w)) "
It is easy to find that the transformation

‘i(t, T,w, Z;) = R(Oiw)P(t, T, w, cpT)R_l(Htw): Zr = Z(t+1,7,0_rw,7Z;)

determines a random dynamical systems corresponding to the equation (1.3]). Similarly,

the transformation
;I\D(t, T, w,¥r) = TEZIV)(t7 Ty w, Ze)T—c: by = Yt + 7, 7,0_7w,10;)

is also a random dynamical systems corresponding to the equation (3.3)). Therefore, ®, d

and ® are equivalent to each other in dynamics.
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4. Existence of random attractor

In this section, we first show the existence of a pullback absorbing set for ® in D(E),
then we prove the cocycle associated with non-autonomous a stochastic Kirchhoff type
suspension bridge equation with strong damping has a random attractor in (H?(U)N
HE(U)) x L?(U), which is a tempered random set in the space H3(U) x (H?(U)N H} (U)).

Lemma 4.1. For any ¢ = (u,v)! € E, there holds
€ € A1
(Lo, @)p = SlelE + lullz + S llvll*.

Proof. Note that Ly = (eu — v, (1 — &) Au+ e?u + Av — ev)T, which implies by the Young

inequality and Poincaré inequality that

(Lo, )5 = ellull3 — e(AV?u, AY20) + 2 (u, 0) + | AV?0]|* = ¢]|o]?

v

2 € 2 _9.(14L/2 2 € 2_2753 2 AV2,)12 — 2
ellullz = gllullz = 2el A0l = cllullz N [o]l" + [ A™Z0]|” = e]l]]

2e 3¢

g 3
Sl + Sl + @ = 2nlol? = (55 + ) hol?

v

€ € A1
= el + Sl + 2o,
for the fact that we used € = A\7/(4A? + 31 + 4) in the last inequality. O

Lemma 4.2. Let (L.6)-(1.8) hold, q(z) € H*(U) N H3(U). For any 7 € R, w € Q,
there exists a closed tempered measurable absorbing ball By(w) = {¢ € E : |¢|lp <
ro(w)} = Bg(0,70(w)) € D(E) of E, centered at 0 of radius ro(w) > 0 such that for
any set B € D(E), there exists T(T,w,B) > 0 such that the mild solution ¢(T,7 —
t,0_rw,pr—¢(0_;w)) € E of with pr_(0_rw) € B(T —t,0_4w) satisfies

lo(r, 7 —t,0 7w, SOT—tw—TW))HzE = |lu(r, 7 —t,0_rw, (PT—t(e—Tw))H%
(4.1) + (T = £,0_rw, 0r4(0_7w))|?
< rg(w), Vit >T(r,w,B),

that is,
O(t, 7 —t,0_4w,B(T —t,0_w)) C By(w), Vt>T(r,w,B).

Proof. For any 7 € R, w € Q, t > 0, let o(r) = @(r,7 — t,0_;w,p;_(_;w)) =
(u(r),v(r))T € E (r > 7 —t) be a mild solution of with initial value ¢, _4(0_,w) =
(tr—t,u1 7t +eur—s —aq(z)z(0—w))’ € E. Taking the inner product (-,-)g of with
©(r), we have that for r > 7 — ¢,

1d

(4.2) 5@%@(?‘)!1% + (Lo, 0)E = (F(p,0r—7w, 1), 9) B,
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where

(F(g, 0r—rw,1),0) 2 = ((aq(z)2(0r—rw), w)) — ([ullf — p)(A?u,0) — k(u™,v)
(4.3) — (f(u,z),v) + (g(z,7),v) + (2aeq(x)2(0r—rw), v)
— (aAeq(x)z(0r—rw),v).

To estimate the terms in (4.3 one by one as follows,

€ 2 a2!|q||% 2
(14) ((aa(@)=(0r—r). ) < =l + L2 (o,
" b 0) = 5 L2 - ekl 2+ (", ag(a)2(0,)
| <2 Lt - g+ A e
(46) ocafe)=(0y0)v) < LI g, A,
(47) |~ (@tea(@)20r—r),0) < W o, Aoy,
(4.8) (g(a.1).0) < 3ol + Sl

where ||g||? = sup,¢g [|g(+,7)||? < co. By a standard computation, we have

(lull? — 1/2 2 S ull2 — )2 — Sl o
(el — ) (A u,) = ~ 3l = )? = Sl —p)? — Sl +

+ ([ullf = p)(A"?u, aq(x)z(6,—-w))

1d € €
< —Z@(IIUII? —p)* - *(IIUIIf —p)* - *HUII‘i

(4.9) c H
qlli
+*+ (Hqu p)* + Sllullf + 1! (6r—rw)|*
2 2
~1d 2 2 2 2
— 2l = = Sl — 2+ 2
2HQH 4
+ o,

By (1.6, (1.7), Holder inequality and the Sobolev embedding theorem, we obtain

(F(u, ), ag(2)2(6—r))
< / (Colul” + 61(2) ) ag()=(6, )| da
U

IN

. v/(v+1)
allénllalll=(8r—r)| + lalCo ( [ dx) Il [2(6,—r)

1 a?
(410) < calanl + llale(0, )
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D) v/ (v+1)
Flaloer O ([ (P @) ds) T el o0
U
1 a? ela|CoCT?
< 5@l + S0P+ L [ s
U
alC ela|CoCy
N AR e e

2e
Combining the above inequality with ([1.8)) implies that
—(f(u,z),v) = —(f(u,x),ur + eu — aq(z)z(0r—rw))
S_di F(u,x)dq:—ng/F(x,u)dx+5/qbg(x)dx
U

U
+ (f(u, z), aq(x)z(0r—rw))
(4.11) d _ £(2Cy, —[a|CoCr ) o) do
/ | Pluaya

2

‘G|C() 1 1
+ §H(JII 22(8—rw)|* + ?\IQIW |2(0—r) T + §a2ll¢1ll2

n Ela\CoCl_l

5 P2l + €ll Pzl -

By putting (4.3} into ( , we have that for r > 7 — ¢,

a4 <||90( s+ g1l = 9+ bl 242 [ P, o)

e (I + 1l = 9 + kP 4+ 202~ aloCi) [ Fluwa)d )

160”2 q||?

2
A |2(0r—rw)|

A

20,2 2 ka2 2
HqH2|Z(0r7‘rw>|2—|— QQH |z(0777w)|2+

(412) € , b
4|ql3 ) o, allqlly ) 4 21141121 2(0 2
+ =5 [O—rw)[T + — 5 2O —rw) " + a7l gl 2 (6 —rw)]

la|Co 1 -
+ g3 2(0r—rw) T + @®[| 611> + elal CoCr | b2l 10

2
+ 2¢l| 3| 11 + )\THQHQ +ep”.

Choosing 1 = min {&,£(2C5 — |a|CoCy ) /2} (Cs > |a|CoCy ' /2), and set

1
X(r) = lleE + Sl = p)* + klu*|? +2/UF(u,w) da

(4.13)
> [le(ME = 2l 62l 1



922 Ling Xu and Qiaozhen Ma

16a%¢%|q]|*

202/l q12 ka2llall2
mi(0,_rw) = !(1"2\,'5(«9,,_7(4))]2 + Lm”z(ﬁr_Tw)F + N |2(6,_rw)|?

4HQ||4

2 aZHQHle 0 4 2 20.(p 9
[2(0r—w)* + =5 20 —)|* + a®[lg] ] 2(6r—w))

\G|CO +1
?HQHQ/ \

+ 2(0r—w) |7+ @[ |]* + elal CoCT |2l 1

2
+ 2¢|¢3|| 1 + )\THQHQ + ep®.

We can derive from (4.12)) that

d
(4.14) X x(r) +e1x(r) <mi(0,—rw).
By Gronwall lemma to (4.14) on [7 — ¢, 7] (r > 7 —t), we have that for r > 7 — ¢,
X(r, 7 —t,0_rw, pr_1(0_7w)) < X(T — t,7 — t,0_rw, or_y(0_rw))e o1 rH=T)
(4.15) "
+ / ml(é’s_Tw)efsl(“s) ds,
T—1

where
X(T—t,7—1,0_rw,or—4(0_rw))
= Nl = 0Ol + 5ol =)+ bl ol +2 | Plutr =1),2) da
< ol = )(0-r)l% + g (a2l — p)* + Klluf—,
+ 205 (sl + Huf_tuzii 6l + l16s,)
<l = 1)0-r)% + g (1l — ) + Kl
203 (ol + el + 61 )2 + Nsliz,)
and

/ my (HS_Tw)e_al(r_s) ds
T—t

e <c4 / 12(8s_rc) e =109 ds 4 O / 120y o) |Pe—= =) ds+C6>.
T—t —t

Thus, by (4.13) and (4.15), we have that for r > 7 — ¢,

lo(r, 7 = t,0-rw, 0r1(0—rw)|E < X(r) + 2l|¢2( 11

1
< (It = 00+ 5 lur—d = 5 + Kl P
+ 205 ([lur—|” + llur—l3™" + [l + \|¢311L1>)ea<r+m

+/ my (0s—rw)e =) ds + 2|| g 11
T—1



Random Attractor for a Kirchhoff Type Suspension Bridge Equation 923

Therefore,
H(P(T, T —t, 9_7—0.], @T—t(e—Tw)) HQE
1
< (T = t)(0—rw) % + 5(!\uT_tH% =)+ kllut, |

+ 205 (lur—el® + llur—el3*" + 61 1% + [ 03|, )"

0 0
+ a? (04/ |2(8sw) | T ef1® ds + Cs /

—0o0 —00

(4.16)

(0™ ds + S 6alur + ).
For any set B(1,w) € D(FE), we obtain

Or1(0_7w) = (Ur—t,u1 7t + iyt — aq(x)2(0_w))" € B(r —t,0_4w) € D(E).
Since

(lur—ell} = p)* + Kllur_|*

N =

lim sup(||g0(T — ) (0—_rw)||% +

t—+00
+ 205 (|[ur—l|* + lur—d37 + 601 + H¢>3IIL1)>6_6” =0.

Set

(4.17)  ri(w) = 2a? <C4/ |2(Osw) | T ef1® ds + 05/

—0o0 —00

0 0

|2(8w)|*e"1® ds + C7> < 00,

which is a tempered random variable, then by and (4.17), the set By(w) = {¢ €
E : |l¢llg < ro(w)} is a closed measurable absorbing ball in D(E) and there exists
T(r,w,B) > 0 such that ¢(7,7 — t,0_rw, p;_+(0—rw)) € Bo(w) for t > T(1,w, B). The
proof is completed. ]

By (4.1)), it concludes that for ¢, _¢(0_,w) € By(f_4w), and there exist T'(T,w, By)) > 0
and a constant C > 0 such that

o(r, 7 —t,0_rw, pr+(0_rw)) € By(by—rw), Vt>T(1,w,By), Vr>T1—t,
(4.18) lo(r, 7 —t,0_rw, or 1(0_r))||% <720, _rw), Yr>7—t, Vt>0.

In order to construct the existence of random attracting set for ®, we have to decom-
pose the solutions of system with different initial data into two parts.

For any 7 € R, w € Qand t > 0, let o(r) = o(r,7 —t,0_rw, or—t(0_rw)) (r > 7 —1)
be a mild solution of system with the initial value ¢r_+(0_;w) = (Ur—t,u1 ¢ +
eur—y — aq(z)z(0_w))T € Bi(r — t,0_w) C By(f_w), then by (4.18), it concludes that
©(r) € Bo(0r—rw)) for all r > 7 —t. We decompose ¢(r) into ¢(r) = ¢1(r) + ¢2(r), where
©1(r) = (u1,v1)T and @o(r) = (ug,v2)T satisfy

2 2 . 9 B ' -
(419) UItt + A u1 + A ult + (p HVUHLQ(U))A'UJ - O lf r>rT t7

Orr-t = (ur (T —t),01(7 = )T = (Ur—p,ur ;¢ +eur—)t ifr <7 —t
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and
U + DN%ug + A%ugy + (p — ||Vu||%2(U))Au2 + kut + f(u,x)
(4.20) = g(m,t) + aq(x)W ifr>71—t,
(ua (T —t),v9(1 — t))T = (0, —aq(x)z(0_w))T ifr<r-—t,
respectively.

Next, we will give the exponential decay estimate about ;.

Lemma 4.3. Let p < (1 —e)y\/3. ForanyT € R, w e Q, t>0,r >7—1t and
Or—t(0_rw) € Bo(0_ww), then there exists a random wvariable ro(w) > 0 such that the

solution ¢1(r) of (4.19 - ) satisfies
o1 (r, 7 =t o1 )|lp < rf(w)e TR e > s,

Proof. Taking the inner product in H of (4.19) with vi(r,7 — t,¢1+—¢), in which v; =

u1¢ + eur, we conclude that for r > 7 — ¢,

1d

(4.21) 2dt
—eljor]|* + % (ur,v1) = (p = [ullF) (A ur, v1) = 0.

Due to and ( ., we get

e(1 = e)llurll3 + llorll3 = ellvall® + & (u, v1)

— (=) lunll3 + [lorl?) + e = ) a3 + [loal]3

e(l—¢g) g3
o o(1 = &)l -+ ou = e ? = S5 - el
4.22
e(l—¢)
> Ealg+ (3= 55 ) P
< e(1—e¢)

£
> 02D a3 4+ 2
For the last term on the left-hand side of (4.21]), we have

1d

(4.23)  (lull} - p)(A?ur,01) = 2dt(HUII ¥ = pllualF) +e(lullflulf = pllu 7).
Substituting (4.22) and ( into (4.21)) yields, for r > 7 —t,
d 2 2 2 2 2
(1~ _
(4.24) 7 (U= e)lluallz = plluallt + [foal® + lulille ]17)
+e(( =) unlly = 2pllurll + flo* + 2l ) <0
Let

I(r) = (1 = &)llurll3 = pllulf + [losl* + lul i,
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then (3.1]) ensures that

I(r) = C(p)llual3 + [lor|* + [lulFlluall = Cp)lleall > O,

—&
(4.25) Clp) =4 * .
Tk iH0<p<(1-evA/s.

Furthermore, we find that

(1 - VA

I(r) forp<
(r) forp< 3

(@ =e)lluall3 = 2plluallf + ol + 2[lulFluallF) >

N ™

Thus, from (4.24]) we conclude that

(4.26) %I(r) + g[(r) <0.

Noticing that
I(r)
Clp)

lor(lEs = lluall3 + lure + ew|® <

Since @1, = Pr_t(0_rw) + (0,aq(x)z(0_w))T € B(6_4w), by definition of By(w), it
follows that

(4.27) lo1,r—tl|lE < ro(0—ww) + lall|g(z)] - |2(0—ww)|, VT eER, weQ, t>0.

Notice that ¢1 ¢ is independent of w, so replacing w by 6w in , we have
le1,r—itlle < ro(w) +lalllg()]] - [2(w)| = r2(w), VT ER, we, t>0.

By Gronwalll lemma to on [T —t,r] (r > 7 —t), we have that for r > 7 —t,

ngl(T? T —t, ©1,7—t H2E

Itr) . 1 o
= < (7 — t)e ST/
<op SopiT Y
1 —e(r—7
< @(HUT—tH% + ’pqu_tH% + Hul,T—t + EuT—tH2 + HUT_tHZ]%)e ( +1)/2
1 o
< @(HS"M—:&H% + [Pl wr—e|3 + ur—tlli)e e(r—r+t)/2
1 o o
=0 (r2(@) + [plrd(w) + (W) e ST+ < 2 ()eer=T/2)
we complete the proof. .

For the component (o which is ultimately pullback bounded in a “higher regular”

space, we have the following estimate.
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Lemma 4.4. Let (L.6)-(L.8) hold, ¢(x) € H>(U) N H{(U), p < (1 —e)v/A1/3. For any
TER, we N andt > 0, there exist a positive constant v € (0,1/4] and a random variable

r3(w) > 0 such that the solution 2(r) = (uz(r),v2(r))? of ([@.20) satisfies
(4.28) 1A @2 (7,7 = t,6_rw, pr—t(0—rw)) I < 73 ().

Proof. We know that @ = (ug, ugt + cus — aq(z)z(6,—,w))?, then equation (4.20) can be

rewritten as

Y2t + L(PQ = F(er—’rw7 z, 7“), (PQ(T7 T —t, 9_7—&), (pT—t(H—Tw)) = (07 _aq(x)z(gT—Tw))Tv

where for r > 1,

F(@Za erf‘rwv T)

aq(x)z(0,—rw)
(p — [[ul$) A 2uy — kut — fu,z) + g(z,t) — aAq(x)2(0,_rw) + 2acq(x)2(0r_rw)

Taking the inner product in £ of ([#.20) with A%y = (A% uy, A?v5)", we obtain

1d
2dt <||AVS02”% * 2/ fu, 2) A up d:v) + (Lo, A% 09) i
U

2 / 2
+ 5/Uf(ua$)A up dx — /Ufu(u, 2)ug A% ug dx
= ((aq(z)2(0,—rw), A uz)) + (f(u, ), az(0;—rw) A*q(z))
+ ((p — [Jull}) A ?uz, A% vo) — k(uT, A% vy)
+ (g, ) + 2eaq(x)2(0,—rw), A% v9) — (aAq(x)2(0,_rw), A% vy).

(4.29)

Similar to Lemma we get
4.30 Lo, A%3) 5 > A3+ & [ AV usl3 + 2 470 2
(4.30) (Lo A% 00)e > S A%0alfy + S A%ual + 221470 .

By computation, we have that for r > 7 — ¢,

€ 2a2|| A q|?
(W31 ((ag(e)(0rr) A%w) < S Awo 4 22

4k? A
(4.32) [ =kt A% )| < S A%+ A,

2211 AV 41|12
(4.33) 2ae(q(x)2(Br_rw), A% v3) < W
1

- 2a2”Au+1qH2
> 7)\1

A
|26, )|” + T A0,

A
(4.34) | = (aAq(x)2(0;—rw), A% v2)] |2(0r—rw) | + glllA”vz\ﬁ
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(4.35) (g(x,7), Avy) < HA@W Hmwﬂ%

(p — [ull}) A 2us, A2 v,)

(p — [ull3) A ?us, A% (uz; + us — q(x)2(0r—rw)))

7 (lulfllualld, o = pllualldy ) +e(lullluzlfy o — plluzllf )
(p — [lul}) (A ?uz, A% q(2)) | 2(0r—r)] — Jull3, 4 el
gummwmmHJ pllual, 1) +e(lulluzl3, 1 — plluzl, )

pllluzllsr = (o] + lluld)uzllav 1]l A (@) [|2(0r—rw) = lullfy o luel

l\')\ﬁ)

(Il HU2H4V+1 plluzlli, ) +e(lullfluzli g — plluzlig)

a
dt
1
Ipl +5 (Ip\ +[ull)? ) lualld 1 — 5142412120 r) 1 = g1 el
2

From ((1.6) and (4.18)), we have that for r > 7 — ¢,

(f (u, ), az(8—rw) A* ¢(x))
S/(Co|UI”+|¢>1(w)l)laZ(Gr—TW)A2VQ(SC))Idﬂc
U
(4.37) < ColalHUIIVIIZ(HPTOJ)AQVQ(%))|| +lallgr (@) |[1(6r—rw) A% q(x))|

_G
< Oa lull® + 5 H¢1( )IZ + lalll2(6r—rw) A* g ()) |

C’a
O 26 rt0) + SIS @ + Pl |2(6r—r)

by (1.6]), (4.18) and the Sobolev embedding theorem, we know that f] (u,x) is uniformly
bounded in L*°. That is,

(438)  |fi(w2)|z= < ColulJt + 61 (@)= < Csllul3™ + lo1(@)| < Corg ™ (6,—r0).

Combining with the Hélder, Cauchy inequalities and (4.18)), we conclude that

/ fh(u, 2 up A ug do < Cgrg_l(ﬁr_.rw)/ [ug| - |A* ug| da
U U

1 1/2 1/2

< Crory ™ Ol - 4% o]l

e
< 0117"(2)7('9r—rw) + g”AVUQHg
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Therefore, collecting all (4.30)—(4.39)), from (4.29) yields, for r > 7 — ¢,

d( . v
(ﬁ@Awﬂ%+MMMﬂLH—pMﬂLH+2waJMQwm)
4.40
(4.40) +eQmwm@++mmw@ﬁﬂd—MWﬂLH+aZ;ﬂwmA”wmﬂ
< O (a®|2(0r—rw) > + a1 (0r—rw) + 15(0r—rw) + [|o1(2)]]).-
Let
(4.41) :m00=HW¢M%+HMWWﬂ@&1—Mmﬂ@ﬁ1+2ﬁjﬁu@A”wd%

(4.42) ma(0y—rw) = Ci2(a?|2(0—rw)|* + aQTgv(Gr_Tw) + 75 (Or—rw) + || 1(2)]]).
It follows from (4.40)), (4.41]) and (4.42)) that

d
(4.43) %XI(T) +exi1(r) <mo(Or—rw), Vr>71—t.

Note that x1(7 — t,7 — t,0_,w, 0, +(0_,w)) < a?||A%q||*|2(0,_,w)|?, then by applying
Gronwall lemma to (4.43) on [7 —¢,r] (r > 7 —t), we have

,

(4.44) x1(r 7 —t,0_rw, or—4(0_rw)) < / mQ(HS,Tw)e_e(T_S) ds, VYr>t—t.
T—1

From ([1.6) and (4.18)), we have that for r > 7 — ¢,

/f<uax)A2”u2d$ S/(Co!U\“r!¢1(w‘)!)!z42”w!dw
U U

(4.45) < Collull"| A% uzl| + [|¢1 ()] | A*uz||

1—c¢
4

< Ci3 (15 (Br—rw) + |61 (2)||?) + | A% uz][3.

It then follows from (4.41) and (4.45]) that

(4.46) x1(r) = C(p)| A pall% — Cus (17 (0r—5w) + |61 (2) %),
where C(p) is defined as in (4.25). Therefore, by (4.44) and (4.46)), we find that for ¢t > 0,

HAVQOQ(T7 T = tv 0_7—(,0, (107'—1?(9—7'0‘)))H2E
1 Ch2
< ——x1(7, 7 =4, 0_rw, o (0_rw)) +
- @llAq|?2(0r—rw)
(4.47) = C(p)

C T
! 0(1;) / (a*12(05—rw)* + a*rg" (Os—rw) + 76 (Os—rw) + 1 () [|) =) ds
T—t

Ci3 2y 9
Moy (ro" (@) + llgr()]IP)-

(ro” (@) + ll1(x)[1?)

—et
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Taking
2 v 20 [0 2 4 g2 6 es
r3(w) = (a”]2(0sw)|* + a1y (Osw) + 76(0sw) + |1 (2)]]) e ds
(4.48) 0(21’0) oo
13 27 2
+ + :
then (4.47) and (4.48]) imply (4.28]). The proof is completed. O

We have our main result about the existence of a random attractor for the RDS & as

follows.

Theorem 4.5. Assume the conditions (L.6)-(L.8) hold, g(z) € H>(U) N Hi(U), p <
(1 —e)v/A1/3, then for any 7 € R, w € Q, the RDS ® associated with possesses
a compact measurable D(E)-pullback attracting set Y(r,w) C E and a D(E)-pullback
random attractor A(t,w) C NBy(w).

Proof. For any 7 € R, w € Q, let T(7,w) be the closed ball of H¥ 1 x H¥ of radius r3(w),
where v € (0,1/4], then Y(7,w) € D(E). Since the embedding H®*! x H® — (H?(U) N
HE(U)) x L*(U) is compact, that is, Y(7,w) is compact in (H?(U) N HE(U)) x L*(U).
Therefore, Y(7,w) is compact in E.

For every Y (7,w) € D(E), we know that

lim d((I)(t, T — t,g_tw, B(T —t, H_tw)), T(T7w)) =0.

t—o00

By Lemma there exists t* = t*(7,w, B) > 0 such that
o(r, 7 —t,0_;w, B(t —t,0_;w)) C By(w), Vit>t*.

Let t > t* and to =t —t* > T(7,w, By) > 0. Using the cocycle property (iii) of ®, we
conclude that
o(r, 7 —t,0_;w, B(T — t,0_;w))

=op(r,T—tyg—t",0_rw,B(t —tg — t*,0_,w
(4.49) o 0 T ( 0 Tw))

= 80(7-77- - th —TW, SO(T — o, T —to — t* 7077("})’ B(T —to— t*a O*Tw))

g 90(7_77_ t07 TwuBO(e—tow)) g Bl(T,W).
Taking any ¢(7,7 — t,0_;w, or_(0_rw)) € ©(T,7 — t,0_rw, B(T — t,0_4w)) for t > t* +
T(t,w, By), where ¢r_(0_,w) € B(r — t,6_;w). By (4.49) and Lemma[4.4] we have

§02(7—7 T —t, 9_7—01, @T—t<9—7'w>)
=o(1T, 7 —t,0_w, pr(0_7w)) —o1(7, 7 — t,0_rw, 1 r—(0—7w))
€ Y(r,w).
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Thus, by Lemma [£.3] we find

inf H(p('rv T —1, H—va @T—t(e—ﬂ'w)) - 5“2E < 901(7—7 T —t, G—va (,01,7—15(9—7—0-1))
§EB(Tw)
<r3(w)e %, Vit >t +T(r,w, Bo).
It follows that

lim d(o(r,7 —t,0_rw, B(t —t,0_,w)), T(1,w)) < ri(w)e""/? 50 ast — +oc.

t—00
From Theorem and Lemma the RDS @ associated with (3.3]) possesses a D(E)-
pullback random attractor A(7,w) C B(7,w) N Byo(w). The proof is completed. O

5. Upper semicontinuity of random attractors

We can define a family of random dynamical systems {®“(¢,T,w)},cr associated to (3.3)),
by Theorem 4.5, we know that {®® (¢, 7,w)}.ecr possess a corresponding family of random
attractors {A%(7,w)}aer. In this section, we consider the upper semicontinuity of random
attractors {A%(7,w)}qer as a — 0 by Theorem

When a = 0, the system reduces to a deterministic non-autonomous one in F:

(5.1) G+ Ly =F@@t), @ = (U, ur+eu), t>7, 7€R,
where
N U u
(P(t’ 7’,.1‘) = = s
v ﬂt +eu
0
F@.t) = | —(p - [[a|})AY%a — kut — f(a,z) + g(x,1)
0

Notice that under condition 7, the solutions @(t, T, z, pg) of generates a
continuous process CAI;(t, T): or = o(t, 7,2,00), E — E, t > 7. Similar to Sections for
any 7 € R and for every B C E, we can prove that {®(t,7)}y>- has a uniform bounded
absorbing set B = {$ € E : ||||g < 7o}, where 7y > 0 is independent of 7. There exists
T(B,7) > 0 such that ®(¢,7)B C B for all t > T(B,7) + 7, the process {tf’(t,T)}tzT has
a pullback attractor {A(7)},er with properties as follows:

(a) {A(T)}rer is compact and {A(7)}rer C B for cach T € R;

(b) ®(t,7)A(T) = A(t) for t > T;
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(c) for any 7 € R and any bounded set B C E, limy_, o0 d(® (7,7 — t)B, A(T)) =
Theorem 5.1. Assume the conditions (1.6)—(L.8)) hold, then for any T € R, w € Q,

lim d(A%(1,w), A(T)) = sup inf ¢ —&|lp=0.
a—0 peA(Tw) PEA(T)

Proof. We check that {A%(7,w)}eer and {A(7)},er satisfy conditions (i)-(iv) of Theo-
rem 2.9 one by one.

(i) It holds from above statements obviously.

(ii) From Lemma and Theorem for any 7 € R, w € 2 and a € R, the absorbing
ball By(a,w) = {p € E : |l¢|lg < ro(a,w)} includes the random attractor A%(T,w) for
o(t, 7,w), that is, A%(T,w) C By(a,w) C E, where r¢(a,w) is defined by as follows:

ré(a,w) =2 <C4\a!/ Z(Osw)[ e Elsd3+06+2H¢2HL1>

<TE4 204|a|/ 2(0sw)| T 1ef18 ds,

that is,

limsup 73 (a,w) < 7o
a—0

(iii) Let |a| < 1. For every 7 € R, w € Q, by Theorem we have that A%(1,w) C
Y¢(7,w) C E. In fact, note that r2(a,w) and 73(a,w) are both increasing functions in |al.
By the construction of Y%(7,w) in Theorem we can choose the compact set T¢(7,w)
satisfying

T(7,w) € THrw), V]| <1

Thus,

U A% (T,w) C U T(r,w) C Ti(r,w) C E.

la|<1 la|<1
Therefore (J,, <, A*(T,w) is precompact in E.

(iv) Let |a|] < 1. For every 7 € R, w € Q, ¢t > 0, and » > 7 — t, suppose that

Ot (rym—t,0_rw, % (0—rw)) and @(r, 7 —t, $,_;) are the solutions of (3.3) and (5.1]) with
initial data ¢?_,(6_,w) and @,_4, respectively. Let ¢ = p* — ¢ = (u,0) = (u® —u,v* —0),
then

@J'_ L(ﬁ: Fa(cpaae'f—ﬂ'waxar) - ﬁ((ﬁ,x,r),

(5.2) A "
SD(H—TW) = Spift(g—Tw) — Pr—t, v Z T — tv
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where
F(¢%, 0, sw,2,7r) — F(3,2,7)
ag(w)=(6, )
= | 0= A2t — (o — [al§)AY?0 — kat + f(a@,2) |
—F(u®, ) — aAg(z)(0y—rw) + 2a2q(2)2(Brrw)

ul —u
P(0_rw) = ! ’

uf , —u1r +e(ug —ur) —aq(x)z(0rw)

Taking the inner product of system (5.2) with @ in E, we find

1d
57 1PllE + 5 ||s0HE+*H ||2+*H I?

(5-3) < ((aq(x)z(@T_Tw)7u)) ((p _ Hua”l)Al/Qua _ ( _ HﬂHZ)Al/Qﬁ, 1/)\) . k(ﬁ*,@)
+ (f(a,z) — f(u*, x),0) + (aAq(z)2(0,—rw), D) + (2acq(x)2(0r—rw), D).

We deal with the terms in the right side of ([5.3)) one by one as follows:

(54) ((a4(2)2(r—r0),w)) < 5 (13 + 0 ll312(6r—r)]?),
5.5 |~ k@9 < S a3 + 2o

(5:6) MAQQﬂd@uﬂ@;®|_2awth( W)l + 2,
5.7 <mw«xpwp¢wxmfs&liT“Puwpqu%%gumP

(= ut [} AY2u = (p — I} A>3, D)
4 a a ~ ~ )‘1/\
(5.8) < 3oL = I I e 13 + (0 = @) N3] + )2
A
< Cuarf(0,—s) + Cro + DI < @ Cror§(0r-r) + 10

where C7 and r4(0,_rw) are independent of a. By (1.6]), Holder inequality and the Sobolev

embedding theorem, we obtain
- (f(ﬂ,fl?) - f(u“,x),:c,ﬁ)
2 ~ a AL~
< 7”(f(u,$) - f(u ,iL‘),l')”Q + 7H’UH2
A1 8

2 2y=1) 1 a12(v—1)\ |~ ALy
G [ (@) + [P0+ PO )faf do+ 3 IR
1 JU

2 ~12(y—1) aj2(y—1))3/2 23 ~16 e
(5.9) O (Igr (@) + [@* Y + [utPO=Y) 7 da ul” dx
U U

IN

IN
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A
+ 51012
—2(y—1 an2(y=1 (1~ AL~
< Cag (1 @)1 + "~ + 127l + 111
2(y—1 ~ AL
< Caor3 "V (0, 3 + 11011,

where Cy and r5(0,_,w) are independent of a. Together with (5.3)—(5.9), it follows that

d, . _ ~
Z8l% = (Coors" ™ (- rw) + Cot) 1115 + 0 - Conlz(6y— ), 7278,
where Co1, (a9 are independent of a. Notice that

1G(r,m = OlIF = 0% (r, 7 = t, 070, F_4(0—7w)) = B(r, 7 — £, Gr—0)|E
= [l +1o)%, r>7 -t
By Gronwall lemma, we find
HQOG(T, T —1, 9—7’“? (pg—t(e—’rw)) - 6(7_7 T —t, SZT—t)”?E
< 98 -1(670) — Bl (s O tCn) g
+a*Coy /T 2By —yw) [2eI7 (Coom2 "™V s C) dor
T—t

Forany 1 € R,w € Q, ¢t >0, a, — 0, and 92" ,(0_rw), pr—4 € E with ¢ ,(0_rw) — @r_4,
it holds that

lim % (1,7 —t,0_;w, ", (0_rw)) = &(T, 7 — t, Pr_t).

n—oo

Therefore, {A% (7,w)}q,cr and {A(7)},cr satisfy the conditions (i)—(iv) of Theorem
The proof is completed. O

Remark 5.2. If the equation (|1.3|) satisfies the boundary conditions corresponding to

clamped ends
(5.10) u(z,t) = Vu(z,t) =0, xe€dlU, t>r,

then we still can prove the existence of a random attractor A(7,w) in HZ(U) N L*(U) for

the RDS defined by (1.3]), (5.10]) and (1.5)).
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