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Reducibility, Lyapunov Exponent, Pure Point Spectra Property for

Quasi-periodic Wave Operator
Jing Li

Abstract. In the present paper, it is shown that the linear wave equation subject to
Dirichlet boundary condition

Ut — Uz + EV (Wt 2)u =0, w(t,—7m) =u(t,7) =0
can be changed by a symplectic transformation into
Vgt — Vgp +eMev =0, v(t,—m) =ov(t,7m) =0,

where V' is finitely smooth and time-quasi-periodic potential with frequency w € R™ in
some Cantor set of positive Lebeague measure and where M, is a Fourier multiplier.
Moreover, it is proved that the corresponding wave operator 97 — 92 + eV (wt, )

possesses the property of pure point spectra and zero Lyapunov exponent.

1. Introduction

If a self-adjoint differential operator with time-quasi-periodic coefficients can be reduced
to one with constant coefficients, the spectrum property and Lyapunov exponent of the
operator can be easily obtained. To this end, there are many literatures dealing with

Schrédinger operator with time-quasi-periodic potential of the form
it = (Hy+eW(wt,z,—iV))u, xeR? or 2 € T¢ = R?/2777,

where Hy = —A + V(x) or an abstract self-adjoint (unbounded) operator and the pertur-
bation W is quasiperiodic in time ¢ and it may or may not depend on z or/and V. When
x € R?, there are many interesting and important results. See [2,/4,/10-12}30], and the
references therein. When 2 € T? with any integer d > 1, it is in [13], proved that

(1.1) i = —i(Au — eW (o + wt, z;w)u), x € T¢

is reduced to an autonomous equation for most values of the frequency vector w, where W

is analytic in (¢, ) and quasiperiodic in time ¢ with frequency vector w. The reduction is
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made by means of Toplitz-Lipschitz property of operator and very hard KAM technique.
The basic difficulty is that the frequencies of the unperturbed operator —A, denoted by
M (k € Z), have multiplicity

Moo k|5 = 00 as [k| = oo if d > 1.
Fortunately, the frequencies have a good separation property and
Ak — A\| > 1 when A\ # Agr.
When the reducibility for a linear wave equation
(1.2) u = (—A 4 eV (po + wt, z;w))u, x €T

the unperturbed operator is v/—A by writing as a system of order 1. At this time,
a serious difficulty is that the frequencies of v/—A, still denoted by A (k € Z), have no
good separation property and |[\p — A\p/| is dense, at least, in some interval of R, when
d > 1. Thus, the reducibility for with d > 1 is a challenging open problem. See [24]
for recent progress. However, the reducibility for with d = 1 can be derived from
the earlier KAM theorem (see [20] and [25]) for nonlinear partial differential equations,
assuming V' is analytic in (¢, z). Also see, |21].

According to our knowledge, the reducibility for with perturbation of finite
smoothness has not been treated explicitly in the literatures. Usually, the spectrum prop-
erty of operators depends heavily on the smoothness of the perturbation. For example, the
Anderson localization and positivity of the Lyapunov exponent for one frequency discrete
quasi-period Schrédinger operator with analytic potential occur in non-perturbative sense
(the largeness of the potential does not depend on the Diophantine condition. See [8], for
the detail). However, one can only get perturbative results when the analytic property of
the potential is weakened to Gevrey regularity (see [19]). Thus, the reducibility is worth
studying when the perturbation V' is of finite smoothness in (¢,x). We also mention the
papers by Baldi-Berti-Montalto [1] for KdV equation and Feola-Procesi [15] for nonlinear
Schrodinger equation where the reducibility is obtained in the finite differentiable case
(using “tame” estimates on Sobolev spaces) and in the case of unbounded nonlinearities.

Let us consider a linear wave equation with quasi-periodic coefficient:
(1.3) Ut — Ugy + eV (wt, x)u =0
subject to the boundary condition

(1.4) u(t,—m) =wu(t,m) = 0.
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For p > 0, let 7P[—m, 7] be the usual Sobolev space. Define

HY |—m, 7] = {u € HP|—m,m: /7r u(z)dr = 0,u(—7) = u(r) = 0} .
Assumption A. Assume V is a CV-smooth and quasi-periodic in time ¢ with frequency
w € R™: that is, there is a hull function 7 (0, 2) € CV(T" x [~n, 7], R) such that

V(wt,z) = “V(G,x)’ezwt, ™ = R"/27Z",
where N > 200n.

Assumption B. We also assume that V is an even function of z, with zero-average:
™
/ V(wt,x)dx = 0.
—Tr

Assumption C. Assume w = Twy, where wy is Diophantine:

|{F; wo)| = ke "\ {0},

7
e[+
where v is a constant and 0 < v < 1, 7 € [1,2] is a parameter.

Let w = u;. Endow L?[—m, 7] x L?[—m,n] with the symplectic form dw A du. Take
(L?[~7, 7] x L*[—7, 7], dw A du) as phase space. Then (I.3) is a hamiltonian system with

hamiltonian functional

/1 1
H(u,w) = / <2(w2 + ) + 26V(wt,$)u2> dx,

and the Hamiltonian equation

0H 0H

5w T

With these three assumptions, we can describe the main results of this paper.

Theorem 1.1. With Assumptions A, B, C, for given 1 > ~ > 0, there exists €* with
0<e*=c¢*(n,v) <7, and exists a subset I1 C [1, 2] with

mesII > 1 — O(y'/3)

such that for any 0 < e < €* and for any T € 11, there is a quasi-periodic symplectic change
u= @(9,$)v‘0:m with the map 0 — ®(0,-) being of class CN~H(T™, L(H#G [—, 7],
AN [—m, 7)) for any p € (0,1) and satisfying

Hq)(07 ’ ) —id HL(%N[—W,W],%"ON[—W,W]) < CM€7
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where id is the identity from A [—m, 7] — A [—n, 7], C,, is a constant depending p and
L(AN [—r, 7], G [—7, w]) is the class of all bounded linear operators from N |[—m, 7]
to itself which changes (1.3) subject to (1.4)) into

(1.5) Vit — Vgo +eMev =0, wv(t,—7) =v(t,7) =0,
where My is a real Fourier multiplier:
Mesinkx = {sinkzx, keN

with constants &; € R and |§,| < C/|k|, where C is an absolute constant, mesIl denotes

Lebesgue measure for set 11.

Corollary 1.2. With Assumptions A, B, C, for any 7 € Il and 0 < € < €*, the wave

operator
Lu(t,x) = (02 — 02 + eV (wt,z))u(t,z), u(t,—7) =u(t,m) =0
is of pure point spectrum property and of zero Lyapunov exponent.

Corollary 1.3. With Assumptions A, B, C, for any 7 € Il and 0 < ¢ < &*, the initial

problem of the linear wave equation
(1.6) (02 — 02 + eV (wt,z))u(t,z) =0, u(0,2) = up(z), u(0,2)=p(x)

with (ug, o) € N [—m, 7] x AN —m, 7] has a unique solution u(t,x) which is almost

periodic in time and obeys the following estimate

(1~ ev2) (luolZn + [TolZpn—r) < (@) 2 < (1+ ev/E) (ol + [Tl%n—s).
(1~ ev/E) (lluollen + lollen—s) < lue(®)lZpwos < (1 + V) (ol

where ¢ is a positive constant which might be different in different places.

2on + |0l 2pn-1),

Remark 1.4. In references [7,23], there are solutions u(t, z) obey
[u(t)| o~ = C(log [t) = 0o as [t] — oo

for the nonlinear Schrodinger equation (1.1). In [21], it is proved that for the following
linear wave equation
Ut — Uzg + Mu — e(cos 2t)u = 0

subject to Dirichlet boundary condition on [0, ], there is a solution u(¢,x) obeying
[uj)ler(ry = 00,  [t;] — oo

The above results show that one can not avoid restricting the choice of parameters w (or
7) to a Cantor type subset II of the parameter set [1,2] in Corollary
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Remark 1.5. In [5], it is proved that there is a quasi-periodic solution for d-dimensional

nonlinear wave equation with a quasi-periodic in time nonlinearity like
ug — Au— V(x)u = ef(wt,z,u), =T

where the multiplicative potential V is in C9(T%; R), w € R™ is a non-resonant frequency
vector and f € C4(T" x T x R;R). Because of the application of Nash-Moser iteration,
it is not clear whether the obtained quasi-periodic solution is linearly stable or has zero
Lyapunov exponent. As a corollary of Theorem we can prove that the quasi-periodic

solution by [5] is linearly stable and has zero Lyapunov exponent, when d = 1.

Remark 1.6. As mentioned above, the reducibility of the linear wave equation with time
quasi-periodic and analytic coefficients can be implicitly derived from the KAM theory
dealing with the existence of KAM tori for nonlinear wave equation. Here we should note
the difference between the analytic coefficient and the finitely smooth one. By passing to
Fourier coefficients, the wave equation can be written as a linear Hamiltonian system

with Hamiltonian
H = (Az,7) + e[(R¥(0)z, 2) + (R7(0)2,2) + (R7(0)z,Z)],

where the symplectic form is idz A dz. The basic task is to search a series of symplectic
coordinate changes to eliminate the perturbations R**(6), R**(§) and R**() except for
the averages of the diagonal terms of R*?(f). To this end, the symplectic coordinate

changes are the time-1 map of the flow for the Hamiltonian €F', where F' is of the form
F = (F*(0,7)2,2) + (F*(0,7)2,2) + (F*(0,7)7,%).

e When the potential V(0) (0 = wt) is analytic in some strip domain |Im@| < s,
(where v is the KAM iteration step), the perturbations R**(6), R**(6) and R**(9)
are also analytic in [Im @] < s¥. An important fact in this analytic case is that s}’s

have a uniform non-zero below bound:

%0, so>0 forallv=1,2,....

e When the potential V(@) is finitely smooth of order N, by using Jackson-Moser-
Zehnder approximate lemma, we can still make sure that R**(6), R**(6) and R**(6)
are analytic in |Im6| < s, at the v-th KAM step. However, the strip width s,’s

have no non-zero below bound. Actually, s, goes to zero very rapidly:

1/N 4/3)¥
syzayil, fsy:a(/), v=12....

e For analytic case, we can prove the Hamiltonian ¢F' = O(e,) at the v-th KAM

step, because of s& > so/2. It follows immediately that the new perturbation is
{eF,eR} = O(2) = O(gy41)-
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e For the finitely smooth case, the situation is much more complicated. At this
case, we find eF' = O(g, . 6(n+1)/N) at the v-th KAM step. Thus, for the finitely
smooth potential V € CV, the new perturbation is {eF,cR} = O(cs_ 6(n+1)/N)
In order to guarantee the quadratic convergence of the KAM iterations, that is,
0(812,76(n+1)/N) =0(e 4/3) O(ep+1), it is necessary to assume the smoothness or-

der N > 1. It is enough to assume N > 200n. Clearly, this is not sharp. In this

paper, we do not pursue the lowest smoothness for the potential V.

Finally, we list some related results:
In [3], Bambusi and Graffi eliminated by KAM methods the time dependence in 1-
dimensional Schrodinger equation
2
dz?
where Q(z) € C°(R;R), Q(z) ~ |z|* for o > 2 as |z| — oo and V(z,¢) is a C°(R;R)-
valued holomorphic function of ¢ € T", with |V (z,¢)||z| ™ bounded as |z| — oo for

(L.7)  H@)Y(z,t) =i0pp(z,t), € Ry, H(t):=— + Q(x) + eV (z,wt), € €R,

some 8 < (o — 2)/2. The proof is based on Kuksin’s estimate of solutions of homological
equations with nonconstant coefficients. When a > 2 and 8 = (a — 2)/2, the methods
used in [3] will become invalid. Afterward, Liu and Yuan [22] solved this case by a new
estimate for the solution of the homological equation. Wang [29] proved the pure-point

nature of the spectrum of the Floquet operator Kp:
2
:_lzwk(% ﬁ"‘l‘ +eV (0, x).

The spectral properties of the Floquet operator K is closely related to the long-time be-
havior of the solution % (¢, x) of the equation (I.7)) with Q(x) = 22. The author considered
V(z,0) = e " S0, cos by, which has exponentlal decay. The case f < (¢ —2)/2 =0
was solved by Grébert and Thomann [17], where V(x, ) has polynomial decay. In [30]
the above results were improved, in which V(x, ) has logarithmic decay.

Grébert and Paturel |16] proved that a linear d-dimensional Schrédinger equation on

R with harmonic potential ||? and small t-quasiperiodic potential
i0u — Au + |z*u 4 eV (tw, z)u =0, x€R?

reduces to an autonomous system for most values of the frequency vector w € R™.
In [14], Fang, Han and Wang proved Anderson localization for the Klein-Gordon op-
erator under non-resonant perturbations. The authors showed that the Sobolev norms of

solutions to the corresponding Klein-Gordon equations remain bounded for all time.

Remark 1.7. In |2§|, it is proved that the wave equation of time quasi-periodic coefficients

Ut — Ugz + Mu + e(Vo(wt)uge + V(wt, x)u) =0
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subject to periodic boundary condition z € T = R/27Z can be reduced by a time quasi-

periodic symplectic change to a linear Hamiltonian system of constant coefficients
(1.8) q=A+eQ)p, p=-(A+eQ)q

where A = diag(Aj : j = 0,1,2,...), Ap = oV M, A; = mezg, p is a constant
close to 1, E99 is a 2 X 2 unit matrix, and @ = diag(@i :1=0,1,2,...) is independent of
time with Qy € R, Q; being a real 2 X 2 matrix, and @Z| <Cliyi=1,2,....

Since the eigenvalues of the differential operator —d,, with the periodic boundary
condition x € T = R/27Z possesses multiplicity 2, the reduced linear operator A + 5@ is
not diagonal, although it is block diagonal. Thus can not be written as a linear wave

equation with Fourier multiplier M:
Ut — Uz + Meu = 0.

In the present paper, the eigenvalues of the differential operator —0,, with Dirichlet

boundary condition are simple. By this fact, we can reduce the wave equation
Ut — Ugg + eV (wt, z)u =0

with boundary condition
u(t,—m) =u(t,m) =0

to a new equation with Fourier multiplier M;:

Vgt — Vgz + EMev = 0.

2. Passing to Fourier coeflicients
Consider the differential equation
(2.1) LU= Uy — Ugy + eV (wt,z)u =0
subject to the boundary condition
u(t, —m) = u(t,7) = 0.
It is well-known that the Sturm-Liouville problem
—y" =y

with the boundary condition
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has the eigenvalues and eigenfunctions, respectively,

Make the ansatz
(2.2) u(t, z) Zuk )or(x

Note that V' is an even function of z such that [* V(wt,z)dz = 0. Write

[e.e]
V(wt, x) ka (wt)pp(z

k=1
where @y (z) = coskz, k=1,2,.... Let
duk
— = wp.
a "
By the fact that
o
gpj¢l:§:<gpj¢lv¢k>¢kv j7l:1727"'1
k=1
then (2.1) can be expressed as
[ dw
W
Z dt +)\kuk+€ZZc]lkvjul o =0,
k=1 =1 j=1

which implies that
duwy, 0o 0
o T ik —€ l§_1 jE_l CjIkV UL,

where
0 if k£ 4+l + 7,

(2.3)  cjik = (pjdi, o) = / cosjx -sinly -sinkxdr = { /2  ifk=14+7>1,
—x/2 ifk=—l+j>1

Rescale )
y . WE = Y )\ s U, = ——
k= V AkDk Kk m(]k
Then

a5 = v/ Mk \ﬁqk—EZZCJHMAA

=1 j=1
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This is a linear Hamiltonian system

OH OH
24 qk = a3 pk = T35
@4 Opy, Oqx
where the symplectic structure is dp A dg = Z;’il dp; A dg; and the Hamiltonian function
is

o~ VMWD 4) | e v‘(9)
H => > Ik = wt.

Introduce complex variables:

which is a symplectic transformation with dp A dg = idz A dz. Thus (2.4)) is changed into

@ . LOH . OH
: =i— = —i—,
“k 0Zy, o Fk 8zk

where

Z\szzk"‘giii - 4)\ A <Zl\‘;§2[> (Zk\%Zk).

k=1 1=1 j=1

For two sequences v = (z; € C,j =1,2,...),y=(y; € C,j =1,2,...), define

o
)= xy;.
j=1

Then we can write

= (A2,7) + e [(R*(0)2, 2) + (R7(0)2,%) + (RZ(0)Z, )],

where
A =diag (VX :i=1,2,...), 6=uwt,
1 <= cinv;(0)
2.5 R#(0) = (R#(0) : k,l=1,2,... 220) = =y L2
( ) () ( kl() ) ) 4y )7 kl() Q;mW7

_ _ _ 0 C'lkv‘(9)
Rzze == ZZH :k,l:1,2,..., ZZH = i’
(6) = (Ri7(6) ) RO =3 G

ZZ 22 —— 1 s c-lkv~(9)
RZ(0) = (RZ(6) - k,1=1,2,...), RF(0)=-Y L=
() ( kl() ) kl() 2; WW

Define a Hilbert space hy as follows:

hy={2=(z€C:k=1,2,...)}
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Let -
(y,2)N = kaykfm Vy,z€hy, and |23 = (z,2)n.
k=1
Recall that
Y (0,2) € CV(T" x [—x, 7], R).

Note that the Fourier transformation (2.2)) is isometric from u € SN [—m, 7] to (uy : k =
1,2,...) € hy, where sV |[—m, 7] is the usual Sobolev space.

Now we need the following lemmas.

Lemma 2.1.

sup Z 0y JR*(0)J <C,
ot Il i on hn—hy
(2.6) sup Z oy JR**(0)J <C,
ot Il i on hn—hy
sup | > 9§ JRZ(0)] <C,
ot | T hy—hy
where || - ||hy—hy 5 the operator norm from hy to hy, and o = (o, a0, ..., ap), o] =

lat| + |ag| + -+ + |an|, a;’s are positive integers, and J = diag({/Aj 1 j = 1,2,...) =
diag(vj:j=12,...).

Proof. By ([2.5)),
9 JR* (0 ( Zcﬂka@% =1 2)

where Cjyj; is defined as (2.3)). For any z = (2, € C: k=1,2,...) € hn,

( 3 agJRZZ(a)J)z: (;iicﬂk< 3 agvj(e)>zk:z: 1,2,...).

la|=N 7=1k=1 la|l=N

Let o
(£ £)J

i , where (£l £+ j)jl # 0.

Vg =
Thus,

2

H ( > agJRzz(e)J> z

o=

:OOZQN

N

;i::g: Jlk< > 33vj(9)>zk

la|=N

2
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2

:iZQN

1 — N
B Zcﬂ(ilﬂ:j)< Z D9 ”j(9)> Zti4j

la|=N
Z_:ZQN HEIE=) (lO;Nae Uy >Zilij i
=¢ ;(Zm ><Z| = |aZNaevj |>

2 (o'e]
ZlilijPN\Zﬂij\Q)

=1

(ZWN
<CZ|J|2N

<C sup
(0,x)€T™ X [—m,m]

Z v (0

|laj=N

Z dgv;(0

la[=N

Y 9o @)=k < Cll=lIR,

la|=N

where C' is a universal constant which might be different in different places. It follows

(2.7) sup ‘ 05 JR*(0)J < C.
oet Il ion hn—hy
The proofs of the last two inequalities in (2.6]) are similar to that of (2.7)). O

3. Analytical approximation lemma

We need to find a series of operators which are analytic in some complex strip domains
to approximate the operators R**(0), R**(6) and R**(#). To this end, we use an approxi-
mation lemma developed in [18}2627]. This method is used in 31|, too.

We start by recalling some definitions and setting some new notations. Assume X is
a Banach space with the norm || - || x. First recall that C*(R™; X) for 0 < p < 1 denotes
the space of bounded Holder continuous functions f: R™ +— X with the form

Wl = sup O ZIGIX oy ey
7 0<|z—y|<1 ‘37 - y‘ﬂ z€R"

If o = 0 then || f||cn x denotes the sup-norm. For £ = k+p with k € Nand 0 < p < 1, we
denote by C*(R™; X) the space of functions f: R” — X with Holder continuous partial
derivatives, i.e., 0°f € C*(R™; X,) for all multi-indices o = (a1, ..., ap) € N with the
assumption that |a| := |aq| + -+ + || < k and X, is the Banach space of bounded
operators T: [['*/(R") — X with the norm

1Tl xo = sup{[|T (w1, ug; - - - wjapllx : fluill = 1,1 < <o}
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We define the norm
[fllce = sup 0% fllow,x,-
| <2
Lemma 3.1 (Jackson-Moser-Zehnder). Let f € CY(R™; X) for some £ > 0 with finite
C* norm over R™. Let ¢ be a radial-symmetric, C™ function, having as supporting the
closure of the unit ball centered at the origin, where ¢ is completely flat and takes value
1, let K = 5 be its Fourier transform. For all o > 0 define

nuwzka*le/nK<m‘y)ﬂwdy

o™ o

Then there exists a constant C' > 1 depending only on ¢ and n such that the following
holds: For any o > 0, the function f,(z) is a real-analytic function from C"/(nZ)"™ to X

such that if A7 denotes the n-dimensional complex strip of width o,
Ay ={zeC"||Imz;| < 0,1 <j<n},

then ¥V oo € N™ such that |a| < £ one has

< COllflgeo’ 1,
Xa

sup
TEAD

B+a er
aafo_(m) _ Z a“g('l%)(ilmx)ﬁ)
1B]<l—|al

and for all 0 < s < o,

sup (0% o (2) = 07 (@) xo < Clfll o1
TEAT
The function f, preserves periodicity (i.e., if f is T-periodic in any of its variable x;,

s0 is fs ). Finally, if f depends on some parameter £ € I C R™ and if
15Ol ) = 5up 106 Dl

are uniformly bounded by a constant C' then all the above estimates hold with || - || replaced
by |- 17

The proof of this lemma consists in a direct check which is based on standard tools
from calculus and complex analysis. It is used to deal with KAM theory for finitely smooth
systems by Zehnder [32]. Also see [9] and [31] and references therein, for example. For
ease of notation, we shall replace || - ||x by || - ||]. Now let us apply this lemma to the
perturbation P(¢).

Fix a sequence of fast decreasing numbers s, | 0, v > 0, and sg < 1/2. For an X-
valued function P(¢), construct a sequence of real analytic functions P")(¢) = P, (¢)

such that the following conclusions hold:
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1) PW(¢) is real analytic on the complex strip T? of the width s, around T™.
( y p p Tg,

(2) The sequence of functions P(V)(¢) satisfies the bounds:

(3.1) sup [|[P)(¢) = P(9)|| < C||P|lcesy,
peT
sup [P (g) — PY(g)] < C|| P cesss
¢€T9U+l

where C' denotes (different) constants depending only on n and £.

(3) The first approximate PO ig “small” with the perturbation P. Precisely speaking,
for arbitrary ¢ € Tf , we have

9°P(Re ¢ 9°P(Re ¢
PO <[P0 - 5 TEED e+ | 5 R ey
o] <€ ' || <0 '
?
sc(upncesf;+ 3 HPllcmSB”> < OIPlee 3 s
0<m</ m=0
< OIPlee 3 ' < C|1Pller,
m=0

where constant C' is independent of sg, and the last inequality holds true due to the
hypothesis that sg < 1/2.

(4) From the first inequality (3.1)), we have the equality below. For arbitrary ¢ € T",
(3.2) P(¢) = )+ Z P () — PU)(9)).

Now take a sequence of real numbers {s, > 0}5°, with s, > s,41 goes fast to zero.
Let RP4(0) = P(0) for p,q € {z,z}. Then by (3.2 . we can write, for p,q € {z,z},

(3.3) RP4() qu )+ Zqu

where R{?(6) is analytic in T%, with

(3.4) sup || RE?(0)|ny—hy < C,
0T

S0

and R}?(0) (I > 1) is analytic in T{ with

(3.5) sup [ TR0 iy < COsiY 1.
Sl
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4. Tterative parameters of domains

Let
o cp=c,5,=c?3" 1 =0,1,2,..., which measures the size of perturbation at v-th
step.
® 5, = 5%:\1[, v =0,1,2,..., which measures the strip-width of the analytic domain

Tn  T7 = {6 € C"/2xZ" : [Im6)| < s, }.
e (C(v) is a constant which may be different in different places, and it is of the form
C(v) = C129%7,
where C7, Cy are constants.
e K, =100s,'2"|loge]|.
o Y, =7/2",0<y < 1.
e a family of subsets II,, C [1,2] with [1,2] DIIp D --- D II, D ---, and

mesII, > mesIl,_; — Cv, ;.

e For an operator-value (or a vector-value) function B(6,7), whose domain is (0,7) €
Tg xII,, set

HBHT?VXHV = sup HB(&T)HhNﬁ‘hN?
(H,T)ETQV xI1,
where || - ||y —hy 1S the operator norm, and set
<
HBH’]I'QVXHU = sup ||67-B(0,7')Hh]\,_>h1\,-

(0,7)eTy, xI1,

5. Tterative lemma

In the following, for a function f(w), denote by 9, the derivative of f(w) with respect to

w in Whitney’s sense.

Lemma 5.1. Forp,q € {z,Z}, let Rg:g = R, R = RYY, where Ry, R are defined
by (3.3), (3.4) and (3.5)). Assume that we have a family of Hamiltonian functions H,:

5.1) Hy=> Moz 43 e ((RBizz,2) + (RE22) + (R52,7), v=0,1,...,m,
7=1

I>v

2z 2z ZZ
where Ly M My

0 = wt.

are operator-valued functions defined on the domain Ty x1I,, and
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(A1),
v—1
0 . v i

(5.2) AN = N=4 A =Y el v
=0

and ,ug-i) = ,u;.i) (1): I; = R with

(5.3) 5, += sup |17 (D] < C@)/j, 0<i<y -1,

Tell;
5.4 DL = sup 0,4 (1)) < C(@0)/j, 0<i<v—1
(5.4) |1 [, S;E{’J Fug (1) < C()/j, 0<i<v-—1

(A2), Forp,qe€ {27z}, R} = R})(0,7) is defined in T x II, with | > v, and is analytic
in 0 for fived T € 11, and

(55) | TRl en, < CW),
(5.6) TR, i, < CW).

Then there exists a compact set 11,11 C Il,,, with
—_ CA~1/3
mes 1,11 > mesIL,, — Cv,

m

and symplectic coordinate changes

(5.7) Uyt Ty X g = Ty x 1Ly,
(5.8) 1Oy —id [y ny <72 (0,7) € TR | X Ty
such that the Hamiltonian function H,, is changed into
Hpa = Hp oW,y
(59) = (m+1) _ — — 2z 2Z = ZZ = =
= Z A2+ Z e[{Rims12:2) + (R 412, 2) + (Rin 1% )],
Jj=1 I>m+1
which is defined on the domain Ty X 1lpy1, and )\g-mﬂ) s satisfy Assumption (A1)p41
and RS | (p,q € {2,Z}) satisfy Assumption (A2)mi1.

6. Derivation of homological equations

Our end is to find a symplectic transformation ¥, such that the terms Rj?, Rfi,

(with [ = v) disappear. To this end, let F' be a linear Hamiltonian of the form

Y74
Rl,v

(6.1) F=(F#(0,7)z,2) + (F#(0,7)2,2) + (F*(0,7)%, %),
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where 0 = wt, (F#(0,7))T = F**(0,7), (FZ(0,7))T = FZ(0,7), (FZ(0,7))T = F?*(0, 7).

Moreover, let
(6.2) U=V, =X p|_,,

where X ;m p is the flow of the Hamiltonian, X,  r is the vector field of the Hamiltonian
emF' with the symplectic structure idz A dz. Let

(6.3) Hppy1 = Hypy 0 Uy,

By (5.1)), we write

(6.4) Hp = Ny + Rp,

with
(65) = Z ZJZ]’

(6.6) Ry = Z E1Bim,
(6.7) Rim = (Ri5,(0)2, 2) + ifn(9)275> +(Ri,(0)7,7),

where (RiZ (0))" = Ri7,(0), (Ri7,(0)" = R7,(0), (R7,(0)" = RjZ,(6). Since the
Hamiltonian H,, = H,,(wt, z,Z) depends on time ¢, we introduce a fictitious action I =
constant, and let § = wt be angle variable. Then the non-autonomous H,,(wt, z,Z) can be

written as

wl+ Hp,(0,2,%)

with symplectic structure dI A df + idz A dz. By combination of (6.1)—(6.7)) and Taylor

formula, we have
1
Hm+1 = Hm [¢] XEmF

1
= Ny + em{Nm, F'} + 5,271/ (1 =7){{Nm,F},F} o X! pdr+enw-0pF
0
1
+ 6m mm + Z Elle o XglmF + E?n/ {Rmmv F} o X;—mF dT?
I=m+1 0
where { -, -} is the Poisson bracket with respect to idz A dz, that is

. (0H OF 0H OF
{H(z,z),F(z,z)}_1<aZ.az_az.aZ)
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Let I';,, be a truncation operator. For any

Zf k@) HETn,

keZnr

define, for given K,, > 0,

Tk, f(0) = Tk, ))O) 2 D Flk)ei®?),

k<K
(1-Ti, ) f(0) = (1-Ti, ) )(O) 2 > Flh)el)
k> Km
Then
f(0) =Tk, f(0) + (1 —Tk,)f(6)
Let
(6.8) W O9F + { N, F} + T, R = ([RZ% ]2,7),
where

[RE,] = diag (RZ,;(0) 1§ = 1.2,...).

393

and RZ? ..(0) is the matrix element of R;?, (6) and R#= (k) is the k-Fourier coefficient

mmij

of RZZ ..(#). Then

mmaij

mmij

Hm+1 - Nm+1 + Cm—i—lRm—i-la

where

00
Nm+1 N +5m RZZ Z)‘gm ZJZjv
7=1

m+1 m B2Z / l D2z

(6.10) Cr+1Bmy1 = 6m(l - FKm)Rmm
1
(6.11) +eh [ (=) (N ) FYo X, pdr
0
1
(6.12) +s$n/ {Rimm, F} o X] pdr
0

(6.13) + ( > glle> o X! &

l=m+1
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The equation is called homological equation. Developing the Poisson bracket { Ny, F'}

and comparing the coefficients of z;2;, 2;Z;, ZiZ; (i,j = 1,2,...), we get

(6.14)  w-9F#(0,7) +i(A™F*(0,7) + F#(0,7)A"™) = I'g, R% (6),
(6.15)  w-9FZ(0,7) —i(A"™FZ(0,7) + FZ(0,7)A"™) = 'k, RZ (6),

(6.16)  w-9FZ(0,7) +i(FZ(0,7)A™ — AW EZ(0, 7)) =Tk, RZ, (0) — [Rnm),

where

and we assume
Tk, F¥#(0,7) = F¥*(0,7), Tk, FZ(0,7)=F*,7), Tk, F?Z0,7)=F*0,T).

Here F77(0), Fi7(0), F77(0) are the matrix elements of F**(0,71), F**(0,7), F¥(0,7),
respectively. Then (6.14])—(6.16|) can be rewritten as

(6.17) w- 0 (0) +iA™ + A FZ#(0) = T, R%,,.:(6),
(6.18)  w-BpFF(0) — i\ + A" FZF(0) = T, R (0),
(619)  w-3pFF(0) — i\ — \")FF(0) = i, Ri(0), i 4,
w - 803?(9) = FKmefmiz(e) - Emmiz(o)

where i, =1,2,....

7. Solutions of the homological equations
Lemma 7.1. There exists a compact subset H;jrl C I, with
(7.1) mes(II}7 ) > mesIl,, — Cyl?

such that for any T € H;;jrl (Recall w = Twy), the equation (6.19)) has a unique solution

F*(0, 1), which is defined on the domain T? X H;;jrl, with

m41
||JF’ZE(9» T)J”T?mﬂ XITE, <C(m+ 1)5;16(71—1-1)/N7

IJF(0,7)J |2, < C(m +1)e 2D/,
Sm+1

+7
Hm-}—l

Proof. By passing to Fourier coefficients, we can rewrite (6.19) as
(m) (M) 22 (1 — 3 D22
(7.2) (= (k@) + A7 = N FF (k) = iR, (F),

where 7,7 = 1,2,..., k € Z™ with |k| < K,,. Recall w = Twy.
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Let
Ay, = [k[*"3 + 8,

and let

(7.3) Q,ii;é{mnm\\_@,wowﬁg Y >\<<\H!+>’r},
Ay

where i,5 = 1,2,..., k € Z" with |k| < K,,,, and k # 0 when i = j. Let

=\ | UUer

k| <K i=1j=1

Then for any 7 € anjrl, we have

m m — 3|+ Dy
(7.4) = () + A™ = Al >‘Zw,

Recall that R7Z, (6) is analytic in the domain T7 = for any 7 € I,

~ = C(m) _ k
R%* . (k sml ‘
Ry ) < = e
It follows
. Rz (k) Ay 7
2z . mmij . 2z
= oA | < =g P
(7.5) ’ ‘ 3

_ P 8)  Cm)
S mli— i+ )V

Now we need the following lemmas:

Lemma 7.2. [6] For0<¢d <1, v >1, one has

s (VY (L4
> e < () S

kezZn

Lemma 7.3. [25] If A = (A;;) is a bounded linear operator on (%, then also B = (B;j)

with
Ayl

Cli=gl

L7 7,

ij

and By = 0 is a bounded linear operator on €%, and || B|| < (%) |All, where ||-|| is €2 — ¢2

operator norm.

Remark 7.4. Lemma 7.3 holds true for the weight norm || - ||v.
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Therefore, by (7.5)), we have

sup ( F”07|\/)

QET‘:’, X Hm+1
m

243 | g)o—(sm—sill | . C(m)
: ( 2, (s ) Tl =1 1)

|k|<Km
2TL—|—3 2n+3 ( 9 >3n+3 C’(m)

<C 1+e)" | ——— +—————~——  (by Lemma/|7.2

( € ) ( ) Sm — Sm Ym(li — gl +1) (by

C(m) 1
< (C - .
T (sm— )30y (li - g+ 1)
C(m)

< Qg SN
Ym (i — 7| +1)

where C' is a constant depending on n, s, = spy, — (Sm — Sm+1)/4-
By Lemma [7.3] and Remark we have

(76)  ITFZO.7) s, iy, <€ C(m)yp eyt "N < C(m + 1)g, SN,
It follows from s, > sp,41 that

1TEZ0.7) TNy g, < WFZO.7) gy, i, < Clm Dey St L)/N,
Applying 0, to both sides of , we have
(7.7) (= (kw) + A = Ao P22 (k) = 10, RZZ,,.5(k) + (%),

where

() = = ( = (kywo) + O, (W™ = A" B (k).

Recalling |k| < K,, = 100s,,'2™|loge|, and using (5.2) and (5.3) with v = m, and using
(7.6)), we have, on 7 € I, 41,

(7.8) Vil(9)|V5 < Cm) K| FZ (k).
According to ,
(7.9) [Vidr RZ (k) \/j| < C(m + 1)e=smlH,

By , , and , we have
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Note that s, > s/, > sp+1. Again using Lemmas and we have

|TEZ0,7) |7 = ||J0-F=(0,7)J |y,

- +-
11 X1 ma1 X

< o2. C(m + 1)Km7%1€;12(n+1)/N < C(m + 1)6;12(n+1)/N.

The proof of the measure estimate ([7.1)) will be postponed to Section This completes
the proof of Lemma [7.1 O

Lemma 7.5. There exists a compact subset H:;il C 11, with
(7.10) mes(IL} 1) > mesIl,, — Cyi/3

such that for any T € H;tl,il (Recall w = Twyq ), the equation (6.17)) has a unique solution
F?2(0), which is defined on the domain T?  x IITT  with

Sm41 m—+1
|JF (9, T)J”Tgm+l XITEE <C(m+ 1)5T—’16(n—|—1)/N7

< C(m—|— 1)6_;112(n+1)/N'

m-+1

ITF=0.7)I1,

Lemma 7.6. There exists a compact subset 11—, C I, with

(7.11) mes(IT, 7 ;) > mesIl,, — CHL3

m

such that for any 7 € I, 7, (Recall w = Two), the equation (6.18)) has a unique solution
F?(0), which is defined on the domain T} <1 7, with

Sm+1
ITF=(0,7) Iy, p—, < Clm+ e, 2N,
Sma1 m

ITF=(0,7)T1Z, g < Clm+ 1)z 200,

Sm+1 XHm+1

The proofs of Lemmas [7.5] and [7.6] are a little bit simpler than that of Lemma So
we omit them.
Let
g1 =15 NILEE, AL

m—+1-*
By (7.1)), (7.10) and (7.11f), we have

mes 1L, 11 > mesll,, — C%In/?’.

8. Coordinate change ¥ by ¢, F'

Recal ¥ =V, = ;m F‘ 11> Where X ;m r is the flow of the Hamiltonian &,,F', vector field
X.,,r with symplectic idz A dz. So

.. oF - OF

iZ=¢p—, —-iz=¢gp—, O0=w.

0z 0z



398 Jing Li

More exactly,
iz = e, (F*%(0,7)2 + 2F%(0,7)%), 0= wt,

—iz = e, (2F*(0,7)z + F*(0,7)%), 0= wt,

0=w.
Let u = (),
_iFE(0, 1) —2iF7 (),
B, = 6,7) 7( ™) , 0 =uwt.
2iF**(0, 1)  iF*(0,7)
Then
du(t
(8.1) u(t) =emBm(@)u, =w
dt
Let u(0) =ug € hy x hy, 0(0) =6y € T} | be initial value. Then
t
(8.2) u(t) = up + / emBm /(0o +ws)u(s)ds, 6(t) = 0y + wt.
0

By Lemmas [7.1], and

”JBm(e)JHT?mH )1 < C(m + 1)87:16(”+1)/N’
1TBn@) N7 i,y < Clm+ 1)y, 2D/,

It follows from ({8.2)) that
¢ t
u(t) —ug = / emBm (0o + ws)ug ds + / EmBm (00 + ws)(u(s) — up) ds.
0 0
Moreover, for t € [0,1], |luo|ln < 1,
t
lu(t) = wolly < enC(m + 1), SN 4 / m||Bm (00 + ws)|l[|u(s) — uollx ds,
0

where || - || is the operator norm from hy X hy — hy X hy.
By Gronwall’s inequality,

t
Jut) — uolly < Clm+ Vel SO/ . exp ( [ enllButtn o)) ds) <o
0

Thus,
v, : T?

i3
sma1 X M1 — Ty x Iy,

(8.3) [ W — id | ny sty < €32

m
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Since (B.1) is linear, so ¥, is linear coordinate change. According to (8.2]), construct

Picard sequence
uo(t) = ug, wj+1(t) =up + /Ot emB(o +ws)uj(s)ds, j=0,1,2,....
By , this sequence with ¢ = 1 goes to
U (ug) = u(l) = (id + P (00))uo,

where id is the identity from hy x hy — hy X hy, and P,,(6y) is an operator form

n

hy X hy = hy x hy for any fixed 6y € ']I‘Qm+1, 7 € Il,41, and is analytic in 6y € ']I‘Sm+1,

with

1/2
><H'm+1 S SW{ :

1P (60) [l

Sm+1
Note that (8.1 is a Hamiltonian system. So P,,(fy) is a symplectic linear operator from
hy X hy to hy X hy.

9. Estimates of remainders

The section is aimed to estimate the remainders:
Crnt1Ript1 = (6.10) + - - - + (6.13).

Case 1: Estimate of (6.10). By (6.7)), let

B 5 R (0)  3RZ.(0)

Rmm = Rmm(g) = 1 _ o
R () R(0)
then
~ z z
Rmm = Rmm ’
z z
So

~ z z
<1—er>Rmmé<<1—er>Rmm 7 >

I
x|

By the definition of truncation operator I'g, ,

(1-Ti, ) Bnm = D> Bpm(k)e'™ 0T | 7€l
[k|> K

Since R,y = Emm(ﬁ) is analytic in 6 € T?

Sm?

Sub HJ(l B I‘K’")ﬁmm‘]H%N—mN < Z ‘|J§mm(k)‘]|’%\7€2|k|sm+l
(G,T)E’H‘gmH X1 Kot
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S ||‘]§mm<]||’]21‘?m><nm Z 672(5m*5m+1)‘k‘

|k[>Kom
< CH(m)ey,le”2mlenmsmat) - (by (B5))
< C%(m)e2,.
That is,
171~ Ta) Bz, x11,000 < €mClm).
Thus,
lemJ (1 — FKm)RmmJHT?m+1XHm+1 <ep,C(m) < emp1C(m +1).
Similarly,
||€7n‘](1 - FKm)ﬁmmJ|‘TZ£lm+l><Hm+1 S 6m+10(m + 1)
Case 2: Estimate of (6.12). Let
F*(0,7) L1F#=0,r 0 —iid
B
$FZ(0,71) F*(0,1) iid 0
Then we can write
z z z
F=(5S,(00) , = (Spu,u), u=
z z z

Then
€2 {Rym, F} = 462 (R (0) 7 Sy (0)u, u).

Noting T% = x Iy, D TY | X g1, By (5.6) with I =m, v =m,

Sm+1

(9.1) 1ROl t1ss < | B (8) 7y, <1, < Clom),
(9.2) 1ROt < Clom).

Let S, (0) = 7 Sm(0). Then by Lemmas and we have

(9.3) 178 (0) T llz , x11sy < Cm + 1), DN,
(04 IBn(OV I, < Clon + g 20N
and

Hﬁmm/SmH'ﬂ‘gmean = ‘|§mm§m||11'?m+1 XIm41

< C(m)C(m 4 1), S TV/N,
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Set

[Rmm7 Sm} = RmmSm + (Rmmsm)T

Note that the vector field is linear. So, by Taylor formula, one has

(6:12) = &7, (R;,, (0)u, w),

where ,

~ B T - - .

Ry (0) = 2° RS + Y e [+ [Ronms Sl - - - S S

=2 (j—1)-fold

By (9.1) and (9.3),

TR (O) T rs st €D "

=1 J:
< C(m)C(m + 1), Sn+I/N,
By (9.2) and (9.4),
IIJEZI(@)JII%;mﬂxan < C(m)C(m + 1), PN,
Thus,
lem T Ry Tllmn s < Cm)Cm+ Ve N < O(m 4+ e

and

\|a,%1jz“%:1juﬁlmﬂxnm“ < C(m)C(m 4 1)e2 20+ D/IN < C(m + 1)emr.
Case 3: Estimate of (6.11)). By (6.8),

Ny, FY = ([R?Z 12,2) — Tk, Ry —w - OgF = R* .
{ mm m mm

Thus,
1
(9.5) BID) =<2, [ (1= 7){Rops F} o X2, pdr.
0
Note Ry, is a quadratic polynomial in z and Z. So we write
z
R:nm = <<@m(9; T)ua ’LL), U =
z

By (5.3) and (5.4]) with [ = v = m, and using (9.3)) and (9.4)),
1R T|lrn i1y < C(m)e,, SN

17T

m—+1 Y

(9.6)

—12(n+1)/N
il S Cm)eg 20D,
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where || - || is the operator norm in Ay X hy — hy X hy. Recall F' = (Sp,(6, 7)u,u). Set
(9.7) (R, Sm) = B S + (B Sm) -

Using Taylor formula to (9.5)), we get

611 == {{Rmm,F},FH +5—m{ R, Y, Fy o

j-fold

_<<22”+;' o B B §m]§m>aa>

J= (j— ) ~fold
2 (R0, T)u, u).

By (9.3),(9.6) and (9.7), we have

| TR0, 7) |l *TLys

‘Jr .
<Z]—||M’ 0, 7) I llw, <11, (1T Sm T llwz, | xtti1Em)’
j=2 7
< C(?'n) <5mC’(m+ e (n+1)/N>
72 ]'
iz

< C(m+1)e2B3 = C(m + emyr.

Similarly,
||J%**JH%ZLm+1 X1 < C(m + 1)€m+1.
Case 4: Estimate of (6.13).
oo
B13) = > a(Rumo X2 p).
l=m+1

Write Ry = (Rim(0)u, u). Then, by Taylor formula

le © Xglm le + Z le]u u

where
Rimj = 2 [+ [Rim, Sm), - - -] Smme?d,.

(j—1)-fold

By (.5), (B-9),

1T R |1, <1, < C(0), HJﬁszHﬁlxnm <c@).
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Combing the last inequalities with (9.3) and (9.4)), we have

1T R Tl w1ty 1 < 1T BT e x s - (17 ST [l w111 4€1m)”

< 02(m) (6m8;L6(n+1)/N)J’
where we use ||J_1||11~;LZX1-Im+1 < C, and

53 A 53 A Q ]
1T Buans TV sttys < 1T R 1 sty (178m T et Aeim)’

m—+1

- - P 4
+ ||JleJ”T?l X m41 (HJSmJH’Jl";l me+15m)J

< CQ(m) (€m£%12(n+1)/N)j.

Thus, let
~ 1~
Rl,m+1 = Ry + Z ﬁlej’
=1
then
w —
613) = > eRimeru,u)
l=m+1
and

1T Ry m1 T ||y w140 < C2(m) < C(m+1),
1By i1l .,y < C2m) < Clm+ 1)
As a whole, the remainder R, can be written as
Cm+1Rm+1 = Z 8[(<Rii(9)2, Z> + <Rlz’i(9)2,§> + <Rﬁ(0)zv z>)7 v=m+l1,
l=m+1

where, for p,q € {z,z}, R? satisfies (5.5) and (5.6) with v = m + 1, 1 > m + 1. This
shows that Assumption (A2), with » = m + 1 holds true.

By (6.9),

M§m) = anEmjj(O)'
In (5.5) and (5.6), taking p = z, ¢ = Z, we have

15 I, < [ Rinss 0,71/ < C(m) /5,
WIE < 18,RZ,,:5(0,7)]/5 < C(m)/j.

This shows that Assumption (Al), with ¥ = m + 1 holds true.



404 Jing Li

10. Estimate of measure

In this section, C denotes a universal constant, which may be different in different places.

Now let us return to (7.3).

(10.1) Qm,z{TeIhJ}—(hw@T+Ag> A < Ow:t:)}‘

First let ¢ = j, then k # 0. At this time, (10.1]) becomes
Qm)—{reﬂm’|kwo>7\< }
A
It follows
Tm
k __m
(K, wo)| < (|k|2n+3 + 8) 7

Recall [(k,wo)| > ~/|k|"1. Then
(10.2) mes Q,(CZL) =0.

In the following, let ¢ # j. If Qk” = (), then mes Q,EZ.) = 0. So we assume Q,(CZ;-) # (). Then
dr € Il,;, such that

- o ST
(10.3) | = (kywohr + AT = AlM| < ‘Zj’vm.
k

It follows from and . that
(10.4) A =M™ =i — j 4 O(e0/i) + O(e0/4)-
Moreover,
(10.5) p§>—§.wzih—JL
By (10.3) and (|10.5)), one has

o] 2 ) = 2| - B Ly gy BT L s Ly
Recall w = wyr. So
(10.6) 4 (k,w)| = |i —jl.

Again by ([10.3) and (10.4)), we have that, when 7 € II,, such that (10.3]) holds true, the

following inequality holds true:

7 — ] +1 Cie Che
| j! , 4 G0 Coeo
k ? J
71— +1 Cie Che
\ j’ ot .10+ go
k 10 Jo

‘—<k,w>+l—j‘ <

leZZOa.]Z]Ov
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where C7 > 0, Cy > 0 are constants.
Thus

1|+ 1

Q) c {Tenm 1= (k) +11 < i

when i > iy, j > jo. By (10.6)), one has

m

1] < 4[(k,w)| < Clk].

4 0.160
10

Jo

Note that
l
_<k7w>+l:_<kaw0>7_+l:7-<_<k>w0>+7_>7 T E [172]
Thus 1 o
leC{TGHmH (k,wo) + '<||+ Y + 0
T Ay, io Jo
Note p ; 1]
= —(k - l
dT( (s wo) + >‘ 7'2_4H
It follows that
8 [ +1 C C
meSle<mestl <‘ [+ 'm + .1604- 2,€0>.
1\ A () Jo
Take
jo = io = K|y 3.
Then
- - 1
mes U Qri | W +C Z — <Cl€0 Cago
1<I<Ck| 1< <C k] 4 Jo
ClE|vm 173 log |k|
<
log | k|
1/3 g
Thus,
log\kl
1 3
(10.7) mes U Qm] < Oyf’e Ok tT
z>7,0
|i— J\<C|k‘|
Now assume
i<ig or j<jo and |[i—j|<Clk|

Che ~
+ ?O}élev

C _
+ ?60} 201,

)

405
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By (10.3]) and (|10.5)), we have

d (= (kwo)r + A™ =A™ N A Al _limjl+1
dr T - 4 - 16 ’
(m) 2(]i — 3l + D)ym 16
mes Q) < -
A
(10.8) ji—51<CIA li—j|<Clk|
. Clk|ym 1O’
<C < Olk|vH242/3 <
and
0%2,{3
(10.9) mes U ka < TRt
g2

Combining ((10.2), (10.7) (10.8)) and (10.9), we have

U UUa <o

|k|§Km i=1j=1

Let

Ty =\ U U QSZ')'

|k| <Ko 1,5=1

Then we have proved the following Lemma [10.1
Lemma 10.1.

mes H:,erl > mesIl,, — C’fyl/?’.

11. Proofs of theorem and corollaries

Proofs of Theorem [L1] and Corollary [I.2] Let

m—r0o0

oo
:ﬂﬂm and Uy = lim YpgoWjo---0W,,.
=1

By (5.7] . and (5.8 , one has

Uo: T X Too = T" X oo, [|Woo — id ||y sy < €72,

and, by (5.9),

o0
Hyo=HoVo=> \°Z;Z;,
j=1
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where

0o _ ()
/\j —hm)\

m—ro0

By (5.2) and (5.3)), the limit A7° does exist and

AP = +0(e]f) = /52 + &5

Introduce a transformation ¢: Z = (Z; € C: j > 1) = v(t,z) by
z) = iqj(t) sinjz,  Z; = \}i(% —ip;), Zj= \2(%‘ + ipj).
j=1
Let

= (S TGy T )T

Then ® is a symplectic transformation and changes (|1.3]) subject to into . Also,

the transformation ® changes the wave operator
L Lyult,x) = (02 — 02 + eV (wt, x))u(t,z), u(t,—7)=u(t,7) =0
into
Lrr: Loty x) = (07 — 02 + eMe)v(t,x), v(t,—m) =v(t,7) =0,

which possesses the property of pure point spectra and zero Lyapunov exponent.
This completes the proofs of Theorem [I.I] and Corollary [I.2] O

Proof of Corollary [L.3] By Theorem we have that if u = u(t, z) is a solution to (1.6]),
then

v(t,x) = (P(u,u))(t, z)

is the solution to (|1.5)) with

0(0,2) = (®(u,1))(0, 2) = (®(uo, o)) (x),
00(0,2) = 0y(®(ut, ur))(0, ) = (P4 (g, o)) (a)-

Write

vo = v(0, x) ZC’ksmk‘x Eozvt(O,av):ZC,'gsinkx.
keN keN

By solving (1.5 directly, we have

= (Crw + &) 2 sin(v/ A + €& t) + Cr cos(y/ Ay, + e€i t)) sin k.
k=1
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Note k?(1 — cg) < A\, + & < k?(1 + cg). Tt follows

o0

lo@) 2w = (ICk[* + (e + )~ CLP) &>
k=1

<3 (1P + (1 + co)k 2 Ch ) k2N
k=1

= |U0||2jf1\7 + (1 + ce)||50\|%)fN,1.

Noting ., 7, ¢ are isometric maps, using [|WVoo — id ||py—hy < £1/2 we have

lu@)Zn < (1 +eVe)llv®)%en < 1+ eve)(luollZpw + (1 + ce)llTolZpn-1)
< (1 + eve) ([luollZpn + llolZpn-1)-

And
()] = Z (ICKI? + Ak + e&) O 2N
k=1
> Z (ICk> + (1 — ce)k2|Cp| ) k2N
k=1
= [lvol%pn + (1 — c)|[Tol3pn-1,
thus

lu(®%en = (1= evE)llv@®)[5y = (1= eve) (luollZpn + ol en—),

where c¢ is a positive constant which might be different in different places. Note

ve(t,x) = Z (C’,’€ cos(v/ Ak + ek t) — Cr/ Ak + &g sin(v/ A + €€k t)) sin kz.

k=1
Then
[EAGI = Z ((M)ZICMZ n ‘C’/C‘Q)kZ(N—l)
k=1

<) (1 + o) [CrPEN + | Cp P2V
=1

k
< (14 c)(llvolln + I10ll5pv-1)-

Thus, by the preceding proof, we have

(1= eve) (luolZpn + ol Zen-1) < llue(®en-1 < (14 ev/e) (lluolZpn + IlT0llZpn-1).

This completes the proof of Corollary

O
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