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Upper Semicontinuity of Random Attractor for a Kirchhoff Type Suspension

Bridge Equation with Strong Damping and White Noise

Ling Xu* and Qiaozhen Ma

Abstract. This paper is devoted to the well-posedness and long-time behavior of

a stochastic Kirchhoff type suspension bridge equation with strong damping. The

existence of the random attractor for a Kirchhoff type suspension bridge equation with

white noise is established. Moreover, the upper semicontinuity of random attractors

is also provided when the coefficient of random term approaches zero.

1. Introduction

Lazer and McKenna presented the following suspension bridge equations in [9] as a new

problem of nonlinear analysis

(1.1) utt +42u+ αut + ku+ = w(x, t) + f(x)

and studied the large-amplitude periodic oscillations of solutions. The existence of the pe-

riodic solutions and numerical simulations were investigated in [1,8,14]. We first achieved

the existence of global attractors for the coupled suspension bridge equations [11]. From

then on, the universal compact attractors for both the single and coupled suspension bridge

equations have been studied systematically by many authors, for instance [10,12,15–17,24]

and reference therein. Combining the earlier ideas of Woinowsky-Krieger on the extensible

elastic beam [21] with (1.1), that is, taking into account the midplane stretching of road

bed due to its elongation, Bochicchio etc. [3] arrived at the following equation

(1.2) utt +42u+ αut + (p− ‖∇u‖2L2(U))4u+ ku+ = f(x),
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moreover, they proved the existence of global attractors of optimal regularity as p ∈ R.

If we consider the effect of strong damping and white noise in (1.2), then the following

equation is derived

(1.3) utt +42u+42ut + (p− ‖∇u‖2L2(U))4u+ ku+ + f(u, x) = g(x, t) + aq(x)Ẇ (t)

with the both ends of simple supported boundary

(1.4) u(t, τ, x) = 4u(t, τ, x) = 0, x ∈ ∂U, t ≥ τ,

and the initial value condition

(1.5) u(t, τ, x) = uτ (t, τ, x), ut(t, τ, x) = u1,τ (t, τ, x), t ≤ τ,

where U is an open bounded subset of R2 with smooth boundary ∂U , the unknown

u = u(t, τ, x) denotes the downward deflection of the bridge in the vertical plane, and u+

stands for its positive part, namely,

u+ =

u if u ≥ 0,

0 if u < 0.

k > 0 is the spring constant, −ku+ models a restoring force due to the cables, which is

different from zero only when they are being stretched. The real constant p accounts for

the axial force acting at the end of the road bed of the bridge in the reference configuration.

Namely, p is positive when the bridge is compressed, negative when stretched, a ∈ R. q(x)

is not identically equal to zero, f is a nonlinear function satisfying certain conditions.

g( · , t) ∈ Cb(R, H1
0 (U)), Cb(R, H1

0 (U)) denotes the set of continuous bounded functions

from R into H1
0 (U). Ẇ is the derivative of a one-dimensional two-sided real-valued Wiener

process W (t), the white noise described by q(x)Ẇ . However, in the real world, small

irregularity has to be considered. Thus it is necessary to take account of the equation

with a random force. For this purpose, we will focus on the existence and the upper

semicontinuity of random attractors for (1.3)–(1.5).

The classical results of global attractors for the deterministic dynamical system is

clearly not true for RDS. For a dynamical system perturbed by a noise, the difficulty is

of course in the fact that how to establish a compact random invariant set. The authors

introduce the concept of random attractors for the infinite-dimensional random dynamical

systems in [2, 5], and these abstract results have been successfully applied into other

stochastic dissipative partial differential equations [6, 7, 13, 22, 23] and references therein.

Therefore, we will use the methods established by Crauel, Flandoli, Arnold and Wang

etc. in [2, 5, 20] to establish the existence of random attractors for (1.3)–(1.5), and then

we establish the upper semicontinuity of random attractors when the coefficient a in (1.3)
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approaches zero. Moreover, another important ingredient in the argument is the parameter

p ∈ R, which gives difficulties for estimation.

We assume that the nonlinearity f( · , x) ∈ C2(R,R) is subject to the following growth

and dissipation conditions: for x ∈ U and u ∈ R,

(a) Growth conditions:

(1.6) |f(u, x)| ≤ C0|u|γ + φ1(x), γ ≥ 1, φ1(x) ∈ L2(U),

where C0 is a positive constant.

(b) Dissipation conditions:

F (u, x) :=

∫ u

0
f(s, x) ds ≥ C1|u|γ+1 − φ2(x), γ ≥ 1, φ2(x) ∈ L1(U),(1.7)

uf(u, x) ≥ C2F (u, x)− φ3(x), φ3(x) ∈ L1(U),(1.8)

where C1, C2 are positive constants.

This paper is arranged as follows: In Section 2, we introduce some definition and

useful lemmas on random dynamical systems. In Section 3, we establish the existence

and uniqueness of the solution corresponding to the system (3.3), which can generates

a random dynamical systems. In Section 4, we obtain a compact measurable pullback

attracting set and the existence of random attractor for equation (3.3). Finally, the upper

semicontinuity of random attractors is proved in Section 5 as a→ 0.

In this paper, the letters Ci (i ∈ N) below are generic positive constants which do not

depend on ω, τ and t.

2. Preliminaries

In this section, we introduce some definitions and useful lemmas, which is the key technique

to establish the existence and upper semicontinuity of the random attractor, which are

from [2,4, 5, 19,20].

Let (X, ‖·‖X) be a separable Hilbert space with Borel σ-algebra B(X), and let (Ω,F ,P)

be a probability space, where

Ω = {ω(t) ∈ C(R,R) : ω(0) = 0},

F is the Borel σ-algebra induced by the compact-open topology of Ω, and P is a Wiener

measure. In addition, we write W (t, ω) = ω(t) and define

θtω(·) = ω( ·+ t)− ω(t), t ∈ R, ω ∈ Ω.
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Then θt : Ω → Ω, t ∈ R is a family of measure preserving and ergodic transformations

such that (t, ω) 7→ θtω is measurable, θ0 = id and θt+s = θtθs for all t, s ∈ R. The

flow θt together with the probability space (Ω,F ,P, (θt)t∈R) is called as an ergodic metric

dynamical system.

Definition 2.1. Let (Ω,F ,P, (θt)t∈R) be a measurable dynamical system. Suppose that

the mapping Φ: R+×Ω×X → X is (B(R+)×F ×B(X),B(X))-measurable and satisfies

the following properties:

(i) Φ(0, τ, ω, · )x = x, τ ∈ R, x ∈ X and ω ∈ Ω;

(ii) Φ(t + s, τ, ω, · ) = Φ(t, τ + s, θsω) ◦ Φ(s, τ, ω, · ) for all t, s ∈ R+, τ ∈ R, x ∈ X and

ω ∈ Ω.

Then Φ is called a random dynamical system (RDS). Moreover, Φ is called a continuous

RDS if Φ is continuous with respect to x for t ≥ 0, τ ∈ R and ω ∈ Ω.

Let D be a family if some subsets of X which is parameterized by (τ, ω) ∈ R × Ω:

D = {D(τ, ω) ⊆ X : τ ∈ R, ω ∈ Ω}. The family D is measurable with respect to F in

Ω if the set D(τ, ω) is a closed nonempty subset of X for all τ ∈ R and ω ∈ Ω, and the

mapping ω ∈ Ω→ d(x,D(τ, ω)) is (F ,B(R+)-measurable for every fixed x ∈ X.

Definition 2.2. A family B = {B(τ, ω) ⊆ X : τ ∈ R, ω ∈ Ω} of nonempty subsets of X

is invariant under Φ if Φ(t, τ, ω,B(τ, ω)) = B(t+ τ, θtω) for all t ≥ 0, τ ∈ R, ω ∈ Ω.

Definition 2.3. Let B = {B(τ, ω) ⊆ X : τ ∈ R, ω ∈ Ω} be a family of nonempty subsets

of X. For every τ ∈ R, ω ∈ Ω,

ω(B) = ω(B, τ, ω) =
⋂
r≥0

⋃
t≥r

Φ(t, τ − t, θ−tω,B(τ − t, θ−tω))

is called the ω-limit set of B.

Definition 2.4. A family D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} of nonempty bounded subsets of

X is said to be tempered with respect to (θt)t∈R if for every γ > 0, limt→∞ e
−γ|t|‖D(τ +

t, θtω)‖X = 0 for a.e. ω ∈ Ω, where ‖D‖X = supx∈D ‖x‖.

In the following, let D = D(X) be the collection of all tempered families of nonempty

subsets of X.

Definition 2.5. A family K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D of nonempty subsets of X

is called a measurable D-pullback attracting (or absorbing) set for Φ if

(i) K is measurable with respect to the P-completion of F in Ω;
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(ii) for all τ ∈ R, ω ∈ Ω and for every B ∈ D, limt→+∞ d(Φ(t, τ − t, θ−tω), B(τ −
t, θ−tω),K(τ, ω)) = 0, where d( · , · ) denotes the Hausdorff semi-distance between

two subsets of X (or there exists T (B, τ, ω) > 0 such that Φ(t, τ − t, θ−tω,B(τ −
t, θ−tω)) ⊆ K(τ, ω), ∀ t ≥ T (B, τ, ω) > 0).

Definition 2.6. A family A = {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is called a D-pullback

random attractor associated to the RDS Φ if

(i) A(τ, ω) is measurable in ω with respect to F and compact in X for all τ ∈ R, ω ∈ Ω;

(ii) A is invariant, i.e., Φ(t, τ, ω,A(τ, ω)) = A(t+τ, θtω), for every τ ∈ R, ω ∈ Ω, ∀ t ≥ 0;

(iii) A attracts every every member of D, i.e., for every B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈
D, and for every τ ∈ R, ω ∈ Ω,

lim
t→∞

d(Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)), A(τ, ω)) = 0.

Definition 2.7. A mapping ψ : R×R×Ω→ X is called a complete orbit of Φ if for every

t ≥ 0, τ, s ∈ R and ω ∈ Ω, then Φ(t, τ + s, θsω, ψ(s, τ, ω)) = ψ(t+ s, τ, ω). In addition, ψ

is called a D-complete orbit of Φ if there exists D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D such

that ψ(t, τ, ω) belongs to D(t+ τ, θtω) for every t ∈ R, τ ∈ R and ω ∈ Ω.

Theorem 2.8 (Existence of a random attractor). [20] Let Φ be a continuous RDS on

X over R and (Ω,F ,P, (θt)t∈R). Suppose that Φ has a compact measurable D-pullback

attracting set K in D, then Φ has a unique D-pullback random attractor A in D given by

the following: for every τ ∈ R, ω ∈ Ω,

A(τ, ω) =
⋂
r≥0

⋃
t≥r

Φ(t, τ − t, θ−tω,K(τ − t, θ−tω))

= {ψ(0, τ, ω) : ψ( · , τ, ω) is a D-complete orbit of Φ}.

Theorem 2.9 (Upper semicontinuity of random attractors). [19] Let I be an interval of

R and given a ∈ I. Let {Φa(t, τ, ω)}a∈I be a family of continuous RDS on X over R and

(Ω,F ,P, (θt)t∈R). Given a0 ∈ I, Φa0(t, τ) is a continuous process over R independent of

ω ∈ Ω. Suppose that

(i) Φa0(t, τ) has a pullback attractor {Aa0(τ)}τ∈R with properties: (a) Aa0(τ) is a com-

pact for τ ∈ R; (b) Φa0(t, τ)Aa0(τ) = Aa0(t) for t ≥ τ ; (c) for any bounded set

B ⊂ X, limt→∞ d(Φa0(τ, τ − t)B,Aa0(τ)) = 0;

(ii) Φa0(t, τ) has a uniform pullback absorbing set Ba0 = {x ∈ X : ‖x‖X ≤ Ra0} ⊂ X

and for each a ∈ I, Φa has a D(X)-pullback random attractor Aa(τ, ω) ∈ D(X) and

a D(X)-pullback random absorbing set Ka(τ, ω) ∈ D(X) such that for all τ ∈ R,

ω ∈ Ω, lim supa→a0 ‖K
a(τ, ω)‖X ≤ Ra0;
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(iii) for every τ ∈ R, ω ∈ Ω,
⋃
a∈I Aa(τ, ω) is precompact in X;

(iv) for every t ∈ R+, τ ∈ R, ω ∈ Ω, an ∈ I with an → a and xn, x ∈ X with xn → x,

limn→∞Φan(t, τ − t, θ−tω, xn) = Φa0(t, τ − t, x).

Then for every τ ∈ R, ω ∈ Ω, d(Aa(τ, ω),Aa0(τ))→ 0 as a→ a0.

3. Existence and uniqueness of solutions

In the sequel, we always assume that the conditions (1.6)–(1.8) hold, the ergodic metric

dynamical system (Ω,F ,P, (θt)t∈R) is defined as in Section 2.

We consider the H = L2(U), V = H2(U) ∩H1
0 (U) with the usual inner products and

norms, respectively,

(u, v) =

∫
U
uv dx, ‖u‖2 = (u, u), ∀u, v ∈ H,

((u, v)) =

∫
U
4u4v dx, ‖u‖22 = ((u, u)), ∀u, v ∈ V.

Let E = V ×H, and endow space E with the scalar product and the norm:

(y1, y2)E = ((u1, u2)) + (v1, v2), ‖y‖2E = (y, y)E

for all yi = (ui, vi)
T , y = (u, v)T ∈ E, here T denotes the transposition.

Without loss of generality, we define Hr = D(Ar/4) for r ∈ R, which turns out to

be a Hilbert space with the inner product (u, v)r = (Ar/4u,Ar/4v). We also consider by

‖ · ‖r = ‖Ar/4u‖ the norm on Hr induced by the above inner product. It is well-known

that D(A0) = H, D(A1/2) = V , D(A) = {u ∈ H4(U) : u,4u ∈ H1
0 (U)} with A = 42,

A1/2 = −4. Thus, by the compact embeddingsHr+1 ↪→ Hr along with the the generalized

Poincré inequality, then

(3.1) ‖u‖4r+1 ≥ λ1‖u‖4r , ∀u ∈ Hr+1,

where λ1 > 0 is the first eigenvalue of A.

We define

(3.2) ε =
λ2

1

4λ2
1 + 3λ1 + 4

.

To convert the stochastic equation (1.3) into a deterministic one with random param-

eters but without noise terms, we introduce an Ornstein-Uhlenbeck process driven by the

Brownian motion, which satisfies the Itô stochastic differential equation

dz + εz dt = dW (t),
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and is given by

z(t) = z(θtω) := −ε
∫ 0

−∞
eεs(θtω)(s) ds, t ∈ R, ω ∈ Ω.

By [2,4], we have the identity W (t, ω) = ω(t), and there is a θt-invariant set ω ∈ Ω̃ of full

P measure such that for every ω ∈ Ω̃, t→ z(θtω) is continuous in t and

lim
t→+∞

e−γt|z(θ−tω)| = 0, ∀ γ > 0, ω ∈ Ω̃,

the random variable |z(ω)| is tempered. For convenience, we shall simply write Ω as Ω̃.

Let u(t, τ, ω, x) = u, v(t, τ, ω, x) = ut(t, τ, ω, x) + εu(t, τ, ω, x) − aq(x)z(θtω), we get

the new random partial differential equation (RPDE) as follows:

du

dt
= v − εu+ aq(x)z(θtω),

dv

dt
= −(1− ε)Au− ε2u−Av + εv + (p− ‖u‖21)A1/2u− ku+

− f(u, x) + g(x, t)− aAq(x)z(θtω) + 2aεq(x)z(θtω),

u(t, τ, x) = uτ (t, τ, x), v(t, τ, x) = u1,τ (t, τ, x) + εuτ (t, τ, x)− aq(x)z(θtω).

In contrast to the stochastic differential equation (1.3), no stochastic differential ap-

pears here. Set

ϕ =

u
v

 , L =

 εI −I

(1− ε)A+ ε2I A− εI

 ,

F (ϕ, θtω, t)

=

 aq(x)z(θtω)

(p− ‖u‖21)A1/2u− ku+ − f(u, x) + g(x, t)− aAq(x)z(θtω) + 2aεq(x)z(θtω)

 ,

then (1.3) can be reinterpreted as

(3.3) ϕ̇+ Lϕ = F (ϕ, θtω, t), ϕτ (ω) = (uτ , u1,τ + εuτ − aq(x)z(θtω))T .

By [18] we have the fact that L is the infinitesimal generators of C0-semigroup eLt on E.

It is easy to prove that the functions F ( · , θtω, t) : E 7→ E is locally Lipschitz continuous

with respect to ϕ and bounded for every ω ∈ Ω. Thus, by the classical semigroup theory

of existence and uniqueness of solutions of evolution differential equations in [18], we have

the following theorems.
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Theorem 3.1. If (1.6)–(1.8) hold, then for any τ ∈ R, ω ∈ Ω and ϕτ = (uτ , vτ )T ∈ E, the

RPDE (3.3) has a unique solution ϕ( · , τ, ω, ϕτ ) ∈ C([τ, τ +T );E) with ϕ(τ, τ, ω, ϕτ ) ∈ E
in mild sense, i.e.,

ϕ(t, τ, ω, ϕτ ) = e−L(t−τ)ϕτ (ω) +

∫ t

τ
e−L(t−s)F (ϕ(r, τ, ω, ϕτ ), θrω, r) dr, ∀ t ≥ τ.

Moreover, ϕ(t, τ, ω, ϕτ ) is continuous in ϕτ and measurable in ω.

Theorem 3.2. If (1.6)–(1.8) hold, then for t ∈ R+, τ ∈ R and ω ∈ Ω, the solution

ϕ(t, τ, ω, ϕτ ) of system (3.3) generates a continuous random dynamical system over R and

(Ω,F ,P, (θt)t∈R):

Φ: R+ × R× Ω× E → E, (t, τ, ω, ϕτ ) 7→ Φ(t, τ, ω, ϕτ )

by

Φ(t, τ, ω, ϕτ (ω)) = ϕ(t+ τ, τ, θ−τω, ϕτ (θ−τω))

=

 u(t+ τ, τ, θ−τω, ϕτ (θ−τω))

ut(t+ τ, τ, θ−τω, ϕτ (θ−τω)) + εu(t+ τ, τ, θ−τω, ϕτ (θ−τω))− aq(x)z(θtω)

 ,

where

Φ(0, τ, ω, ϕτ (ω)) =

 u(τ, τ, θ−τω, ϕτ (θ−τω))

ut(τ, τ, θ−τω, ϕτ (θ−τω)) + εu(τ, τ, θ−τω, ϕτ (θ−τω))− aq(x)z(ω)


= ϕτ (θ−τω)

and

Φ(t, τ − t, θ−tω, ϕτ−t(θ−τω)) = ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω)).

To consider the conjugation of the solution of the stochastic partial differential equa-

tion (1.3) and the random partial differential equation (3.3), we defined the homeomor-

phism

R(θtω) : (y1, y2)T → (y1, y2 − εy1 + aq(x)z(θtω))T .

It is easy to find that the transformation

Φ̃(t, τ, ω, Zτ ) = R(θtω)Φ(t, τ, ω, ϕτ )R−1(θtω) : Zτ → Z(t+ τ, τ, θ−τω,Zτ )

determines a random dynamical systems corresponding to the equation (1.3). Similarly,

the transformation

Φ̂(t, τ, ω, ψτ ) = TεΦ̃(t, τ, ω, Zτ )T−ε : ψτ → ψ(t+ τ, τ, θ−τω, ψτ )

is also a random dynamical systems corresponding to the equation (3.3). Therefore, Φ, Φ̃

and Φ̂ are equivalent to each other in dynamics.
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4. Existence of random attractor

In this section, we first show the existence of a pullback absorbing set for Φ in D(E),

then we prove the cocycle associated with non-autonomous a stochastic Kirchhoff type

suspension bridge equation with strong damping (1.3) has a random attractor in (H2(U)∩
H1

0 (U))×L2(U), which is a tempered random set in the space H3(U)× (H2(U)∩H1
0 (U)).

Lemma 4.1. For any ϕ = (u, v)T ∈ E, there holds

(Lϕ,ϕ)E ≥
ε

2
‖ϕ‖2E +

ε

4
‖u‖22 +

λ1

2
‖v‖2.

Proof. Note that Lϕ = (εu− v, (1− ε)Au+ ε2u+Av− εv)T , which implies by the Young

inequality and Poincaré inequality that

(Lϕ,ϕ)E = ε‖u‖22 − ε(A1/2u,A1/2v) + ε2(u, v) + ‖A1/2v‖2 − ε‖v‖2

≥ ε‖u‖22 −
ε

8
‖u‖22 − 2ε‖A1/2v‖2 − ε

8
‖u‖22 −

2ε3

λ1
‖v‖2 + ‖A1/2v‖2 − ε‖v‖2

≥ ε

2
‖ϕ‖2E +

ε

4
‖u‖22 + (1− 2ε)λ1‖v‖2 −

(
2ε

λ1
+

3ε

2

)
‖v‖2

=
ε

2
‖ϕ‖2E +

ε

4
‖u‖22 +

λ1

2
‖v‖2,

for the fact that we used ε = λ2
1/(4λ

2
1 + 3λ1 + 4) in the last inequality.

Lemma 4.2. Let (1.6)–(1.8) hold, q(x) ∈ H5(U) ∩ H3
0 (U). For any τ ∈ R, ω ∈ Ω,

there exists a closed tempered measurable absorbing ball B0(ω) = {ϕ ∈ E : ‖ϕ‖E ≤
r0(ω)} = BE(0, r0(ω)) ∈ D(E) of E, centered at 0 of radius r0(ω) > 0 such that for

any set B ∈ D(E), there exists T (τ, ω,B) ≥ 0 such that the mild solution ϕ(τ, τ −
t, θ−τω, ϕτ−t(θ−τω)) ∈ E of (3.3) with ϕτ−t(θ−τω) ∈ B(τ − t, θ−tω) satisfies

‖ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω))‖2E = ‖u(τ, τ − t, θ−τω, ϕτ−t(θ−τω))‖22
+ ‖v(τ, τ − t, θ−τω, ϕτ−t(θ−τω))‖2

≤ r2
0(ω), ∀ t ≥ T (τ, ω,B),

(4.1)

that is,

Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)) ⊆ B0(ω), ∀ t ≥ T (τ, ω,B).

Proof. For any τ ∈ R, ω ∈ Ω, t ≥ 0, let ϕ(r) = ϕ(r, τ − t, θ−τω, ϕτ−t(θ−τω)) =

(u(r), v(r))T ∈ E (r ≥ τ − t) be a mild solution of (3.3) with initial value ϕτ−t(θ−τω) =

(uτ−t, u1,τ−t+εuτ−t−aq(x)z(θ−tω))T ∈ E. Taking the inner product ( · , · )E of (3.3) with

ϕ(r), we have that for r ≥ τ − t,

(4.2)
1

2

d

dt
‖ϕ(r)‖2E + (Lϕ,ϕ)E = (F (ϕ, θr−τω, t), ϕ)E ,
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where

(F (ϕ, θr−τω, t), ϕ)E = ((aq(x)z(θr−τω), u))− (‖u‖21 − p)(A1/2u, v)− k(u+, v)

− (f(u, x), v) + (g(x, r), v) + (2aεq(x)z(θr−τω), v)

− (aAεq(x)z(θr−τω), v).

(4.3)

To estimate the terms in (4.3) one by one as follows,

((aq(x)z(θr−τω), u)) ≤ ε

4
‖u‖22 +

a2‖q‖22
ε
|z(θr−τω)|2,(4.4)

−k(u+, v) = −1

2

d

dr
k‖u+‖2 − εk‖u+‖2 + k(u+, aq(x)z(θr−τω))

≤ −1

2

d

dr
k‖u+‖2 − εk

2
‖u+‖2 +

ka2‖q‖2

2ε
|z(θr−τω)|2,

(4.5)

(2aεq(x)z(θr−τω), v) ≤ 8a2ε2‖q‖2

λ1
|z(θr−τω)|2 +

λ1

8
‖v‖2,(4.6)

| − (aAεq(x)z(θr−τω), v)| ≤ 2‖q‖24
λ1
|z(θr−τω)|2 +

λ1

8
‖v‖2,(4.7)

(g(x, r), v) ≤ 1

λ1
‖g‖2 +

λ1

4
‖v‖2,(4.8)

where ‖g‖2 = supr∈R ‖g( · , r)‖2 <∞. By a standard computation, we have

−(‖u‖21 − p)(A1/2u, v) = −1

4

d

dt
(‖u‖21 − p)2 − ε

2
(‖u‖21 − p)2 − ε

2
‖u‖41 +

εp2

2

+ (‖u‖21 − p)(A1/2u, aq(x)z(θr−τω))

≤ −1

4

d

dt
(‖u‖21 − p)2 − ε

2
(‖u‖21 − p)2 − ε

2
‖u‖41

+
εp2

2
+
ε

4
(‖u‖21 − p)2 +

ε

2
‖u‖41 +

a2‖q‖41
2ε3

|z(θr−τω)|4

= −1

4

d

dt
(‖u‖21 − p)2 − ε

4
(‖u‖21 − p)2 +

εp2

2

+
a2‖q‖41

2ε3
|z(θr−τω)|4.

(4.9)

By (1.6), (1.7), Hölder inequality and the Sobolev embedding theorem, we obtain

(f(u, x), aq(x)z(θr−τω))

≤
∫
U

(C0|u|γ + |φ1(x)|)|aq(x)z(θr−τω)| dx

≤ |a|‖φ1‖‖q‖|z(θr−τω)|+ |a|C0

(∫
U
|u|γ+1 dx

)γ/(γ+1)

‖q‖Lγ+1 |z(θr−τω)|

≤ 1

2
a2‖φ1‖2 +

a2

2
‖q‖2|z(θr−τω)|2(4.10)
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+ |a|C0C
−γ/(γ+1)
1

(∫
U

(F (x, u) + φ2(x)) dx

)γ/(γ+1)

‖q‖Lγ+1 |z(θr−τω)|

≤ 1

2
a2‖φ1‖2 +

a2

2
‖q‖2|z(θr−τω)|2 +

ε|a|C0C
−1
1

2

∫
U
F (x, u) dx

+
|a|C0

2ε
‖q‖γ+1

2 |z(θr−τω)|γ+1 +
ε|a|C0C

−1
1

2
‖φ2‖L1 .

Combining the above inequality with (1.8) implies that

−(f(u, x), v) = −(f(u, x), ut + εu− aq(x)z(θr−τω))

≤ − d

dt

∫
U
F (u, x) dx− εC2

∫
U
F (x, u) dx+ ε

∫
U
φ3(x) dx

+ (f(u, x), aq(x)z(θr−τω))

≤ − d

dt

∫
U
F (u, x) dx− ε(2C2 − |a|C0C

−1
1 )

2

∫
U
F (u, x) dx

+
1

2
‖q‖2|z(θr−τω)|2 +

|a|C0

2ε
‖q‖γ+1

2 |z(θr−τω)|γ+1 +
1

2
a2‖φ1‖2

+
ε|a|C0C

−1
1

2
‖φ2‖L1 + ε‖φ3‖L1 .

(4.11)

By putting (4.3)–(4.11) into (4.2), we have that for r ≥ τ − t,

d

dt

(
‖ϕ(r)‖2E +

1

2
(‖u‖21 − p)2 + k‖u+‖2 + 2

∫
U
F (u, x) dx

)
+ ε

(
‖ϕ(r)‖2E +

1

2
(‖u‖21 − p)2 + k‖u+‖2 + (2C2 − |a|C0C

−1
1 )

∫
U
F (u, x) dx

)
≤ 2a2‖q‖22

ε
|z(θr−τω)|2 +

ka2‖q‖2

ε
|z(θr−τω)|2 +

16a2ε2‖q‖2

λ1
|z(θr−τω)|2

+
4‖q‖24
λ1
|z(θr−τω)|2 +

a2‖q‖41
ε3
|z(θr−τω)|4 + a2‖q‖2|z(θr−τω)|2

+
|a|C0

ε
‖q‖γ+1

2 |z(θr−τω)|γ+1 + a2‖φ1‖2 + ε|a|C0C
−1
1 ‖φ2‖L1

+ 2ε‖φ3‖L1 +
2

λ1
‖g‖2 + εp2.

(4.12)

Choosing ε1 = min
{
ε, ε(2C2 − |a|C0C

−1
1 )/2

}
(C2 > |a|C0C

−1
1 /2), and set

χ(r) = ‖ϕ(r)‖2E +
1

2
(‖u‖21 − p)2 + k‖u+‖2 + 2

∫
U
F (u, x) dx

≥ ‖ϕ(r)‖2E − 2‖φ2‖L1 ,

(4.13)
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m1(θr−τω) =
2a2‖q‖22

ε
|z(θr−τω)|2 +

ka2‖q‖2

ε
|z(θr−τω)|2 +

16a2ε2‖q‖2

λ1
|z(θr−τω)|2

+
4‖q‖24
λ1
|z(θr−τω)|2 +

a2‖q‖41
ε3
|z(θr−τω)|4 + a2‖q‖2|z(θr−τω)|2

+
|a|C0

ε
‖q‖γ+1

2 |z(θr−τω)|γ+1 + a2‖φ1‖2 + ε|a|C0C
−1
1 ‖φ2‖L1

+ 2ε‖φ3‖L1 +
2

λ1
‖g‖2 + εp2.

We can derive from (4.12) that

(4.14)
d

dt
χ(r) + ε1χ(r) ≤ m1(θr−τω).

By Gronwall lemma to (4.14) on [τ − t, r] (r ≥ τ − t), we have that for r ≥ τ − t,

χ(r, τ − t, θ−τω, ϕτ−t(θ−τω)) ≤ χ(τ − t, τ − t, θ−τω, ϕτ−t(θ−τω))e−ε1(r+t−τ)

+

∫ r

τ−t
m1(θs−τω)e−ε1(r−s) ds,

(4.15)

where

χ(τ − t, τ − t, θ−τω, ϕτ−t(θ−τω))

= ‖ϕ(τ − t)(θ−τω)‖2E +
1

2
(‖uτ−t‖21 − p)2 + k‖u+

τ−t‖2 + 2

∫
U
F (u(τ − t), x) dx

≤ ‖ϕ(τ − t)(θ−τω)‖2E +
1

2
(‖uτ−t‖21 − p)2 + k‖u+

τ−t‖2

+ 2C3

(
‖uτ−t‖2 + ‖uτ−t‖γ+1

γ+1 + ‖φ1‖2 + ‖φ3‖L1

)
≤ ‖ϕ(τ − t)(θ−τω)‖2E +

1

2
(‖uτ−t‖21 − p)2 + k‖u+

τ−t‖2

+ 2C3

(
‖uτ−t‖2 + ‖uτ−t‖γ+1

2 + ‖φ1‖2 + ‖φ3‖L1

)
and ∫ r

τ−t
m1(θs−τω)e−ε1(r−s) ds

= a2

(
C4

∫ r

τ−t
|z(θs−τω)|γ+1e−ε1(r−s) ds+ C5

∫ r

τ−t
|z(θs−τω)|4e−ε1(r−s) ds+ C6

)
.

Thus, by (4.13) and (4.15), we have that for r ≥ τ − t,

‖ϕ(r, τ − t, θ−τω, ϕτ−t(θ−τω))‖2E ≤ χ(r) + 2‖φ2‖L1

≤
(
‖ϕ(τ − t)(θ−τω)‖2E +

1

2
(‖uτ−t‖21 − p)2 + k‖u+

τ−t‖2

+ 2C3

(
‖uτ−t‖2 + ‖uτ−t‖γ+1

2 + ‖φ1‖2 + ‖φ3‖L1

))
e−ε1(r+t−τ)

+

∫ r

τ−t
m1(θs−τω)e−ε1(r−s) ds+ 2‖φ2‖L1 .
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Therefore,

‖ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω))‖2E

≤ ‖ϕ(τ − t)(θ−τω)‖2E +
1

2
(‖uτ−t‖21 − p)2 + k‖u+

τ−t‖2

+ 2C3

(
‖uτ−t‖2 + ‖uτ−t‖γ+1

2 + ‖φ1‖2 + ‖φ3‖L1

)
e−ε1t

+ a2

(
C4

∫ 0

−∞
|z(θsω)|γ+1eε1s ds+ C5

∫ 0

−∞
|z(θsω)|4eε1s ds+

2

a2
‖φ2‖L1 + C6

)
.

(4.16)

For any set B(τ, ω) ∈ D(E), we obtain

ϕτ−t(θ−τω) = (uτ−t, u1,τ−t + εuτ−t − aq(x)z(θ−tω))T ∈ B(τ − t, θ−tω) ∈ D(E).

Since

lim sup
t→+∞

(
‖ϕ(τ − t)(θ−τω)‖2E +

1

2
(‖uτ−t‖21 − p)2 + k‖u+

τ−t‖2

+ 2C3

(
‖uτ−t‖2 + ‖uτ−t‖γ+1

2 + ‖φ1‖2 + ‖φ3‖L1

))
e−ε1t = 0.

Set

(4.17) r2
0(ω) = 2a2

(
C4

∫ 0

−∞
|z(θsω)|γ+1eε1s ds+ C5

∫ 0

−∞
|z(θsω)|4eε1s ds+ C7

)
<∞,

which is a tempered random variable, then by (4.16) and (4.17), the set B0(ω) = {ϕ ∈
E : ‖ϕ‖E ≤ r0(ω)} is a closed measurable absorbing ball in D(E) and there exists

T (τ, ω,B) ≥ 0 such that ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω)) ∈ B0(ω) for t ≥ T (τ, ω,B). The

proof is completed.

By (4.1), it concludes that for ϕτ−t(θ−τω) ∈ B0(θ−tω), and there exist T (τ, ω,B0)) ≥ 0

and a constant C > 0 such that

ϕ(r, τ − t, θ−τω, ϕτ−t(θ−τω)) ∈ B0(θr−τω), ∀ t ≥ T (τ, ω,B0), ∀ r ≥ τ − t,

‖ϕ(r, τ − t, θ−τω, ϕτ−t(θ−τω))‖2E ≤ r2
0(θr−τω), ∀ r ≥ τ − t, ∀ t ≥ 0.(4.18)

In order to construct the existence of random attracting set for Φ, we have to decom-

pose the solutions of system (3.3) with different initial data into two parts.

For any τ ∈ R, ω ∈ Ω and t ≥ 0, let ϕ(r) = ϕ(r, τ − t, θ−τω, ϕτ−t(θ−τω)) (r ≥ τ − t)
be a mild solution of system (3.3) with the initial value ϕτ−t(θ−τω) = (uτ−t, u1,τ−t +

εuτ−t − aq(x)z(θ−tω))T ∈ B1(τ − t, θ−tω) ⊆ B0(θ−tω), then by (4.18), it concludes that

ϕ(r) ∈ B0(θr−τω)) for all r ≥ τ − t. We decompose ϕ(r) into ϕ(r) = ϕ1(r) +ϕ2(r), where

ϕ1(r) = (u1, v1)T and ϕ2(r) = (u2, v2)T satisfy

(4.19)

u1tt +42u1 +42u1t +
(
p− ‖∇u‖2L2(U)

)
4u1 = 0 if r > τ − t,

ϕ1,τ−t = (u1(τ − t), v1(τ − t))T = (uτ−t, u1,τ−t + εuτ−t)
T if r ≤ τ − t
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and

(4.20)


u2tt +42u2 +42u2t +

(
p− ‖∇u‖2L2(U)

)
4u2 + ku+ + f(u, x)

= g(x, t) + aq(x)Ẇ if r > τ − t,

(u2(τ − t), v2(τ − t))T = (0,−aq(x)z(θ−tω))T if r ≤ τ − t,

respectively.

Next, we will give the exponential decay estimate about ϕ1.

Lemma 4.3. Let p < (1 − ε)
√
λ1/3. For any τ ∈ R, ω ∈ Ω, t ≥ 0, r ≥ τ − t and

ϕτ−t(θ−τω) ∈ B0(θ−tω), then there exists a random variable r2(ω) > 0 such that the

solution ϕ1(r) of (4.19) satisfies

‖ϕ1(r, τ − t, ϕ1,τ−t)‖E ≤ r2
1(ω)e−ε(r−τ+t)/2, ∀ r ≥ τ − t.

Proof. Taking the inner product in H of (4.19) with v1(r, τ − t, ϕ1,τ−t), in which v1 =

u1,t + εu1, we conclude that for r ≥ τ − t,

1

2

d

dt

(
(1− ε)‖u1‖22 + ‖v1‖2

)
+ ε(1− ε)‖u1‖22 + ‖v1‖22

− ε‖v1‖2 + ε2(u1, v1)− (p− ‖u‖21)(A1/2u1, v1) = 0.

(4.21)

Due to (3.1) and (3.2), we get

ε(1− ε)‖u1‖22 + ‖v1‖22 − ε‖v1‖2 + ε2(u1, v1)

≥ ε(1− ε)‖u1‖22 + ‖v1‖22 − ε‖v1‖2 −
ε(1− ε)

2
‖u1‖22 −

ε3

2(1− ε)λ1
‖v1‖2

≥ ε(1− ε)
2

‖u1‖22 +

(
λ1 −

ε

2λ1
− ε
)
‖v1‖2

≥ ε(1− ε)
2

‖u1‖22 +
ε

2
‖v1‖2.

(4.22)

For the last term on the left-hand side of (4.21), we have

(4.23) (‖u‖21 − p)(A1/2u1, v1) =
1

2

d

dt

(
‖u‖21‖u1‖21 − p‖u1‖21

)
+ ε
(
‖u‖21‖u1‖21 − p‖u1‖21

)
.

Substituting (4.22) and (4.23) into (4.21) yields, for r ≥ τ − t,

d

dt

(
(1− ε)‖u1‖22 − p‖u1‖21 + ‖v1‖2 + ‖u‖21‖u1‖21

)
+ ε
(
(1− ε)‖u1‖22 − 2p‖u1‖21 + ‖v1‖2 + 2‖u‖21‖u1‖21

)
≤ 0.

(4.24)

Let

I(r) = (1− ε)‖u1‖22 − p‖u1‖21 + ‖v1‖2 + ‖u‖21‖u1‖21,
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then (3.1) ensures that

I(r) ≥ C(p)‖u1‖22 + ‖v1‖2 + ‖u‖21‖u1‖21 ≥ C(p)‖ϕ1‖2E > 0,

C(p) =

1−ε
2 if p ≤ 0,

1−ε
2 −

p√
λ1

if 0 < p ≤ (1− ε)
√
λ1/3.

(4.25)

Furthermore, we find that

ε
(
(1− ε)‖u1‖22 − 2p‖u1‖21 + ‖v1‖2 + 2‖u‖21‖u1‖21

)
≥ ε

2
I(r) for p ≤ (1− ε)

√
λ1

3
.

Thus, from (4.24) we conclude that

(4.26)
d

dt
I(r) +

ε

2
I(r) ≤ 0.

Noticing that

‖ϕ1(r)‖2E = ‖u1‖22 + ‖u1,t + εu1‖2 ≤
I(r)

C(p)
.

Since ϕ1,τ−t = ϕτ−t(θ−τω) + (0, aq(x)z(θ−tω))T ∈ B(θ−tω), by definition of B0(ω), it

follows that

(4.27) ‖ϕ1,τ−t‖E ≤ r0(θ−tω) + |a|‖q(x)‖ · |z(θ−tω)|, ∀ τ ∈ R, ω ∈ Ω, t ≥ 0.

Notice that ϕ1,τ−t is independent of ω, so replacing ω by θtω in (4.27), we have

‖ϕ1,τ−t‖E ≤ r0(ω) + |a|‖q(x)‖ · |z(ω)| = r2(ω), ∀ τ ∈ R, ω ∈ Ω, t ≥ 0.

By Gronwalll lemma to (4.26) on [τ − t, r] (r ≥ τ − t), we have that for r ≥ τ − t,

‖ϕ1(r, τ − t, ϕ1,τ−t‖2E

≤ I(r)

C(p)
≤ 1

C(p)
I(τ − t)e−ε(r−τ+t)/2

≤ 1

C(p)

(
‖uτ−t‖22 + |p|‖uτ−t‖21 + ‖u1,τ−t + εuτ−t‖2 + ‖uτ−t‖41

)
e−ε(r−τ+t)/2

≤ 1

C(p)

(
‖ϕ1,τ−t‖2E + |p|‖uτ−t‖21 + ‖uτ−t‖41

)
e−ε(r−τ+t)/2

≤ 1

C(p)

(
r2

2(ω) + |p|r2
2(ω) + r4

2(ω)
)
e−ε(r−τ+t)/2 ≤ r2

1(ω)e−ε(r−τ+t)/2,

we complete the proof.

For the component ϕ2 which is ultimately pullback bounded in a “higher regular”

space, we have the following estimate.
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Lemma 4.4. Let (1.6)–(1.8) hold, q(x) ∈ H5(U) ∩ H4
0 (U), p ≤ (1 − ε)

√
λ1/3. For any

τ ∈ R, ω ∈ Ω and t ≥ 0, there exist a positive constant ν ∈ (0, 1/4] and a random variable

r3(ω) > 0 such that the solution ϕ2(r) = (u2(r), v2(r))T of (4.20) satisfies

(4.28) ‖Aνϕ2(τ, τ − t, θ−τω, ϕτ−t(θ−τω))‖2E ≤ r2
3(ω).

Proof. We know that ϕ2 = (u2, u2,t + εu2− aq(x)z(θr−τω))T , then equation (4.20) can be

rewritten as

ϕ2,t + Lϕ2 = F (θr−τω, x, r), ϕ2(r, τ − t, θ−τω, ϕτ−t(θ−τω)) = (0,−aq(x)z(θr−τω))T ,

where for r ≥ τ ,

F (ϕ2, θr−τω, r)

=

 aq(x)z(θr−τω)

(p− ‖u‖21)A1/2u2 − ku+ − f(u, x) + g(x, t)− aAq(x)z(θr−τω) + 2aεq(x)z(θr−τω)

 .

Taking the inner product in E of (4.20) with A2νϕ2 = (A2νu2, A
2νv2)T , we obtain

1

2

d

dt

(
‖Aνϕ2‖2E + 2

∫
U
f(u, x)A2νu2 dx

)
+ (Lϕ2, A

2νϕ2)E

+ ε

∫
U
f(u, x)A2νu2 dx−

∫
U
f ′u(u, x)utA

2νu2 dx

= ((aq(x)z(θr−τω), A2νu2)) + (f(u, x), az(θr−τω)A2νq(x))

+ ((p− ‖u‖21)A1/2u2, A
2νv2)− k(u+, A2νv2)

+ (g(x, r) + 2εaq(x)z(θr−τω), A2νv2)− (aAq(x)z(θr−τω), A2νv2).

(4.29)

Similar to Lemma 4.1, we get

(4.30) (Lϕ2, A
2νϕ2)E ≥

ε

2
‖Aνϕ2‖2E +

ε

4
‖Aνu2‖22 +

λ1

2
‖Aνv2‖2.

By computation, we have that for r ≥ τ − t,

((aq(x)z(θr−τω), A2νu2)) ≤ ε

8
‖Aνu2‖22 +

2a2‖Aνq‖22
ε

|z(θr−τω)|2,(4.31)

| − k(u+, A2νv2)| ≤ 4k2

λ1
‖Aνu+‖+

λ1

8
‖Aνv2‖,(4.32)

2aε(q(x)z(θr−τω), A2νv2) ≤ 8a2ε2‖Aνq‖2

λ1
|z(θr−τω)|2 +

λ1

8
‖Aνv2‖2,(4.33)

| − (aAq(x)z(θr−τω), A2νv2)| ≤ 2a2‖Aν+1q‖2

λ1
|z(θr−τω)|2 +

λ1

8
‖Aνv2‖2,(4.34)
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(g(x, r), A2νv2) ≤ 2

λ1
‖Aνg‖2 +

λ1

8
‖Aνv2‖2,(4.35)

−
(
(p− ‖u‖21)A1/2u2, A

2νv2

)
= −

(
(p− ‖u‖21)A1/2u2, A

2ν(u2t + εu2 − q(x)z(θr−τω))
)

=
1

2

d

dt

(
‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1

)
+ ε
(
‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1

)
+ (p− ‖u‖21)(A1/2u2, A

2νq(x))|z(θr−τω)| − ‖u‖34ν+1‖ut‖

≥ 1

2

d

dt

(
‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1

)
+ ε
(
‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1

)
− ε

2
|p|‖u2‖24ν+1 − (|p|+ ‖u‖21)‖u2‖4ν+1‖A1/2q(x)‖|z(θr−τω)| − ‖u‖34ν+1‖ut‖

≥ 1

2

d

dt

(
‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1

)
+ ε
(
‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1

)
−
(
ε

2
|p|+ 1

2
(|p|+ ‖u‖21)2

)
‖u2‖24ν+1 −

1

2
‖A1/2q‖2|z(θr−τω)|2 − ‖u‖34ν+1‖ut‖.

(4.36)

From (1.6) and (4.18), we have that for r ≥ τ − t,

(f(u, x), az(θr−τω)A2νq(x))

≤
∫
U

(C0|u|γ + |φ1(x)|)|az(θr−τω)A2νq(x))| dx

≤ C0|a|‖u‖γ‖z(θr−τω)A2νq(x))‖+ |a|‖φ1(x)‖‖z(θr−τω)A2νq(x))‖

≤ C2
0a

2

2
‖u‖2γ +

1

2
‖φ1(x)‖2 + |a|‖z(θr−τω)A2νq(x))‖2

≤ C2
0a

2

2
r2γ

0 (θr−τω) +
1

2
‖φ1(x)‖2 + a2‖q‖24ν+1|z(θr−τω)|2,

(4.37)

by (1.6), (4.18) and the Sobolev embedding theorem, we know that f ′u(u, x) is uniformly

bounded in L∞. That is,

(4.38) |f ′u(u, x)|L∞ ≤ C0|u|γ−1
L∞ + |φ1(x)|L∞ ≤ C8‖u‖γ−1

2 + ‖φ1(x)‖ ≤ C9r
γ−1
0 (θr−τω).

Combining with the Hölder, Cauchy inequalities and (4.18), we conclude that

∫
U
f ′u(u, x)utA

2νu2 dx ≤ C9r
γ−1
0 (θr−τω)

∫
U
|ut| · |A2νu2| dx

≤ C9r
γ−1
0 (θr−τω)

(∫
U
|ut|2 dx

)1/2(∫
U
|A2νu2|2 dx

)1/2

≤ C10r
γ−1
0 (θr−τω)‖ut‖ · ‖Aνu2‖2

≤ C11r
2γ
0 (θr−τω) +

ε

8
‖Aνu2‖22.

(4.39)
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Therefore, collecting all (4.30)–(4.39), from (4.29) yields, for r ≥ τ − t,

d

dt

(
‖Aνϕ2‖2E + ‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1 + 2

∫
U
f(u, x)A2νu2 dx

)
+ ε

(
‖Aνϕ2‖2E + ‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1 + 2

∫
U
f(u, x)A2νu2 dx

)
≤ C11

(
a2|z(θr−τω)|2 + a2r2γ

0 (θr−τω) + r6
0(θr−τω) + ‖φ1(x)‖

)
.

(4.40)

Let

χ1(r) = ‖Aνϕ2‖2E + ‖u‖21‖u2‖24ν+1 − p‖u2‖24ν+1 + 2

∫
U
f(u, x)A2νu2 dx,(4.41)

m2(θr−τω) = C12

(
a2|z(θr−τω)|2 + a2r2γ

0 (θr−τω) + r6
0(θr−τω) + ‖φ1(x)‖

)
.(4.42)

It follows from (4.40), (4.41) and (4.42) that

(4.43)
d

dt
χ1(r) + εχ1(r) ≤ m2(θr−τω), ∀ r ≥ τ − t.

Note that χ1(τ − t, τ − t, θ−τω, ϕτ−t(θ−τω)) ≤ a2‖Aνq‖2|z(θr−τω)|2, then by applying

Gronwall lemma to (4.43) on [τ − t, r] (r ≥ τ − t), we have

(4.44) χ1(r, τ − t, θ−τω, ϕτ−t(θ−τω)) ≤
∫ r

τ−t
m2(θs−τω)e−ε(r−s) ds, ∀ r ≥ τ − t.

From (1.6) and (4.18), we have that for r ≥ τ − t,∣∣∣∣∫
U
f(u, x)A2νu2 dx

∣∣∣∣ ≤ ∫
U

(C0|u|γ + |φ1(x)|)|A2νu2| dx

≤ C0‖u‖γ‖A2νu2‖+ ‖φ1(x)‖‖A2νu2‖

≤ C13

(
r2γ

0 (θr−τω) + ‖φ1(x)‖2
)

+
1− ε

4
‖Aνu2‖22.

(4.45)

It then follows from (4.41) and (4.45) that

(4.46) χ1(r) ≥ C(p)‖Aνϕ2‖2E − C13

(
r2γ

0 (θr−τω) + ‖φ1(x)‖2
)
,

where C(p) is defined as in (4.25). Therefore, by (4.44) and (4.46), we find that for t ≥ 0,

‖Aνϕ2(τ, τ − t, θ−τω, ϕτ−t(θ−τω))‖2E

≤ 1

C(p)
χ1(τ, τ − t, θ−τω, ϕτ−t(θ−τω)) +

C12

C(p)

(
r2γ

0 (ω) + ‖φ1(x)‖2
)

≤ a2‖Aνq‖2|z(θr−τω)|2

C(p)
e−εt

+
C14

C(p)

∫ τ

τ−t

(
a2|z(θs−τω)|2 + a2r2γ

0 (θs−τω) + r6
0(θs−τω) + ‖φ1(x)‖

)
e−ε(τ−s) ds

+
C13

C(p)

(
r2γ

0 (ω) + ‖φ1(x)‖2
)
.

(4.47)
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Taking

r2
3(ω) =

2C14

C(p)

∫ 0

−∞

(
a2|z(θsω)|2 + a2r2γ

0 (θsω) + r6
0(θsω) + ‖φ1(x)‖

)
eεs ds

+
2C13

C(p)

(
r2γ

0 (ω) + ‖φ1(x)‖2
)
,

(4.48)

then (4.47) and (4.48) imply (4.28). The proof is completed.

We have our main result about the existence of a random attractor for the RDS Φ as

follows.

Theorem 4.5. Assume the conditions (1.6)–(1.8) hold, q(x) ∈ H5(U) ∩ H4
0 (U), p ≤

(1 − ε)
√
λ1/3, then for any τ ∈ R, ω ∈ Ω, the RDS Φ associated with (3.3) possesses

a compact measurable D(E)-pullback attracting set Υ(τ, ω) ⊂ E and a D(E)-pullback

random attractor A(τ, ω) ⊆ ∩B0(ω).

Proof. For any τ ∈ R, ω ∈ Ω, let Υ(τ, ω) be the closed ball of H8ν+1×H8ν of radius r3(ω),

where ν ∈ (0, 1/4], then Υ(τ, ω) ∈ D(E). Since the embedding H8ν+1 ×H8ν ↪→ (H2(U) ∩
H1

0 (U)) × L2(U) is compact, that is, Υ(τ, ω) is compact in (H2(U) ∩ H1
0 (U)) × L2(U).

Therefore, Υ(τ, ω) is compact in E.

For every Υ(τ, ω) ∈ D(E), we know that

lim
t→∞

d(Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)),Υ(τ, ω)) = 0.

By Lemma 4.2, there exists t∗ = t∗(τ, ω,B) ≥ 0 such that

ϕ(τ, τ − t, θ−τω,B(τ − t, θ−τω)) ⊆ B0(ω), ∀ t > t∗.

Let t > t∗ and t0 = t − t∗ > T (τ, ω,B0) ≥ 0. Using the cocycle property (iii) of Φ, we

conclude that

ϕ(τ, τ − t, θ−τω,B(τ − t, θ−τω))

= ϕ(τ, τ − t0 − t∗, θ−τω,B(τ − t0 − t∗, θ−τω))

= ϕ(τ, τ − t0, θ−τω, ϕ(τ − t0, τ − t0 − t∗, θ−τω), B(τ − t0 − t∗, θ−τω))

⊆ ϕ(τ, τ − t0, θ−τω,B0(θ−t0ω)) ⊆ B1(τ, ω).

(4.49)

Taking any ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω)) ∈ ϕ(τ, τ − t, θ−τω,B(τ − t, θ−tω)) for t > t∗ +

T (τ, ω,B0), where ϕτ−t(θ−τω) ∈ B(τ − t, θ−tω). By (4.49) and Lemma 4.4, we have

ϕ2(τ, τ − t, θ−τω, ϕτ−t(θ−τω))

= ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω))− ϕ1(τ, τ − t, θ−τω, ϕ1,τ−t(θ−τω))

∈ Υ(τ, ω).
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Thus, by Lemma 4.3, we find

inf
ξ∈B(τ,ω)

‖ϕ(τ, τ − t, θ−τω, ϕτ−t(θ−τω))− ξ‖2E ≤ ϕ1(τ, τ − t, θ−τω, ϕ1,τ−t(θ−τω))

≤ r2
1(ω)e−εt/2, ∀ t > t∗ + T (τ, ω,B0).

It follows that

lim
t→∞

d(ϕ(τ, τ − t, θ−τω,B(τ − t, θ−τω)),Υ(τ, ω)) ≤ r2
1(ω)e−εt/2 → 0 as t→ +∞.

From Theorem 2.8 and Lemma 4.2, the RDS Φ associated with (3.3) possesses a D(E)-

pullback random attractor A(τ, ω) ⊆ B(τ, ω) ∩B0(ω). The proof is completed.

5. Upper semicontinuity of random attractors

We can define a family of random dynamical systems {Φa(t, τ, ω)}a∈R associated to (3.3),

by Theorem 4.5, we know that {Φa(t, τ, ω)}a∈R possess a corresponding family of random

attractors {Aa(τ, ω)}a∈R. In this section, we consider the upper semicontinuity of random

attractors {Aa(τ, ω)}a∈R as a→ 0 by Theorem 2.9.

When a = 0, the system (3.3) reduces to a deterministic non-autonomous one in E:

(5.1) ˙̃ϕ+ Lϕ̃ = F̃ (ϕ̃, t), ϕ̃τ = (ũτ , ũ1,τ + εũτ )T , t ≥ τ, τ ∈ R,

where

ϕ̃(t, τ, x) =

ũ
ṽ

 =

 ũ

ũt + εũ

 ,

F̃ (ϕ̃, t) =


0

−(p− ‖ũ‖21)A1/2ũ− kũ+ − f(ũ, x) + g(x, t)

0

 .

Notice that under condition (1.6)–(1.8), the solutions ϕ̃(t, τ, x, ϕ̃0) of (5.1) generates a

continuous process Φ̃(t, τ) : ϕ̃τ → ϕ̃(t, τ, x, ϕ̃0), E → E, t ≥ τ . Similar to Sections 3–4, for

any τ ∈ R and for every B ⊂ E, we can prove that {Φ̃(t, τ)}t≥τ has a uniform bounded

absorbing set B̃ = {ϕ̃ ∈ E : ‖ϕ̃‖E ≤ r̃0}, where r̃0 > 0 is independent of τ . There exists

T (B, τ) > 0 such that Φ̃(t, τ)B ⊆ B̃ for all t ≥ T (B, τ) + τ , the process {Φ̃(t, τ)}t≥τ has

a pullback attractor {Ã(τ)}τ∈R with properties as follows:

(a) {Ã(τ)}τ∈R is compact and {Ã(τ)}τ∈R ⊆ B̃ for each τ ∈ R;

(b) Φ̃(t, τ)Ã(τ) = Ã(t) for t ≥ τ ;
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(c) for any τ ∈ R and any bounded set B ⊂ E, limt→+∞ d(Φ̃(τ, τ − t)B, Ã(τ)) = 0.

Theorem 5.1. Assume the conditions (1.6)–(1.8) hold, then for any τ ∈ R, ω ∈ Ω,

lim
a→0

d(Aa(τ, ω), Ã(τ)) = sup
ϕ∈Aa(τ,ω)

inf
ϕ̃∈Ã(τ)

‖ϕ− ϕ̃‖E = 0.

Proof. We check that {Aa(τ, ω)}a∈R and {Ã(τ)}τ∈R satisfy conditions (i)–(iv) of Theo-

rem 2.9 one by one.

(i) It holds from above statements obviously.

(ii) From Lemma 4.2 and Theorem 4.5, for any τ ∈ R, ω ∈ Ω and a ∈ R, the absorbing

ball B0(a, ω) = {ϕ ∈ E : ‖ϕ‖E ≤ r0(a, ω)} includes the random attractor Aa(τ, ω) for

Φa(t, τ, ω), that is, Aa(τ, ω) ⊆ B0(a, ω) ⊂ E, where r0(a, ω) is defined by (4.17) as follows:

r2
0(a, ω) = 2

(
C4|a|

∫ 0

−∞
|z(θsω)|γ+1eε1s ds+ C6 + 2‖φ2‖L1

)
< r̃2

0 + 2C4|a|
∫ 0

−∞
|z(θsω)|γ+1eε1s ds,

that is,

lim sup
a→0

r2
0(a, ω) ≤ r̃2

0.

(iii) Let |a| ≤ 1. For every τ ∈ R, ω ∈ Ω, by Theorem 4.5, we have that Aa(τ, ω) ⊆
Υa(τ, ω) ⊂ E. In fact, note that r2

3(a, ω) and r2
0(a, ω) are both increasing functions in |a|.

By the construction of Υa(τ, ω) in Theorem 4.5, we can choose the compact set Υa(τ, ω)

satisfying

Υa(τ, ω) ⊆ Υ1(τ, ω), ∀ |a| ≤ 1.

Thus, ⋃
|a|≤1

Aa(τ, ω) ⊆
⋃
|a|≤1

Υa(τ, ω) ⊆ Υ1(τ, ω) ⊂ E.

Therefore
⋃
|a|≤1Aa(τ, ω) is precompact in E.

(iv) Let |a| ≤ 1. For every τ ∈ R, ω ∈ Ω, t ≥ 0, and r ≥ τ − t, suppose that

ϕa(r, τ− t, θ−τω, ϕaτ−t(θ−τω)) and ϕ̃(r, τ− t, ϕ̃τ−t) are the solutions of (3.3) and (5.1) with

initial data ϕaτ−t(θ−τω) and ϕ̃τ−t, respectively. Let ϕ̂ = ϕa− ϕ̃ = (û, v̂) = (ua− ũ, va− ṽ),

then

˙̂ϕ+ Lϕ̂ = F a(ϕa, θr−τω, x, r)− F̃ (ϕ̃, x, r),

ϕ̂(θ−τω) = ϕaτ−t(θ−τω)− ϕ̃τ−t, ∀ ≥ τ − t,
(5.2)
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where

F a(ϕa, θr−τω, x, r)− F̃ (ϕ̃, x, r)

=


aq(x)z(θr−τω)

(p− ‖ua‖21)A1/2ua − (p− ‖ũ‖21)A1/2ũ− kû+ + f(ũ, x)

−f(ua, x)− aAq(x)z(θr−τω) + 2aεq(x)z(θr−τω)

 ,

ϕ̂(θ−τω) =

 uaτ − ũτ
ua1,τ − ũ1,τ + ε(uaτ − ũτ )− aq(x)z(θτω)

 .

Taking the inner product of system (5.2) with ϕ̂ in E, we find

1

2

d

dt
‖ϕ̂‖2E +

ε

2
‖ϕ̂‖2E +

ε

4
‖û‖22 +

λ1

2
‖v̂‖2

≤ ((aq(x)z(θr−τω), û)) + ((p− ‖ua‖21)A1/2ua − (p− ‖ũ‖21)A1/2ũ, v̂)− k(û+, v̂)

+ (f(ũ, x)− f(ua, x), v̂) + (aAq(x)z(θr−τω), v̂) + (2aεq(x)z(θr−τω), v̂).

(5.3)

We deal with the terms in the right side of (5.3) one by one as follows:

((aq(x)z(θr−τω), u)) ≤ 1

2

(
‖û‖22 + a2‖q‖22|z(θr−τω)|2

)
,(5.4)

| − k(û+, v̂)| ≤ k2

2
‖û‖22 +

1

2
‖v̂‖2,(5.5)

|aAq(x)z(θr−τω), v̂)| ≤ 2a2‖q‖24
λ1

|z(θr−τω)|2 +
λ1

8
‖v̂‖2,(5.6)

(2aεq(x)z(θr−τω), v̂) ≤ 8a2ε2‖q‖2

λ1
|z(θr−τω)|2 +

λ1

8
‖v̂‖2,(5.7)

|((p− ‖ua‖21)A1/2ua − (p− ‖ũ‖21)A1/2ũ, v̂)|

≤ 4

λ1

[
(p− ‖ua‖21)2‖ua‖22 + (p− ‖ũ‖21)2‖ũ‖22

]
+
λ1

8
‖v̂‖2

≤ C14r
6
0(θr−τω) + C16 +

λ1

8
‖v̂‖2 ≤ a12C167r

6
4(θr−τω) +

λ1

8
‖v̂‖2,

(5.8)

where C17 and r4(θr−τω) are independent of a. By (1.6), Hölder inequality and the Sobolev

embedding theorem, we obtain

− (f(ũ, x)− f(ua, x), x, v̂)

≤ 2

λ1
‖(f(ũ, x)− f(ua, x), x)‖2 +

λ1

8
‖v̂‖2

≤ 2

λ1
C0

∫
U

(
|φ1(x)|+ |ũ|2(γ−1) + |ua|2(γ−1)

)
|û|2 dx+

λ1

8
‖v̂‖2

≤ 2

λ1
C17

(∫
U

(
|φ1(x)|+ |ũ|2(γ−1) + |ua|2(γ−1)

)3/2
dx

)2/3(∫
U
|û|6 dx

)1/3

(5.9)
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+
λ1

8
‖v̂‖2

≤ C19

(
‖φ1(x)‖2 + ‖ũ‖2(γ−1)

2 + ‖ua‖2(γ−1)
2

)
‖û‖22 +

λ1

8
‖v̂‖2

≤ C20r
2(γ−1)
5 (θr−τω)‖û‖22 +

λ1

8
‖v̂‖2,

where C20 and r5(θr−τω) are independent of a. Together with (5.3)–(5.9), it follows that

d

dt
‖ϕ̂‖2E = (C20r

2(γ−1)
5 (θr−τω) + C21)‖ϕ̂‖2E + a2 · C22|z(θr−τω)|2, r ≥ τ − t,

where C21, C22 are independent of a. Notice that

‖ϕ̂(r, τ − t)‖2E = ‖ϕa(r, τ − t, θ−τω, ϕaτ−t(θ−τω))− ϕ̃(r, τ − t, ϕ̃τ−t)‖2E
= ‖û‖22 + ‖v̂‖2, r ≥ τ − t.

By Gronwall lemma, we find

‖ϕa(τ, τ − t, θ−τω, ϕaτ−t(θ−τω))− ϕ̃(τ, τ − t, ϕ̃τ−t)‖2E

≤ ‖ϕaτ−t(θ−τω)− ϕ̃τ−t‖2Ee
∫ τ
τ−t

(
C20r

2(γ−1)
5 (θr−τω)+C21

)
dr

+ a2C22

∫ τ

τ−t
|z(θr−τω)|2e

∫ τ
r

(
C20r

2(γ−1)
5 (θσ−τω)+C21

)
dσ dr.

For any τ ∈ R, ω ∈ Ω, t ≥ 0, an → 0, and ϕanτ−t(θ−τω), ϕ̃τ−t ∈ E with ϕanτ−t(θ−τω)→ ϕ̃τ−t,

it holds that

lim
n→∞

ϕan(τ, τ − t, θ−τω, ϕanτ−t(θ−τω)) = ϕ̃(τ, τ − t, ϕ̃τ−t).

Therefore, {Aan(τ, ω)}an∈R and {Ã(τ)}τ∈R satisfy the conditions (i)–(iv) of Theorem 2.9.

The proof is completed.

Remark 5.2. If the equation (1.3) satisfies the boundary conditions corresponding to

clamped ends

(5.10) u(x, t) = ∇u(x, t) = 0, x ∈ ∂U, t ≥ τ,

then we still can prove the existence of a random attractor A(τ, ω) in H2
0 (U) ∩ L2(U) for

the RDS defined by (1.3), (5.10) and (1.5).
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