TAIWANESE JOURNAL OF MATHEMATICS
Vol. 24, No. 1, pp. 1117] February 2020
DOLI: 10.11650/tjm/190407

Extension Operators Preserving Janowski Classes of Univalent Functions

Andra Manu

Abstract. In this paper, our main interest is devoted to study the extension op-
erator @y, 4 5: LS — LS, given by ®, a0 5(f)(2) = (f(21),2(f(21)/21)*(f'(21))?),
z = (z1,2) € B", where a, 8 > 0. We shall prove that if f € S can be embedded as the
first element of a g-Loewner chain with g: U — C given by ¢(¢) = (1 + A¢)/(1 + B(),
I(] <1, and —1 < B < A < 1, then F = &, , 3(f) can be embedded as the first
element of a g-Loewner chain on the unit ball B™ for a € [0,1], 8 € [0,1/2] and
o+ B < 1. As a consequence, the operator ®, o g preserves the notions of Janowski
starlikeness on B™ and Janowski almost starlikeness on B™. Particular cases will be
also mentioned.

On the other hand, we are also concerned about some radius problems related to
the operator ®,, o 3 and the Janowski class S*(a,b). We compute the radius S*(a, b)
of the class S (respectively S*).

1. Introduction and preliminaries

Let C" denote the space of n complex variables z = (21, 22,...,2,) where z; € C, 1 <
j < n with the Euclidean inner product (z,w) = > 7, 2;w; and the Euclidean norm
|zl = /(z,2). The open unit ball {z € C" : ||z|| = 1} is denoted by B" and, in
the case of one complex variable, B! is denoted by U. We denote by H(B") the set
of holomorphic mappings from B" into C". We say that f € H(B") is normalized if
f(0) = 0 and Df(0) = I,, where I, is the n X n-unitary matrix. We denote by LS,
the set of normalized locally biholomorphic mappings on B™ and, in the case of one
complex variable, £S] is denoted by £S. We consider the following notations: S(B") the
family of normalized biholomorphic mappings on B", S*(B™) the family of normalized
biholomorphic mappings that are starlike with respect to zero, respectively K(B") the
family of normalized biholomorphic mappings on B” that are convex. In the case of one
complex variable, the above families will be denoted by S, S*, respectively K.

Further we will introduce some subclasses of H(B™) that will be useful in the next

sections.
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The Carathéodory class of holomorphic functions with positive real part on U is defined
by (see e.g., [24])

P={pe HU):p0)=1,Rep(z) > 0,]z| < 1}.
The above class was generalized to the unit ball B™ (n > 2) as follows (see [23]):
M={he HB"): h(0) =0,Dh(0) = I,,Re(h(z),z) > 0,2 € B"\ {0}}.

This class is related to some subclasses of biholomorphic mappings on B™, for example
the class of biholomorphic mappings which have parametric representation, the class of
starlike mappings and the class of spirallike mappings of type §, where § € (—m/2,7/2)

(see e.g., [10,28] and the references therein).

Definition 1.1. Let g: U — C be an univalent function on the unit disk U such that
g9(0) = 1, Reg(¢) > 0, ¢ € U and the coefficients in its power series expansion are real

(i.e., g(¢) = g(¢) on U). Also, assume g satisfies the following conditions for all r € (0,1):

|rcr|li:r7{ Re g(¢) = min{g(r), g(—7)},

maxRe g(¢) = max{g(r), g(~r)}

In this paper, our main concern is the case when the function g has the following

particular form:

1+ AC
1+ B¢

Let M, be the subclass of M given by (see [7])

(1.1) 9(¢) || <1, where -1<B<A<L

Mg = {h € H(B") : h(0) = 0, Dh(0) = Ln, (h(2), 2/||2|*) € 9(U), = € B"\ {0}},

where g is given as in Definition Note that if h € My, then <h(z),z/HzH2>‘Z:O =1,
since h(0) = 0 and Dh(0) = I,,.

Let g: U — C be a function given by then we obtain the following particular
forms of M, by choosing suitable values of parameters A and B.

Case I: B = —1. In this situation, we have that

M, = {h € H(B™) : h(0) = 0, Dh(0) = I, Re(h(2), 2) > + 5 Al212 2 e BT {0}} .

Moreover, if A =1, then M, = M.
Case II: B # —1. In this case, we have that

M, = {h € H(B™) : h(0) = 0, Dh(0) = I, W(h(z),z) _ lliéf < f:BBQ,z cB"\ {0}}.
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Now, we assume that A = (a — 1)/b and B = (a? — b? — a)/b, where |1 —a| < b < a. In
the case that b < a, we obtain that

1 a
W<h(z)az> - a2 — b2

Mgy = {h € H(B") : h(0) = 0, Dh(0) = I,

b
< az_b2,zeB”\{O}}.
This special case is related to Janowski starlikeness on B"™ (see [4]).
If A= (a—a®+b?)/band B = (1—a)/bwith |1 —a| <b < a, then

1

M, = {h € H(B"): h(0) = 0, Dh(0) = Iy | =5 (A (2), 2) —

<b,zeB”\{0}}.

This case is related to Janowski almost starlikeness on B™ (see [4]).

The following subclasses of biholomorphic mappings on B” were introduced by Curt
(see [4]).
Definition 1.2. (see [4]) Assume a,b € R such that |1 —a| < b < a. Let

I=11

((Df(2)]71f(2), )

be the class of Janowski starlike mappings on B™ and let

—a

S*(a,b,B") = {feESn:‘

<b,zeB”\{0}}

AS*(a,b, B") = {f € LS, ’<[Df(z”1f<z)’z> _ a’ <bzEB"\ {0}}

12112

be the class of Janowski almost starlike mappings on B”.

We remark that both classes S*(a,b, B") and AS*(a,b,B™) are subsets of S*(B"),
since |a — 1] < b < a.

The class S*(a, b, B) reduces to the following subclass of S*:
2f'(2)
f(z)
Note that the class S*(a,b) was introduced by Silverman in [26] (see also [27]). This

class is closely related to the following class of holomorphic functions on U, which was

§*(a,b) = {f € H(U): F(0) = 0, (0) = 1,

—a‘<b,z€U}.

introduced by Janowski [16]

, 2 €
fz) ~1+B2"
where —1 < B < A <1 and “<” is the usual symbol of subordination.

Also, the class AS*(a, b, B!) reduces to the following subclass of S*:
f(z)
2f'(2)

Next, we recall the definition of starlikeness of order v on B"™, where v € [0,1). This
notion was introduced by Curt [3] and Kohr [17].

—a

AS*(a,b) = {f € H(U) : (0) = 0.£/(0) = 1,

<b,z€U}.
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Definition 1.3. Let f € £S,, and v € [0,1). The mapping f is said to be starlike of order
~ if

]2 .
Re{<[Df<z>1—1f<z>,z>}>”’ 2 € BIA0)

Let S5(B™) be the set of starlike mappings of order v on B".

Now, we recall the notion of almost starlikeness of order v on B", where v € [0, 1).
This notion was introduced by Kohr [18] for v = 1/2, Feng [6], and by Xu and Liu [31].

Definition 1.4. Let f € LS, and v € [0,1). The mapping f is said to be almost starlike
of order v on B" if

e (DS f (), 2) ]

112
Let AS3(B™) be the set of almost starlike mappings of order v on B™.

Remark 1.5. It is easy to see that if a = b = 1/(2v), where v € (0,1), then

1 1 1 1
AS <27,27, > S3(B") and S <2’7,27, ) AS2(B™)
Remark 1.6. Let f € LS, and h(z) = [Df(2)]7'f(2), 2 € B™. Also, let a,b € R be such
that |[a — 1| < b < a and v € [0,1). In view of [4, Remark 3.3], we deduce the following

relations:

(i) f € S*(a,b,B") <= he M, where g(¢) = %, I¢| < 1.

. * n a—a 2
(ii) f € AS*(a,b,B") <= he M,, whereg(g)_% | < 1.

(iii) f € S5(B") <= h e My, where g(¢) = I¢] < 1.

1+(27 D¢’
(iv) f € ASH(B") < he M, where g(¢) = =K ¢ < 1.

Further, we present the notion of g-starlikeness on B”, introduced by Graham, Hamada
and Kohr in [7] (see also [13]).

Definition 1.7. Let g: U — C be a function given by Definition[I.I} A mapping f € LS,
is said to be g-starlike on B™ if h € M, where h(z) = [Df(2)]7Lf(z) for all z € B". We
denote by S (B") the class of g-starlike mappings on B" and Sj (B!) by Sy

Taking into account the analytical characterization of starlikeness on B” due to Suf-
fridge [28], it is easy to see that S;(B") is a subset of S*(B").

Next, we will present some observations regarding the case of g-starlikeness on the
complex plane. The purpose of this remark is to point out how the class S 5 can be related
to the Janowski class S*[A, B], respectively to the class S*(a,b) introduced by Silverman,
in the case that the function g is given by the relation .
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Remark 1.8. Let A, B € R be such that —1 < B < A < 1. Also, let g(¢) = (1 + A¢)/(1 +
B(), ¢ € U. The class S can be rewritten as follows:

(i) Sy ={feHU): f(0)=0,f(0)=1,f(2)/(2f'(2)) < (1+ Az)/(1 + Bz),z € U}.
(i) S; = S*[~B,—A.

(iii) If A # 1 then S; = S*(a,b), where a = (1 — AB)/(1 — A% b= (A—-B)/(1— A2).
If A =1 then 57 = 571, ) o-

Proof. Indeed, we know from the definition of S; that

f(z)
"2f'(2)
The condition f(z)/(zf'(z)) € g(U) is equivalent to f(z2)/(zf'(z)) < (1 + Az)/(1 4+ Bz),
so this justifies (i).

On the other hand, if f € H(U), f(0) = 0 and f'(0) = 1 then f € S if and only if
2f'(2)/f(2) < (1 — Bz)/(1 — Az). Also, it is easy to see that —1 < —A < —B < 1. This
proves (ii). If A # 1 then ¢ maps the unit disk U onto the open disk U((1 — AB)/(1 —
A?),(A - B)/(1 — A%)). If A = 1, the unit disk U is mapped onto {{ € C : Re( >
(1+ B)/2}. Thus, the statement of Remark [L.8(iii) is now justified. O

S;:{feH(U):f(O):O,f’(O)zl 69(U),\z|<1}.

Next, we take into consideration the case n > 2. In [4, Remark 3.3], Curt obtained
the appropriate values of parameters A and B such that the classes S*(a,b,B™) and
AS*(a, b, B") can be rewritten as S;(B").

Remark 1.9. (see [4]) Let a,b € R be such that |1 —a| < b < a and let the function g be
given by ¢(¢) = (14+ A({)/(1+ B(), ¢ € U, where -1 < B < A<1.

(i) If A= (a—1)/b, B = (a* = b* — a)/b then S*(a,b,B") = Si(B").
(ii) If A = (a —a®> +b?)/b, B = (1 —a)/b then AS*(a,b,B") = S;(B").

Chirila [2] introduced the notion of g-spirallikeness of type d, where ¢ € (—7/2,7/2).
The particular case when ¢(¢) = (1 +¢)/(1 — (), ¢ € U was studied in [14].

Definition 1.10. Let f € LS,, and let g: U — C be a function given by Definition [1.1
We say that f is g-spirallike of type d, where 6 € (—7/2,7/2), if h(-,t) € My, t >0,
where

h(z,t) = iaz + (1 —ia)e ¥ [Df(e'2)] 71 f(e2), ze B", t>0,

where ¢ = tand.
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Remark 1.11. Let g: U — C be the function given by g(¢) = (1+A¢)/(14B(), ¢ € U. The
class of g-spirallike mappings of type ¢ reduces to some well known classes of biholomorphic
mappings on B™ by choosing suitable values for the parameters A and B. In particular,
if A=1and B = —1 then the class of g-spirallike mappings of type  reduces to the
class of spirallike mappings of type § on B™, which is denoted by §5(B”). This class
was introduced in [14]. For A = 1 and B = 2y — 1 with v € (0,1), we obtain the class
of spirallike mappings of type § and order v on B" (see [20]). The case of § = 0 in
Definition leads us to the class of g-starlike mappings on B"™.

We need to recall the definition of a Loewner chain prior introducing the notion of
g-parametric representation. Many results related to Loewner chains in C™ may be found
in [5,[7,/10,/12}23,29].

Definition 1.12. (see |23]) Let f,g € H(B™). We say that f is subordinate to g (write
f < g) if there is a Schwarz mapping v (i.e., v € H(B"), |[v(2)|| < ||2]|, 2 € B") such that
f(z) =g(v(2)), z € B™

Definition 1.13. (see [23]) Let f: B" x[0,00) — C™. We say that f is a Loewner chain if
f(-,t) is biholomorphic on B", f(0,t) = 0, Df(0,t) = €'I,, for t > 0 and f(-,s) < f(-,t)

whenever 0 < s < ¢ < oo.

Further, we will present a characterization of Loewner chain obtained by Pfaltzgraff
[23].

Lemma 1.14. Let f = f(z,t): B"x[0,00) — C" be a mapping such that f(-,t) € H(B"),
f(0,t) = 0, Df(0,t) = €'I,, for t > 0 and f(z,-) is locally absolutely continuous on
[0,00) locally uniformly with respect to z € B™. Assume that there exists a mapping
h = h(z,t): B" x [0,00) — C™ which satisfies the following conditions:

(i) h(-,t) e M fort >0,
(ii) h(z,-) is measurable on [0,00) for z € B",

and such that the following differential equation is fulfilled

of

a(z,t) =Df(z,t)h(z,t) a.e. t>0,VzeB".

Further, assume that {e~'f(-,t)}i>0 is a locally uniformly bounded family on B™. Then

f(z,t) is a Loewner chain.

Definition 1.15. (see [5]) A mapping h(z,t): B™ x [0,00) — C" which satisfies the
conditions (i) and (ii) in Lemma is called a Herglotz vector field.
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The notions of g-Loewner chain and g-parametric representation were introduced by

Graham, Hamada and Kohr in |7], where the function g satisfies the conditions of Defini-

tion 1l

Definition 1.16. Given a mapping f = f(z,t): B" x [0,00) — C", one says that f is a
g-Loewner chain if f(z,t) is a Loewner chain such that {e7f(-,t)}+>0 is a normal family
on unit ball B™ and the mapping h = h(z,t), which occurs in the following Loewner
differential equation
of
ot
satisfies the condition h(-,t) € M, for a.e. t > 0.

(z,t) = Df(z,t)h(z,t) ae. t>0,VzecB"

Definition 1.17. Given a normalized holomorphic mapping f: B® — C", we say that f
has g-parametric representation if there exists a g-Loewner chain f(z,t) such that f can
be embedded as the first element of the g-Loewner chain f(z,t) (i.e., f = f(-,0)). We

will denote by Sg (B™) the set of mappings which have g-parametric representation on B".

We remark that if g(¢) = (1+¢)/(1—¢), ¢ € U, then SJ(B") reduces to the set S°(B")
of mappings which have parametric representation, hence any Loewner chain f(z,t) on
B™, such that {e'f(-,t)}:>0 is a normal family on B", is a g-Loewner chain on B"
(see [7]). Also, the family SS(B”) where the function g is given by ¢(¢) = ﬁ,
¢ €U and v € (0,1) was studied by Chirila in [1].

Remark 1.18. (i) Let f € £LS,,. We have that f € S;(B") if and only if f(z,t) = e’ f(2) is
a g-Loewner chain for all z € B and ¢ > 0 (see [7]).

(ii) Chirila in |2, Teorem 3.1] proved that if f € LS, and § € (—7/2,7/2), then f is

g-spirallike of type ¢ if and only if f(z,t) = el 7%t f(ei92) is a g-Loewner chain, where

a = tand.

Let ®, o 3 be the extension operator defined by the following relation (see [8]):

f(z1)

<1

Bans(D) = (£02 (FE2) (), 2= mmem,

where a > 0, 8> 0 and f € LS such that f(z1) #0, z € U \ {0}.

The branches of the power functions are chosen such that

()

We observe that for « = 0, 8 = 1/2, the operator ®,, ,, g reduces to the Roper-Suffridge
operator ®,,: LS — LS, given by (see [25])

P (f)(2) = (f(=1), 2/ f'(21)), 2= (z1,%) € B".

=1 (f'(=1))’ =L

z1=0

21=0
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It is known that the operator ®,, , g preserves the notions of starlikeness and parametric
representation from unit disk U into the unit ball B”, for n > 2 and « € [0,1], 8 € [0,1/2],
a+ /3 <1 (see [8]). But ®, , 3 preserves the notion of convexity from unit disk U into the
unit ball B" if and only if (o, 8) = (0,1/2) (see [8,25]). Various properties of the operator
®,, .3 were investigated in [11,21], in the case @ = 0 and 3 € [0,1/2] (see also [9], in the
case 3 = 0). Also, the operator ®,, 5 g was studied in [1},8}/10].

In this paper, we continue the work in [1,[2,/7,[8] concerning extension operators and
g-Loewner chains in C". We consider the operator ®,, , 3 and the set SS(U ) of normalized
holomorphic functions on unit disk U that have g-parametric representation, where g(¢) =
(1+AQ)/(1+B(),|¢(|<land -1<B<A<L1.

We shall prove that if f € S can be embedded as first element of a g-Loewner chain,
where g: U — C is given by the relation , then F' = ®, o 3(f) can be embedded as
first element of a g-Loewner chain on the unit ball B" for a € [0,1], f € [0,1/2] and
a+ B < 1. As a consequence, the operator ®, , 3 preserves the notions of Janowski
starlikeness and Janowski almost starlikeness from the unit disk into the unit ball B™.
Particular cases from [1}2] will be also mentioned.

In the last part of the paper, we obtain some radius of Janowski starlikeness associated

to some classes of biholomorphic mappings on B™ generated by the extension operator

0,8

2. Main results

In this section we prove the following theorem, which is the main result of this paper. The
following result was obtained in [8, Theorem 2.1] (see also [11] for a = 0), in the case that
9(¢) = (1+¢)/(1—¢), ¢ € U. Also, Theorem [2.1] was recently obtained by Chiril (see [1])

when the function g is given by ¢({) = 1+(12+£1)C’ ¢ € U, where v € (0,1).

Theorem 2.1. Let g: U — C be the function given by g(¢) = (1+ A¢)/(1+ B(), ¢ € U,

where —1 < B < A < 1. If f € S has g-parametric representation, then F' = ®, , 5(f) also
has g-parametric representation on unit ball B for a € [0,1], B € [0,1/2] and o+ 3 < 1.

Proof. In order to prove the result, we shall use arguments similar to those used in [8,
Theorem 2.1] and [1, Theorem 2.1]. Tt is obvious that it is enough to consider only the
case n = 2.

We know that f can be embedded as first element of a g-Loewner chain, therefore
there exists a g-Loewner chain f(z1,t) such that f(z1,0) = f(z1), 21 € U.

Let us consider the following mapping F, 5: B2 x [0,00) — C2, defined by

(21) Fult) = (a0 ety (L0 gy 1)

21
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for 2 = (21,22) € B%, t > 0. As it follows from [8], F, 5(z,t) is a Loewner chain, since
a€l0,1],8€0,1/2] and o+ < 1.

We know that given a Loewner chain f(z1,t) on U, there exists a function p( -, t) that
belongs to H(U) for ¢ > 0, is measurable in ¢ > 0, with p(0,¢) = 1, Rep(z1,t) >0, z1 € U,
0 <t < oo, and such that

of

ot

Also, the fact that f(z1,t) is a g-Loewner chain implies that p(z1,t) € g(U) for a.e. t > 0,
Vz1 € U. The vector field h(z,t) associated with the Loewner chain F, g(z,t) has the

following form (see [§]):

(21,t) = 21f'(21,t)p(21,t) ae. t>0,Vz €U.

h(z,t) = (z1p(21,1), 22(1 — a — B+ (a + B)p(z1,t) + Bz1p (21, 1)))

for z = (21, 22) € B?and t > 0. This expression was obtained from the Loewner differential

equation
0F, 3

ot
We shall prove that h(-,t) € M, for a.e. ¢ > 0. Therefore, it suffices to show that the

following condition holds:

1
1212

(2,t) = DFy (2, t)h(2,t) ae. t>0,Vze B2

(2.2) (h(z,1),2) € g(U) a.e. t>0,zeB?\{0}.

Next, we will consider the following cases:

Case 1. If B = —1 then the function g becomes ¢g(¢) = (1+ A()/(1—(), ¢ € U. In this
case, the function g maps the unit disk onto the half-plane {C €C:Re(>(1- A)/Z}.

The relation is equivalent to

1 A
WRe(h(z,t),z) >—5— ae t>0,zecB*\ {0}

Also, in this case, the relation p(z1,t) € g(U) is equivalent to Rep(z1,t) > (1 — A)/2 for
ae. t>0,2€U.

Without loss of generality, we may assume that h(-,t) is holomorphic on B’. Other-
wise, let p € (0,1). Also, let h,(2,t) = %h(pz,t) for all z € §2, t > 0. Then the mapping
hp(-,t) is well defined and holomorphic on EQ, t > 0. Next, if w € OB? is fixed and ¢t > 0,
then the function q,(-,¢): U — C given by ¢,(¢,t) = %(hp(Cw,t),uﬁ for ¢ € U\ {0}, and
¢,(0) = 1, is holomorphic on U and continuous on U. Thus Reg,(-,t) is harmonic on U
and continuous on U.

In view of the minimum principle for harmonic functions, it suffices to prove that
Req,(¢,t) > (1 — A)/2 for |[(| = 1. Then Req,(¢,t) > (1 — A)/2 for || < 1, by the fact
that Req,(0,t) =1 > (1 — A)/2 and since Reg,(-,t) is harmonic on U.
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Next, if 2 € B2\ {0} and w = z/|z|, then w € B2, and if ¢ = | z||, then ¢ € U,
and (1 — A)/2 < Regq,(||2],t) = W Re(h,(z,t),z). Then letting p 1, we deduce that
Re(h(z,t),2/||z]|?) > (1 — A)/2, by the same argument as above, based on the minimum
principle for harmonic functions.

Consequently, in view of the above arguments, we have to prove that:

1-—A

(2.3) Re(h(z,t),z) > 5

ae. t>0,Vz=(z1,2) € 0B

Indeed, if we fix z = (21, 22) € OB? and using elementary computation, we obtain the
following relation:
1—-A

Re(h(z,t),z) — 5 = [|21\2 +(1— \21’2)(04 + 5)} Rep(z1,t)

1-A

+ (1= a1 2)B Re(arp (21,0) + (1= a1 ) (1 — o = ) — ==

It can be seen that for |z1| = 1 (which implies zo = 0), the above expression is non-negative.
Therefore, further we consider only the case zo # 0, thus |21] < 1.
Since Re(z1p/(21,t)) > —|z1||p' (21, t)|, this implies that

Re(h(z,t), z) — # > (21> + (1 — |z1*) (e + B)] Rep(z1, ¢)
(2.4) — (1= 21)Blz1lp (21, 1)
P a1 -a-8) - T

Next, we wish to give an estimate of the right-hand side member of the above inequality.
First, we give an upper bound for [p’(z1,1)|.

It can be easily seen that

p(-,t) = (1= A)/2

> 0.
1= (1 —A)2 cP fort>0

(2.5)

It is known that for a function g € P, we have (see [24])

2Req(z)

/
<
/G) < T

|z| < 1.

Therefore, from ([2.5)) and from the above inequality, we obtain

2(Rep(z1,t) — (1 — A)/2)
1]z ’

(2.6) 1P/ (21,t)] < |21] <1, t > 0.

Using the relation (2.6)) and elementary computations on the right-hand side of (2.4)), we



Extension Operators 107

obtain that

Re(h(z,1),2) — 5 > [laaf? + (1~ [z1 )+ )] (Repczl,t) - 1““)

2
— 20|21 <Rep(zl,t) - 12A> Y (1)1 —a—B)
+ UZ1|2 + (1= |z1]*)(a +B)]¥ — %
= [|Zl‘2 + (1 — |Zl|2)(a +,8) — 2,8‘21” (Rep(zl’t) _ 1;4>

H-faP)i-a-p) (1-157).

Next, we shall prove that the following inequality holds:

UQF+(L—MPXa+m—2mmH(mm@hw_1;A>
(2.7) .
HL-faP)a-a-9) (1250 20
Indeed, in view of the following relations:

and
21>+ (1= |z1*) (@ + B) = 28]z1] = (1 = |z1) e + B(L = |z1])* + |21 [*(1 = 28) > 0,

we obtain , as desired. Taking into account the above arguments, the inequality
holds.

Case 2. If B # —1 then the function g: U — C given by ¢(¢) = (1 + A¢)/(1 + B(),
¢ € U, maps the unit disk onto the disk U((1 — AB)/(1 — B?),(A - B)/(1 — B?)).

To simplify the calculations we make the following notations: a = (1—-AB)/(1 - B?)
and b"2 (A — B)/(1 — B2).

We remark that, for a.e. t > 0 and V 21 € U, the condition p(z1,t) € g(U) is equivalent
to |p(z1,t) —a| <b.

In this case, the relation is equivalent to

(2.8) (h(z,t),2) —a| <b ae. t>0,Vzec B?\ {0}

1
[I=11?
Using an argument similar to that from the beginning of the first step, we may assume
that A(-,t) is holomorphic on EZ, and show that

|(h(z,t),2) —a| <b ae.t>0,Vzec B
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Otherwise, we replace the mapping h(-,¢) by the mapping h,(z,t) = %h(pz, t), for z € EQ,
a.e. t > 0, where p € (0,1). Using a similar argument as in the Case I, we have to prove
that |(h,(z,t),2) —a| < b for a.e. t > 0 and V2 € B2 Then letting p — 1, we obtain the
conclusion.

Therefore, it suffices to prove that
(2.9) [(h(z,t),2) —a| <b ae. t>0,Vz=(z,2)c 0B

In the case zo = 0, it is easily seen that the relation (2.9) holds, since |p(z1,t) — a| < b,
|z1] =1 and a.e. t > 0.
Next, we consider zz # 0 which leads to |z;| < 1. Taking into account the following

relations:

(h(z1).2) —al = [l + (U~ [212) (@ + B)]pler. 1) + (1~ |21 )1 (21, 1)
+(A-la)-a=8) —d
=[P + (= [P+ B (a1 t) — a) + (1~ 1) Bap (2, 1)
+ (1= laP) 1 =a=B)+ [laP + (1= aP)a+ ) a—al
=[5 + (= [P+ B (1 t) — a) + (1~ 1) Bap (2, 1)

+ (1= a1 —a-B)(1-a)

)

we have the following estimate:

[(A(2,1), 2) — al < [l21]* + (1 = |21]*) (@ + B)]Ip(21, 1) - a
+ (1= |z )Blallp’ (e )] + (1 = |21/ (1 — a = B)|1 —al.
Fix t > 0 and let the function w(-,t): U — C be given by w(z1,t) = (p(z1,t) — a)/b,
z1 € U. Then w(-,t) € H{U), w(0,t) =0 and |w(z1,t)| <1, |z1] < 1. Hence the function
w( -, t) satisfies the condition of Schwarz-Pick lemma and therefore

1 — |p(z1,t) — af?/0?

. t>0.
1 —[z]? -

|p/(zl7t)| S b :
Using the above estimate, we obtain

[(A(z,t), 2) — al < [l1] + (1 = [21]*)(a + B)]Ip(21, 1) — af

2
+ bﬁ’zﬂ <1 - W) + (1 - |21’2)(1 - — ﬁ)‘l - a|.
Next we will show that
2
[l + (1= 1)+ 3)] I 0 — al + 3] (1= P =)

+(1—|z1]2)(1—a—6)|1—a|—b§0.
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It is clear that the above inequality is equivalent to the following:
z1,t) —a 21,t) —a 2
[l + (= fa e+ 8)) PED =0 gy (1 - R f =)
[1—a
b
We make the following notation x := |p(z1,t) — a|/b. Then z € [0,1]. Also, let E(z) be
the following quantity

+(1 =]z -a-p) —-1<0.

E(z) = —ﬂ\zﬂxz + []21\2 +(1- \z1]2)(a + B)]x
+(1 |21 —a-p)

We aim to show that E(z) <0 for z € [0, 1].
Indeed, it can be easily seen that F(x) is an increasing function on the variable x.

Therefore E(z) < E(1), z € [0,1]. Further, we need to evaluate the sign of E(1).

1 - al
b

1 -
b

+B|Z1| — 1.

EQ) =—=Blal+ |z + 1 —|a)a+8) + 1 — |1 —a—B)
- fafa-a-p (B0 1),

Replacing the constant a by (1—AB)/(1— B?), and the constant b by (A—B)/(1— B?),

we deduce that

+ Blz| =1

E(1) =1~ |a*)(1—-a-p)(B-1) <0,

where we have used the fact that [z1] < 1, a + 8 < 1 and B € (—1,1). Therefore,
combining the above relations, we obtain that F(z) < 0 for z € [0,1]. Thus, we conclude
that the condition is fulfilled.

Finally, since {e7tf(-,t)}+>0 is a normal family on U, it suffices to use arguments
similar to those used in the proof of [8, Theorem 2.1], to deduce that {e *F, 5(-,t) }+>0 is
a normal family on unit ball B”.

In view of the above arguments, we have proved that F, g(z,t) is a g-Loewner chain.
Hence @, o (f) = Fop(-,0) has g-parametric representation on B™. This completes the
proof. O

As a consequence of Theorem [2.1] we shall prove that the operator ®,, , 3 preserves
the notion of g-starlikeness on B", where g(¢) = (1 4+ A()/(1 4+ B(¢), ¢ € U, and —1 <
B < A < 1. Particular cases of this result were obtained in [8] (for A =1 and B = —1)
and [1] (for A =1 and B = 2y — 1, where vy € (0,1)).

Corollary 2.2. Let g: U — C be given by g(¢) = (1 + AQ)/(1 + B(), ¢ € U, where
—1 < B <A< 1. Also, let f €8;. Then F = ®,,5(f) € S;(B") for a € [0,1],
B €0,1/2] and o+ 5 < 1.
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Proof. Since f € S}, it follows that f(z1,t) = e’ f(21) is a g-Loewner chain (see [7]). The
mapping F, s(z,t) given by is a g-Loewner chain, accordingly to Theorem But
it is easy to deduce that F, g(z,t) = €'F(z) for z € B" and t > 0. Hence F € S}(B").
This completes the proof. O

By choosing suitable values for A, B, we obtain the following particular cases of Corol-
lary These particular cases have been approached in [30].

Corollary 2.3. (cf. [30]) Let a,b € R be such that |1 —a| < b < a and let f € S*(a,b).
Then F = @, o 3(f) € S*(a,b,B") for a € [0,1], 8 €[0,1/2] and o + 5 < 1.

Proof. Indeed, if A = (a —1)/b, B = (a®? — b* —a)/b then S;(B") = S*(a, b, B"), where g
is given by ((1.1). From Corollary we deduce that ®, , 3(f) € S*(a,b, B") whenever
f € S5*(a,b). O

Corollary 2.4. (cf. [30]) Let a,b € R be such that |1 —a|] < b < a and let f € AS*(a,b).
Then F = @, 4 3(f) € AS*(a,b,B") for a €(0,1], p €[0,1/2] and o+ 3 < 1.

Proof. Indeed, if the function g is given by (1.1]) and A, B are (a — a?® +b?) /b, respectively
(1—a)/b, then S;(B") = AS*(a,b,B"). In view of Corollary we have that ®,, , g(f) €
AS*(a,b,B"™) whenever f € AS*(a,b). O

On the other hand, we mention the following well known results, which can be obtained
from Corollary for suitable values of A and B.

Remark 2.5. (i) In the case that A =1 and B = 2y — 1, where v € (0,1), it can be seen
that S7(B") reduces to the set S3(B") of starlike mappings of order v on B". Hence
we deduce that @, , 5(S)) C S5(B"). This result was obtained by Hamada, Kohr and
Kohr [15], in the case of « =0, f = v = 1/2, and by Liu [19], in the case v € (0,1) and
a€l0,1], 8 €10,1/2], a4+ < 1. T. Chirila proved this result by using g-Loewner chains
(see [1]).

(ii) Also, if A=1 and B = —1 then S;(B") reduces to the set S*(B") of normalized
starlike mappings on B”. In view of Corollary it can be seen that the operator ®,, , 3
has the property that ®,  g(S*) C S*(B"). This result was obtained in [§].

The following result can be proved by arguments similar to those used in the proof of
Corollary We omit the proof of Corollary

Corollary 2.6. Let g: U — C be given by g(¢) = (1 + A()/(1 + B(), ¢ € U, where
—1 < B< A<L1. Also, let f be a g-spirallike function of type & on the unit disk U, where
d € (—n/2,m/2). Then F = &, 3(f) is a g-spirallike mapping of type 6 on B", with
a€(0,1], €10,1/2] and o+ 8 < 1.
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Remark 2.7. If A=1and B = 2y—1, where v € (0, 1), then from Corollarywe deduce
that the operator ®, , g preserves the notion of spirallikenes of type d and order v with
d € (—m/2,7/2). This result was obtained in [20] (see also |1}/19,32]).

3. Radius problems

In this section we are concerned with certain radius problems which involve the operator
®,, o 3 and the notion of Janowski starlikeness. Other radius problems related to the sub-
classes of S(B"™) generated by the Roper-Suffridge extension operator and other extension
operators were obtained in [1}/11].

The proof for the following result is immediate and we omit it. For r € (0, 1], let us

consider the following set of biholomorphic mappings on B! = {z € C" : ||z|| < r}:

S*(a,b,B)) = { f a normalized locally biholomorphic mapping on B :

z||? "
e | <reemn o)

where |1 — a| < b < a. In the case n = 1, the set S*(a,b, B}) is denoted S*(a,b,U,).

In the following remark (see also |8, Remark 5.1]), we assume that a, 8 € [0, 1] with
f<1/2 and a+ S < 1. Also, let a,b € R be such that |1 —a| <b < a.
Remark 3.1. (i) If @, o 3(f) € S*(a,b, B}') then f € S*(a,b,U,) for all r € (0, 1).

(ii) If f € S*(a,b,U,) then ®,, 4 g(f) € S*(a,b,B}}) for all r € (0,1). This result is due
to the following equality (see [§])

1
Pras(fr)(2) = ~Pnap(f)(rz), 2B,

where f,(() = % (r¢), ¢ eU.

We will consider a,b € R such that |1 —a| < b < a. Further, we obtain the S*(a,b)
radius of the class S (respectively S*). For suitable values of the parameters a and b
depending on A and B (see [27]), where —1 < B < A < 1, we can obtain the S*[A, B]
radius of the class S (respectively S*). The S*[A, B] radius was obtained in [22] on a
wider class, namely the class of normalized analytical functions on the unit disk U with
fixed second coefficient.

First, we recall the definition of the S*(a,b) radius of the class S (respectively S*).

Definition 3.2. (cf. [27]) The S*(a,b) radius of S (respectively S*), denoted by p*(a, b)
(respectively ps(a,b)), is the radius of the largest disk |z| < p*(a,b) (respectively p«(a,b))
in which the condition

2f'(2)
f(2)

(3.1)

—a‘<b
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holds for all f € S (respectively S*).

In order to prove the following result, we use the radius of starlikeness of the class S,
i.e., the radius of the largest disk centered at the origin in which every function from S
is starlike. We denote the radius of starlikeness of the class S by r*(S). It is well known
that 7*(S) = tanh(mw/4) ~ 0.65579.. .. (see e.g., |24, Corollary 6.3]).

Theorem 3.3. Let a,b € R be such that |1 —a| < b < a. Then the S*(a,b) radius of S is
given by
l—a+b —14+a+b ™
2 *(a,b) = mi , , h(—) .
(3.2) p*(a,b) mm{l—i—a—b T tan 1 }

Proof. We will use arguments similar to those in [27, Theorem 4]. We know that S*(a,b) C
S*, thus p*(a,b) < r*(S). Further, let f € S. From the definition of 7*(S), we have that
[ € 8" (Uiann(n/a))> Where Upanh(n/a) = {2 € C: |2| < tanh(w/4)}. This is equivalent to

2f'(z)
f(z)

Let p € (0,1). We say that the function p: U — C belongs to P(U,) if and only if
pp € P, where p,(z) = %p(pz), zeU.

Re >0, |z| <tanh(n/4).

It is easy to see that zf'(2)/f(2) € P(Uann(r/4))- It is known that a function p from
P satisfies the property p(U,) C U((1+ p?)/(1 — p?),2p/(1 — p?)) for all p € (0,1) (see
e.g., [10,24]).

Hence, zf/(2)/f(z) fulfills the next condition

2f'(z) 149

) 1=
Let |z| < p with p € (0, tanh(m/4)]. The relation (3.1)) holds if U ((1+ p?)/(1—p?),2p/(1—
p?)) € U(a,b). This implies that the following two conditions are simultaneously fulfilled

2p
— 1_p27

|z] < p, p € (0,tanh(mw/4)).

1+ p? 2
a—b< +'02— p ,
1—p2 1-—p2

1+ p? 2p
b > .
a+ _1—,02+1—,02

The above inequalities are true if p < min {(1—a+b)/(1+a—b),(—1+a+b)/(1+a+b)}.

Since p < tanh(w/4), we obtain in view of the above arguments that p < r where

. {1—a—|—b —1+a-+b
T = 1min

tanh(r/4) b .
TFa—b T+a+p b/ )}

This leads us to the fact that every f € S is also in S*(a, b, U,). Moreover, there exists
at least one function f € S such that f € S*(a,b,U,) \ S*(a,b,Ug) for all R > r. This
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can be easily seen when the minimum in the expression of r is attained at tanh(w/4).
There exists fo € S such that fo ¢ S*(Ug) for all R > tanh(7/4). Hence, in this case, if
fo € S*(a,b,Ug) then this implies fy € S*(Ug). Therefore we obtain a contradiction.

If r # tanh(7/4) then it suffices to prove the above statement by choosing the Koebe

function:

k(C) = <1—C<>2

Suppose that k € S*(a,b, Ug) for some R € (r,1) and derive a contradiction. In this case,
the relation (3.1]) is equivalent to the following;:

IC| < 1.

(3.3) <b

—a

1+ 2z
1—=z2

for |z| < R. We will show that for some zy with |29] = r < R the condition is no
longer true.
If the minimum in the expression of r is attained at p = (1 —a+b)/(1 + a — b) then,
for zop = —p, we have that
1+ 20 1-(1—-a+b)/(1+a—0b)
‘ _a'_‘l—l—(l—a—i—b)/(l—i—a—b)_a'
=la—b—a|l=|—-0=0b.

1—2’0

Otherwise, if the minimum is attained at p = (—1 4+ a + b)/(1 4+ a + b) then for zy = p, it
results that

1+zo_a |1+t (1+a+b)/(I+a+bd)
1= (=1+a+b)/(1+a+b)
=la+b—al=|b =0

1—20

Hence, in both cases, we get a contradiction to (3.3). Therefore, there exists at least one
function f € S*(a,b,U,) such that f ¢ S*(a,b,Ugr) for every R > r. Hence, we have
proved that r is the radius of the largest disk in which the condition holds. This
completes the proof. O

In the case that a = b in Theorem we obtain the following particular case:
Corollary 3.4. Letr = 1.¢7/2 2 2.4052.... Then we have that p*(a,a) = (2a—1)/(2a+1)
for1/2 < a <r and p*(a,a) = tanh(w/4) for a > r.

Proof. If we make the substitution ¢ = b in Theorem then
p*(a,a) = min {1, ;Z:,tanh (Z)} )
It can easily be seen that (2a — 1)/(2a + 1) < 1. Also, the function (2a — 1)/(2a + 1) is

increasing and is equal to tanh(m/4) when a = r, where r = § - e™/2. O
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This corollary shows that if f € S then f is not only starlike on Uganp(x/4), but it is
also in S*(a, a, Uganh(r/4)), Wwhen a > 3 e™/2,
In view of the proof of Theorem we obtain the S*(a,b) radius of the class S*.

Theorem 3.5. Let a,b € R be such that |1 —a| < b < a. Then the S*(a,b) radius of S*

s given by

1—a+b —1 b
(3.4) p*(a,b):min{ ot rat }

l+a—-0b 1+a+b
Moreover, if a = b then p(a,a) = (2a —1)/(2a + 1).

In view of Remark and Corollary we obtain the following particular case.
Remark 3.6. Let v € (0,1).

(i) The radius of almost starlikeness of order v of the class S is tanh(7/4), when 0 <
y<e ™2 and (1—7)/(1+7), when e™™/2 < v < 1.

(ii) The radius of almost starlikeness of order v of the class S* is (1 —~)/(1 4 7).

Assuming |1—a| < b < a, we refer to the S*(a, b) radius of class ®,, o g(5) (respectively
P, 0,8(5%)) as the radius r € (0,1] of the largest ball B}’ such that every mapping F €
P, 0,8(5) (respectively F' € ®,, , g(S*)) is a member of the family S*(a,b, B}).

Theorem 3.7. Ifa € [0,1], B € [0,1/2] and o+ < 1 then the S*(a,b) radius of @, o 5(S)
is p*(a,b), where p*(a,b) is given by (3.2).

Proof. Let f € S. Then f € S*(a,b,Up(q)). We denote F 3 = ®p o 5(f). In view of
Corollary and Remark (ii), we have that Fy, g € 5*(a,b,BJ. (a,b)). This shows that
the S*(a,b) radius of ®, . g(S) is greater than or equal to p*(a,b). From the proof of
Theorem [3.3] we know that the relation may not hold when |z| > p*(a,b). From
Remark (i)7 the mapping F;, 3 may fail to be a Janowski starlike mapping on B'; with
R > p*(a,b). Hence, we conclude that p*(a,b) is the biggest radius r for which every

Fop = ®pq(f) is Janowski starlike on B} O

With arguments similar to those used in the proof of Theorem[3.7] the following results
hold.

Theorem 3.8. Let o, 3 € [0,1] with 8 <1/2 and a+ 5 < 1.
(i) The S*(a,b) radius of @y, o 5(S*) is p«(a,b), where p.(a,b) is given by (3.4)).

(ii) Lety € (0,1). The radius of almost starlikeness of order vy of ®y, o 5(S) is tanh(r/4)
for0 <~y <e ™2 and (1 —~)/(1+7) fore ™2 <y <1.

Also, the radius of almost starlikeness of order  of ®, .5(5*) is (1 —~)/(1+ 7).
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