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Optimal Energy Decay for a Transmission Problem of Waves Under a

Nonlocal Boundary Control

Halim Atoui and Abbes Benaissa*

Abstract. In this paper, we consider a transmission problem in the presence of a
boundary control condition of nonlocal type. We prove well-posedness by using the
semigroup theory. Also we establish an optimal decay result by frequency domain
method and Borichev-Tomilov theorem.

1. Introduction

In this paper we study a transmission wave system with boundary control of nonlocal type
given by

in (0,1p) x (0,400),

in (lp, L) x (0,400),

(L) prup(x,t) — Tiugg (2, t) =0
p2vi(x,t) — ToUge (2, ) =0

where p1, p2, 71 and 19 are positive constants that represent the densities and tensions of

the strings u and v, respectively, and the initial conditions are

(1.2) u(z,0) = up(z), wu(z,0)=ui(z), v(z,0)=1vo(x), wvi(z,0)=uvi(x).
The transmission condition is

(1.3) u(lo, t) = v(lo,t), pamiug(lo,t) = pimove(lo,t), Vit e (0,+00),
followed by the boundary conditions

(1.4) w(0,t) =0, 7oy (L,t) +vp20,"v(L,t) =0, Vte (0,+00)

and conditions of compatibility

(1.5) up(lo) = vo(lo), wi1(lo) =v1(lo), p2ivoez(lo) = p172v02(l0),
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where v > 0, the initial data (ug,u1,v9,v1) belong to a suitable function space. The
notation 9;"" stands for the generalized Caputo’s fractional derivative of order a, 0 < o <
1, with respect to the time variable (see Choi and MacCamy [7] and E. Blanc, G. Chiavassa,
and B. Lombard [5]). It is defined as follows

1 t dw

9t :/ t— 5= (45 p>o.

t ’U)() F(l—Oé) 0( 5) € dS(S) S, nz=

Very little attention has been paid to this type of feedback. Moreover, fractional derivatives

involve singular and nonintegrable kernels (t%, 0 < a < 1). This leads to substantial
mathematical difficulties such as numerical approximation.

In [13], B. Mbodje investigates the decay rate of the energy of the wave equation with

a boundary nonlocal control, that is,

U (2, t) — Ugg(z,t) =0 in (0,L) x (0, +00),
u(0,t) =0 on (0,+00),
uz(Lyt) + 70y (L, t) =0 on (0,400),

u(z,0) = up(z), w(z,0)=ui(z) on (0,L).

Using energy methods, he proves strong asymptotic stability under the condition n = 0
and a polynomial type decay rate E(t) < ¢/t if n # 0.
Very recently, in [1], Benaissa et al. considered the Euler-Bernoulli beam equation with

boundary dissipation of nonlocal type defined by

Ut (2, 1) + Uggze (T, 1) = n (0,L) x (0,+00),
u(0,t) = ug(0,¢) =0 on (0, +00),
(1.6) U (L, t) =0 on (0,400),
Ugaa (L, t) — 70, "uy(L, t) = 0 n (0, +00),
w(z,0) = uo(z), w(z,0) =wi(x)  on(0,L)

They proved, under the condition 1 = 0, by a spectral analysis, the non uniform stability.
On the other hand, for n > 0, they also proved that the energy of system decays as
time goes to infinity as ¢~ /(1=a),

The question we are interested in this paper is what are the stability properties of our
system (|1.1] . Indeed, this system involves two wave equations coupled at interface
with only one nonlocal control acting on a part of the boundary of the second equation.
So, from the mathematical point of view, it is important to study the stability of an
equation of 1D waves with discontinuous coefficients in a bounded domain. Moreover, this
system happens frequently in applications where the domain is occupied by two different

types of materials, that is, while one of them is simply elastic, the other is subject to the
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action of an external force. Let us mention here that the case @ = 1 corresponds to a

static boundary control, that is,
Tz (L, t) + ypave(L,t) =0, VYVt e (0,+00).

It is well known that the energy of the solution decays exponentially under the conditions

(see |17])

T T
X=———=>0.
pPL P2

Nowadays, fractional calculus is not only important from the theoretical point of view but
also for applications. The main reason for the diffusion of fractional calculus is that it
actually provides a more accurate tool to describe several physical systems. For instance,
phenomena such as heat conduction through a semi-infinite solid, water flowing through
a porous dyke or infinite lossy transmission lines are indeed fractional. In many industrial
and research fields, fractional calculus can be conveniently used. Among these, relevant
research topics are electrical circuits, chemical processes, signal processing, viscoelasticity,
chaos theory, and obviously control systems (see [3,/4,[12}/15,/18./19]). In our case, the frac-
tional dissipations may simply describe an active boundary viscoelastic damper designed
for the purpose of reducing the vibrations (see [13}|14]).

The organization of this paper is as follows. In Section [2| first we show that the
system can be replaced by an augmented model by coupling the transmission wave
system with a suitable diffusion equation that can be reformulate into classical input
output dynamic systems and we deduce the well-posedness property of the problem by
the semigroup approach. Secondly, using a criteria of Arendt-Batty [2] we show that the
augmented model is strongly stable in the absence of compactness of the resolvent. In
Section [3] we show the lack of exponential stability by spectral analysis. In Section [4]
we show an optimal energy decay rate depending on the parameter o. The proof heavily
relies on a precise estimate of the resolvent of the generator associated to the semi-group

and Borichev-Tomilov theorem.

2. Well-posedness and strong stability

This section is concerned with the reformulation of the model (1.1)) into an augmented

system. For that, we need the following claims.
Theorem 2.1. (see [13]) Let p be the function

p(€) =€) D/2 oo < €< 400, 0<a<l.
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Then the relationship between the ‘“input’ U and the ‘output’ O of the system

Orp(&,t) + (€ + (&, 1) —Ut)u(§) = —00 < § < 400, >0, t>0,
P&, 0)
+oo
O(t) = (m) sin(ar) / H(E)(¢. 1) de

s given by

O=1"*"U
where . .

10 = g [ =) e (),

Lemma 2.2. (see [1]) If A € D, = C\ | — 0o, —n] then

_ tee /1’2(5) _ T a—1
F()\)_/OO )\+n+§2d€_sinaﬂ'0\+n) '

2.1. Well-posedness

We are now in a position to reformulate system (|1.1)). Indeed, by using Theorem
system (|1.1]) becomes

prug(z,t) — T Uz (z,t) =0 in (0,1p) x (0,400),
P2 (x,t) — TV (2, 1) =0 in (lp, L) x (0,4+00),
P&, t) + (€% +m)e(E,t) — ve(L, t)u(€) = 0 in (—o0,00) X (0,+00),
u(lo,t) =v(lo,t), pamiua(lo,t) = prmova(lo,t)  on (0,+00),
CRV R on (0, +9),
+o0
(L) + o [ u€)oent) dE = 0 on (0, +0),
u(z,0) =uo(z), u(z,0)=ui(x) on (0,lp),
v(z,0) = vo(x), ve(x,0) =v1(x) on (lp, L),

where ¢ = (7)~!sin(an)y. For a solution (u,v, ¢) of ([2.1]), we define the energy

lo L
E(t) = ;/ <|ut‘2+ Tl!ux|2> d:z—i—;/ <|vt!2+ ﬁywz) dx
(2.2) pr " -
B(&, )7 de.

Lemma 2.3. Let (u,v,¢) be a regular solution of the problem (2.1). Then, the energy
functional defined by (2.2) satisfies

400
(1) = —</_ (€2 + m)|o(, t) dé <.
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Proof. Multiplying the first equation in (2.1) by @, integrating by parts over (0,lp), we

obtain
1d [l

24dt J,
Multiplying the second equation in (2.1 by v, integrating by parts over (ly, L), we obtain

T T
<|ut\2 T piyuzﬁ) dx — p%mugc(zo)m(zo) —0.

1d

lo
2 T2 2 T2 - T 7
2 r d e zl lo) = — a:L L,t = 0.
2dt/0 (’”t' +p2lv!) 7+ 2 Ruall0)Tilo) = 2R (L)7(Ly) = 0

Adding the two equations above, we obtain

~ 2 n dz + == i dz — 2 Rvy(L)o,(L,t) = 0.
St/ (\utl + plluw\ T+ 33t J, lve|* + p2]vw\ T P v (L)0e (L, t)

From the boundary condition (the sixth equation in (2.1))), we have

i [ (1t e ans [ (it S o]
—— Ug|” + —|Uy dr + O e [ dx
s L (1 D) o [ (1o 4 2o

(2.3) oo
reulLn) [ @ =0
Multiplying the third equation in by (é, and integrating over (—oo, +00), to obtain
C d 9 +o0 9 5 400 - B
@4 SSIel3rc [ (@ mlsEnPde— RulL,t) [ u(©)(E ) de =0
Consequently, it is resulted from , (2.3) and (2.4 that
+o0o
B =~ [ (@ +nlool
This completes the proof of the lemma. O

We now discuss the well-posedness of (2.1)). For this purpose, we introduce the follow-
ing space
H0,1p) = {u € HY(0,1y) : u(0) = 0}.

We then reformulate (2.1]) into a semigroup setting. Let u = u;, v = vy, and set
H = {H.(0,lo) x L*(0,1o) x H'(lo, L) x L*(lo, L) x L*(~00,+00) \ u(lo) = v(lo)}
equipped with the inner product
lo = m L ~: To —+o0 .
(U, Ur)y = / <uu1 + umulz> dz +/ (vm + vzv1m> dr + ¢ PPy dE
0 P1 lo P2 —0o0

for any U = (u, @, v,70,¢)T and Uy = (uq,u1,v1,01,¢1)7
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Let U = (u,u,v,0,$)" and rewrite ([2.1)) as
(2.5) UIZAU, U(O) ZU() = (’LL(),’LLl,’U(),’Ul,(bo),

where the operator A is defined by

U U
u %um
(2.6) Alv | = v
0] ;%Uacz
¢ —(& +n)¢ +o(L)p(€)

The domain of A is

(u,u,v,0,0)" inH:ue H>0,L)NHL0,lp),u € H0,lp),
v e H%(lp, L), € H (lp, L), u(lo) = v(lo), pariuz(lo) = p172v2(lo),
2.7) D(A) = (lo) = v(lo), = (€% + n)¢ + V(L)u(§) € L*(—00, +00),
Ta02(L) + Cpa [T p(€)$(€) dE = 0,
[€]¢ € L*(—o00,+00)

\

The well-posedness of problem (2.1)) is ensured by the following theorem.

Theorem 2.4 (Existence and uniqueness). (1) If Uy € D(A), then system (2.5) has a

unique strong solution

UeC' Ry, D(A)NCHR,,H).

(2) If Uy € H, then system (2.5) has a unique weak solution
UeC'Ry,H).

Proof. We show that A is monotone maximal. First, it is easy to see that
/ e 2 2
(28) RAU U = ~E'(0) = —¢ [ (€ +lo@) .

For the maximality, let F' = (f1, fo, f3, f1, f5)© € H and look for U = (u,u,v, v, ¢)" €
D(A) satisfying \U — AU = F for A > 0, that is,

M- =f1, M- Lug=fo, A—0=fs,
(2‘9) T2 pl
AU — gvxx = f47 >\¢ + (52 + 77)¢ - 5(11)”(5) = f5'
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Assume that with the suitable regularity we have found v and v, then
(2.10) 'zZ:/\u—fl, fﬁ:/\’u—fg.
It is clear that u € H!(0,lp) and v € H'(ly, L). Furthermore, by (2.9) we can find ¢ as

f5(6) + u(§)v(L)
E2+n+r

From (2.9) and (2.10]) one can see that the functions v and v satisfy the following system

(2.11) ¢ =

(212) )\2u_ %u:m: :f2+)\f17 )\Q'U_ %Uxx :f4+)\f3-
Solving system (2.12) is equivalent to finding u € H2 N H(0,1ly) and v € H?(lp, L) such
that
lo 1 lo
/ ()\2uw — umw> dx = / (fo + Af1)wdz,
(2.13) 0 pl 0

L T L
/ (/\QQ}X — UmmX) dx = / (f4 + /\fg)y dzx
lo P2 lo

for all w € HL(0,lp) and x € H'(lp,L). From (2.13) and (2.11)) one can see that the

functions u and v satisfy the following system

lo ., L . -
/ (vuw N uzwz> do+ / (A%x + X) de + Ox(D)¥(L)
0 lo P2

P1
lo L
(2.14) / (fo+ A1) da + / (f1+ Mo)Tdo

lo

¢ [T MY e dex() + SR

where C ¢ +;° 52“ +7(7£+ 5 d§. Consequently, problem (2 is equivalent to the problem

(2.15) a((u,v), (w, x)) = L(w, x),

where the bilinear form a: [H}(0,1y) x H'(ly, L)]*> — R and the linear form L: H}(0,1y) x
H'(lp, L) — R are defined by

lo L _

a((u,v), (w, x)) = / <A2uw + 7—1u$wac> dz —i—/ </\2vx + TQU;BX;L,) dx 4+ (Av(L)x(L)
0 P1 lo P2

and

lo L
L(w,x) = / (fo+ Af1)wdx + / (fs+ Mf3)x dz

lo

¢ [T Y m@ ) + wx),
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It is easy to verify that a is continuous and coercive, and L is continuous. Applying the
Lax-Milgram theorem, we infer that for all (w, x) € H}(0,lo)x H'(lp, L) problem has
a unique solution (u,v) € HL(0,1p) x H'(lp, L). Applying the classical elliptic regularity,
it follows from that (u,v) € H*(0,lp) x H?(ly, L). Therefore, the operator A\l — A is
surjective for any A > 0. At last, the result of Theorem [2.4] follows from the Hille-Yosida

theorem. O

2.2. Strong stability of the system

Because of the unboundedness of the £&-domain for the diffusive equation, the resolvent of
A is not compact, then the classical methods such as LaSalle’s invariance principle or the
spectrum decomposition theory of Benchimol are not applicable in this case. We use a
general criteria of Arendt-Batty (see [2,/11]), following which a Cp-semigroup of contrac-

tions et

in a Banach space is strongly stable, if A has no pure imaginary eigenvalues and
o(A)NiR contains only a countable number of elements. Our main result is the following

theorem.

Theorem 2.5. The Cy-semigroup et is strongly stable in H; i.e., for all Uy € H, the
solution of (2.5|) satisfies

lim || Uplly = 0.
t—o0
For the proof of Theorem we need the following two lemmas.
Lemma 2.6. A does not have eigenvalues on iR.

Proof. We make a distinction between ¢\ = 0 and i\ # 0.

Step 1. Solving for AU = 0 leads to U = 0, thanks to the boundary conditions in
. Hence, iA = 0 is not an eigenvalue of A.

Step 2. We will argue by contradiction. Let us suppose that A € R, A 0 and U # 0
such that AU = iAU. Then, we get

(2.16a) iXu—1 =0,
(2.16b) iNT — Lty = 0,
P1
(2.16¢) iAv—v =0,
(2.16d) NG — 2y =0,
P2
(2.16e) A+ (£ +n)p — (L)) = 0.

Then, from (2.8)) we have

-
Il
o



Optimal Energy Decay for a Transmission Problem of Waves Under a Nonlocal Boundary Control

From (2.16¢), we have
o(L) = 0.

Hence, from (2.16d) and the relation mov, (L) 4+ (po fjoooo w(&)o(§) d§ = 0, we obtain

(2.17) v(L) =0 and wv,(L)=0.

Inserting ([2.16¢]) into (2.16d), we get

(2.18) T -
P2

The solution of the equation (2.18)) is given by

A A T
v(z) = c1cos —x + cosin —z, 719 =
T2 2 P2

From boundary conditions , we deduce that
v =0.
Now, from the boundary transmission conditions, we get
u(lo) = uz(lp) = 0.

Similarly, we deduce that

u=0.

Therefore U = 0. Consequently, A does not have purely imaginary eigenvalues.

1209

O

Lemma 2.7. If A # 0, the operator i\l — A is surjective. If A =0 and n # 0, the operator

iA — A is surjective.

Proof. Casel: A\ # 0. Let F = (f1, f2, f3, f1, f5)T € H be given and let X = (u, @, v,v, ¢)T

€ D(A) be such that
(M — A)X = F.

Equivalently, we have

(2.19a) ixu—1T = fi,

(2.19b) N — gy = fo,
P1

(2.19¢) N0 —T = fs,

(2.19d) NG — Py = fu,
P2

(2.19¢) A+ (€2 +n)d — V(L)u(€) = f5.
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Inserting (2.19a)), (2.19¢) into (2.19b)) and (2.19d)), we get
(2.20) — N2 — iUy = (f2 F i), AP0 — rovge = (fa +iNf3).

Solving system (2.20)) is equivalent to finding (u,v) € H2N H(0,1ly) x H%(lp, L) such that
lo lO
/ (—)\QUE — U W) dx = / (f2 +i\fr)wdx,
0 0

L L
/ (—)\21)} — roUzX) dT = / (fa+iNf3)xdx

lo lO

for all (w,x) € H}(0,1p) x H'(lp, L). By using (2.19¢) and (2.19¢) the functions v and v
satisfying the following system

lo L -
/ (_vuw %xwm> @ <—>\2v><+ x) dx + Cido(L)X(L)
0 P1 lo P2

L

lo
(2.21) =/ (f2+i>\f1)wda:+/ (fa+iXf3)xXdz

lo

¢ [T G e e + R

We can rewrite (2.21)) as
(222) - (L)\Uv V)Hzla + (Ua V)H}{ = Z(V),
where

HL(0,L) = {(u,v) € H}0,1o) x H' (lg, L) \ u(ly) = v(lp)}

with the inner product defined by

[l m [F _
(U7 V)H]}2 = U Wy dx + — Ve Xz dr — ’L'C)\U(L)Y(L),
P1 Jo P2 Jiy
lo L
(LU V)1 = / Nuw dx + / Moy da.
) 0 lo

Using the compactness embedding from (L?(0,1y) x L*(ly, L)) into (HA(0, L))" and from
HL(0,L) into L?(0,1p) x L*(lyp, L) we deduce that the operator Ly is compact from
L%(0,1p) x L*(lp, L) into L?(0,1p) x L?(ly,L). Consequently, by Fredholm alternative,
proving the existence of U solution of reduces to proving that 1 is not an eigenvalue

of Ly. Indeed if 1 is an eigenvalue, then there exists U # 0, such that
(2.23) (LU V) = (U, V), VV € Hp.
In particular for V = U, it follows that

X[ ul2 010 + 1012, 2] = ACIOD = Nt 220y + 022y 1
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Hence, we have v(L) = 0. From ({2.23)), we obtain v,(L) = 0 and
(2.24) A% — gy =0, —X\20 — roug, = 0.
The general solutions for (2.24) are of the form

u(x) = c1cos ——x + cosin —=x, v(x) = c3€08 ——x + ¢4 sin ——2.

Vi Vi Vi Vi

Taking into account the boundary conditions u(0) = 0 and v(L) = v, (L) = 0, we get
cir=c3=rcq4 =0.

Moreover, taking into account the boundary transmission conditions u(lp) = v(lp) and
riug(lo) = rovg(lp) we deduce that co = 0. Then U = 0.

Hence i\ — A is surjective for all A € R*.

Case 2: A =0 and n # 0. The system is reduced to the following

(2.25a) —u = fi,

(2.25b) —%um = f2,
(2.25¢) U = f3,

(225d) _%U:r:p = f4a
(2.25¢) (&% + o —o(L)u(€) = 5.

With (2.25b]) and (2.25¢), we get
1 [ 1 o
[ paras+ e, ow == [ [ sy drds 4 cov e,
1 Jo Jo 2 Jiy J1o

From (2.25¢) and ([2.25d]), we have

el ) .
1 f3(L) 4 r2ve(L) + c/oo &y d¢ = 0.
We find
/ 1 r a—1 +OO
0:7‘2[10 Ja(r)dr +n*" f3(L C/ §2 df]

From boundary transmission conditions, we find
1 lo rs
u(lp) =v(ly) = 1WC—-C"= r/ fo(r) drds + C'ly,
1Jo Jo

lo rs
Tlux(lo) = Tzvx(lg) — Cr = / / fQ(T‘) dr + C/T‘z.
0 JO
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We find

1 lo s ) , , 1 lo ps

Hence A is surjective. The proof is thus complete. ]

Proof of Theorem 2.5 By Lemma the operator 4 has no pure imaginary eigenvalues
and by Lemma 2.7| R(i\ — A) = H for all A € R* and R(i\ — A) = H for A = 0 and for
all n > 0. Therefore, the closed graph theorem of Banach implies that o(A) NiR = ) if
n > 0 and o(A) NiR = {0} if n = 0. O

3. Lack of exponential stability

Our goal in this section is to show that system (1.1]) is not exponentially stable. We need
the following well known theorem.

Theorem 3.1. (see [8]16]) Let S(t) = et be a Co-semigroup of contractions on Hilbert
space. Then S(t) is exponentially stable if and only if

p(A)D{if: B R} =iR and (iBI — A) " £ae) < oo

lim ||
|Bl—00
Our main result is

Theorem 3.2. The semigroup generated by the operator A is not exponentially stable.

Proof. We will examine two cases.

Case 1: n = 0. We shall show that ¢\ = 0 is not in the resolvent set of the operator .A.
Indeed, noting that (—zsinz,0, —xsinz,0,0)7 € H, and denoting by (u,u,v,u, )T the
image of (—zsinz,0, —zsinz,0,0)” by A, we see that ¢(&) = |¢|?*5/2Lsin L. But
¢ ¢ L?(—00,+00), since a €]0,1[ and so (u,u,v,u,$)’ ¢ D(A).

Case 2: 7 # 0. We aim to show that an infinite number of eigenvalues of 4 approach
the imaginary axis which prevents the wave system from being exponentially stable.
Indeed we first compute the characteristic equation that gives the eigenvalues of A. Let
A be an eigenvalue of A with associated eigenvector U = (u,u, v, v, ¢)T. Then AU = AU

is equivalent to

(3.1a) Au—u =0,

(3.1b) AT — %u —0,

(3.1¢) v —v =0,

(3.1d) Ao — Py, =0,
P2

(3.1e) A+ (€% +n)d — T(L)u(€) = 0.
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Inserting (3.1al), (3.1c) into (3.1b), (3.1d) and (3.1€), we get

Ny — Eum =0 in (0, 1),
P1

(3.2) Av— 2y =0 in (o, L),
P2

A+ +n)p — M(L)u() = 0.

Using the third equation in (3.2]), Lemma and the boundary conditions, we have
2 a—1
(3.3) p—vx(L) + AN+ n)* " v(L) = 0.
2

Finally, using the fact u(0) = 0, u(lp) = v(lp), T1p2us(lp) = T2p1vL(lp) and (3.3) we get
the following system

(3.42) ANu— e =0 in (0, 1),
P1
(3.4b) Ao — 2y =0 in (lo, L),
P2
(3.4¢) u(0) =0, u(lo) =v(lp), 7ip2us(ly) = Tm2p1vs(lp),
(3.4d) ;—QUI(L) F AN+ 1) (L) = 0.
2

The general solutions of equations (3.4a) and (3.4b|) are given by

2 4
u(x) = Zcietﬂ, v(z) = Zciet”,
=1 i=3

where t1 = \/p1/T1A, t2 = —t1, t3 = \/p2/T2, ta = —ts.

Thus the boundary conditions may be written as the following system

1 1 0 0 c1 0
M\)C(A ehlo e tilo —elslo —e~talo c2 0
( ) ( ) N Tigetilo _Tiy o—tilo  _T24,ptalo T2 4,0 t3lo c N 0 ’
ol 11 p2 3 p2 3 3
0 0 h(ts)el  h(—t3)e L | \e4 0

where

h(r) = ;—27“ + A 4 n)> L
2

Hence a non-trivial solution ¢ exists if and only if the determinant of M () vanishes. Set
f(A) = det M (), thus the characteristic equation is f(\) = 0.
Our purpose in the sequel is to prove, thanks to Rouché’s theorem, that there is a

subsequence of eigenvalues for which their real part tends to 0.



1214 Halim Atoui and Abbes Benaissa

In the sequel, since A is dissipative, we study the asymptotic behavior of the large
eigenvalues A of A in the strip —ap < R(\) < 0, for some oy > 0 large enough and for
such )\, we remark that e’, i = 1,2 remains bounded.

LTI T2
Case 1: o o

Lemma 3.3. There exists N € N such that

{Aetreze k>N C o(A)

where

1 1 a I5} 1
MNe=1— [k + =
k ZT‘L( +2>W+kl_a+k|1_a+o(k3_a>,

k>N, GciR, BeR, B<0, r=,/2

T1
and A\, = M_y, if k < —N. Moreover for all |k| > N, the eigenvalues N\ are simple.

Proof. We divide the proof into three steps:
Step 1.

FO) = =2t3ri (" + e ) — 29t A(A 4 )@ (e — eI E)

t1L —t1L
_ 2 t1L —t1L Y e ¢ 1
Y, <<e1 L Y=y P Ve *(»))

2t1 L
e —1 1
= —2rtle il ((thlL +1)+ 7 +o <)\1_a>> .

/7,1//)1 )\l—a

We set

FO) =(E 1)+ 2 62751L_1+o< 1)

(35) \/m P \—a
B8 (1Y,

o Ao
where
(3.6) fo(A) =€t +1
and

fiA) = ———=(e1? — 1),

VTi/p1
Note that fp and f; remain bounded in the strip —ap < R(A) < 0.
Step 2. We look at the roots of fy. From , fo has one familie of roots that we
denote )\2.
o) =0 = e2Va/mi= 1,
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Hence
2rAL =i(2k+ 1)w, k€Z, r=+/p1/m,
ie.,
i(2k + )7
N=22""""" keZ
k orL

Now with the help of Rouché’s theorem, we will show that the roots of J?are close to those

of fo. Changing in (3.5)) the unknown A\ by u = 24/p1 /71 AL then (3.5) becomes

a) — folw) + O <u11a> .

The roots of fy are uy = Z(k + %)W/(T’L), k € Z, and setting u = u + re’, t € [0,27], we
can easily check that there exists a constant C' > 0 independent of k such that [e“+1| > Cr

Fy = e+ 1+ 0

for r small enough. This allows to apply Rouché’s theorem. Consequently, there exists a
subsequence of roots of fwhich tends to the roots up of fy. Equivalently, it means that
there exists N € N and a subsequence { A }>n of roots of f(X), such that A, = A} +0(1)
which tends to the roots i(k + 3)m/(rL) of fo. Finally for [k| > N, ) is simple since A)
is.

Step 3. From Step 2, we can write

1 1
(3.7) A = ZE <k+ ) T+ k.

Using (3.7)), we get
(3.8) 2L — 1 _9rLey — 2rL%2 + o(e2).

Substituting (3.8) into (3.5]), using the fact that f(Ak) =0, we get
2 1

Fw) = —2rLe;, — — tolex) =0,
o ()
and hence
’)/Tl_a < >
Ep = —
(39) Lo((k+ dyim)' ™ \ke
' 11—«
yr T 1
=— — (cos(1 —a) —isin(l —a) +0< ) for k > 0.
LO‘((k—F%) )1 ( 2 2) kl-o
From (3.9) we have in that case |k|'"*R\; ~ 3, with
11—«
~r T
- 1—a)t.
g Toi=a cos(l — a) 5 O

ST L T2
Case 2: o #+ .
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Lemma 3.4. There exists N € N such that

{PMetreze k>N C a(A),

where
a B

. 1 ~
Ak:lﬂk+kjlo‘+’]<5|lo‘+o<k:3‘l>’ kZN,OZEZR,ﬁER,ﬁ<O,

Moo= ifk<—N.

Moreover for all |k| > N, the eigenvalues Ay, are simple.

Proof.
f(A) — T%t% (e(ftll+tglft3L) o €(7t1l7t3l+t3L) o 6(t1l+t3l7t3L) + e(tllftglthgL))
_ r2t3d(e(7t1l+t3l7t3L) 4 e(7t1l7t3l+t3L) _ e(tll+t3l7t3L) _ e(t1l*t3l+t3L)>
_ Tltld(e(—tll-‘rtsl—tsL) _ e(—t]l—tgl-‘rtgL) _ e(t1l—t3l+t3L) + e(t1[+t3l—t3L)>

+ ryrotyts (e(—tll+tsl—t3L) 4 e(—tal=talttsl) 4 o(tal+tsl—tsl) | e(tll—tgl-i-tgL))
— \/E)\Q [\/E(etll _ e—tll)(e(L—l)t3 _ e—(L—l)ta) + \/ﬁ(etll + e—tll)<e(L—l)t3 + e—(L—l)t3>
(etll _ eftll)(e(Lfl)tg + e*(L*l)tg) + %(etll + eftll)(e(Lfl)tg _ e*(L*l)tg)

(At
— /A2 |:\/6<€t1l _emtal)(eLDts _o=(L=Dtay 4 fr(etil 4 gmtil)(o(EDts 4 o= (E-Dita)

+

(etll _ e—tll)(e(L—l)tS + e—(L—l)tg) + \/L%(etll + e—t1l)(e(L—l)t3 _ e—(L—l)tg)
Aa—l

)]

f()\) — \/B(etll o eft1l)(e(Lfl)t3 _ ef(Lfl)tg) + \/ﬁ(etll + eftll)(e(Lfl)tg + ef(Lfl)tg)
(etll _ eftll>(e(Lfl)t3 + ef(Lfl)tg,) + %(etll + 67t11)<6(L71)t3 _ ef(Lfl)tg)
Aa—l

+7

1
+o )\lfa

= fo+ 2 +o< L )

\—a \—a
where
(3.10)
foN) = /ra(eh! — eftll)(e(Lfl)tg _ ef(Lfl)tg) + (et _}_eftll)(e(Lfl)tg i ef(Lfl)tg)’

fi ()\) = <(etll _ eftll)(e(Lfl)tg + e*(Lfl)tg) + \/\/ﬁ(etll + eftll)(e(Lfl)tg . e(Ll)t3)> '
!
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We look at the roots of fo. From (3.10), fo has one familie of roots that we denote A.
Indeed, fo(A) = 0 corresponds to the eigenvalues problem to the conservative problem
associated with ([2.1)):

prug(x,t) — Tuge(x,t) =0 in (0,1y) x (0,4+00),
v (x,t) — T (2, t) =0 in (lp, L) x (0,4+00),
u(lo,t) = v(lo,t), pamiuz(lo,t) = p172vs(lo,t) n (0, +00),

(3.11) u(0,t) =0 (0 +00),
ve(L,t) =0 n (0, +00),
u(x,0) = uo(x), w(z,0) = ui(w) n (0,l),
v(z,0) = vo(x), vi(x,0) = vy () on (lp, L).

The abstract formulation of (3.11) is

u U

I
Ao = N

v v

~ To

v vax

The domain of Ag is

(u, U, v,0)" in Ho : w € H?(0, L) N HL(0,1o),u € HL(0,1p),
D(Ao) = S v e H?(ly,L),v € H' (ly, L), u(ly) = v(l), pamiuz(lo) = p112vz(lo), ¢ »
u(lo) = v(lo),va(L) =0,
where
Ho = {HL(0,1p) x L*(0,1p) x H'(ly, L) x L*(lo, L) \ u(lp) = v(lp)}.

Ay is clearly a skew adjoint operator with a compact resolvent, then there is an orthonor-
mal system of eigenvectors of Ay which is complete in Hy. All eigenvalues of Ay are of

the form i, ur € R. Now
. T
folipg) =0 <= tan (\/pl/ﬁluk) tan (\/pQ/TQ( — l),uk) p1/T1

p2/T2

= tan (Vp1/mil) = p1§ ; cot (v/p2/72(L — 1))

By representation of graph of the functions tan and cot, we easily have p ~ ck for large k

and a constant ¢ depending on parameters py, 11, p2, T2, [ and L. Moreover, the algebraic
multiplicity of py is one. Then, we follow exactly as the case 71/p1 = T2/ p2.
The operator A has a non exponential decaying branche of eigenvalues. Thus the proof

is complete. O
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3.1. Residual spectrum of A

Lemma 3.5. Let A be defined by (2.6). Then

u —U

u —%um
(3.12) Ao = y

v _%vzm

with domain

(u,u,v,0,0)T in H :ue H*0,l) N H0,1y),u € H0,1p),
ve H?(ly,L),v € H (Io, L), u(ly) = v(lo), u(lo) = v(ly), pamiuz(lo) = p172vs(lo),
D(A™) = —(&% + )¢ +0(L)u(8) € L*(—00,+00),
7205(L) +Cp2 [2 3 m(€)(E, 1) d =0,
|€l¢ € L?(—o00, +00)

Proof. Let U = (u,u,v,u,¢)" and V = (uy,ur,v1,01,¢1)". We have (AU,V)y =
(U, A*V)y.

lo fry _ Tl = Ll To=
<AU7 V>7'[ = / (luxulz + lulu:mc> dr + / <2valm + 2U1Umz> dx
0 P1 P1 lo \P2 P2

+00 .
ve /_ [ (€ + ) + T(L)u(6)] B, de

o/ L To=
= — — Uz + 1 Lty | do — —VV1gg + —VigVg | dx
0 P1 P1 lo \P2 P2

+ (o) (o) — Zua(lo)o1 (o) + a(le)ae(lo) — 25(lo)v12(lo)
P1 P2 P1 P2

To — +oo N N
+ 2u (L) = ¢ [ ol +nid] de
+oo _
+ (L)L) + G() / (€5, de.
P2 —o0
As —ux(lo) = p—va(lg), u(lp) = v(lo) vp(L) = —C f+oo )¢ d€ and if we set lulgc(lo)
Zu14(lo) and Ty (lo) = 1 (lp) and = fm —C 720 (€)1 d€, we find
lo L _
<AU, V>7-l = _/0 <;1 aUl:m: + pi leux> dx — /lo (;Zfﬁlez + ;2 51:17”1) dz

—+00

-¢f O[(€2 +m)dy + pu(&)v1(L)] dé. O
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Theorem 3.6. 0,(A) =0, where o,.(A) denotes the set of residual spectrum of A.

Proof. Since A € a,(A), A € 0,(A*) the proof will be accomplished if we can show that
op(A) = 0,(A*). This is because obviously the eigenvalues of A are symmetric on the
real axis. From , the eigenvalue problem A*Z = AZ for A € C and 0 # Z =
(u,u,v,v,¢) € D(A*) we have

(3.13a) A+ =0,
(3.13b) A+ gy = 0,
P1
(3.13¢) A+ =0,
(3.13d) AT+ 2, =0,
P2
(3.13¢) Ap + (62 + )¢ + D(L)p(€) = 0.
Inserting (3.13al), (3.13c) into (3.13b]), (3.13d)) and (3.13€)), we find
Ny — lum =0,
P1
(3.14) DL P—
P2

Ad+ (€% +n)o — Mo(L)u(€) =0.

Using the third equation in (3.14]), we easily have
(3.15) T+ 0N+ Zon(L) =0
2

with the following conditions
(3.16) w©) =0, ulle) =v(lo), Lusllo) = 2vy(lo).
1 P2

System (3.14)—(3.16)) is the same as (3.4). Hence A* has the same eigenvalues with A.
The proof is complete. O

4. Polynomial stability and optimality (for n # 0)

In the previous section, we have shown that the transmission wave system is not exponen-
tially stable. In this section, we prove that it is polynomially stable with an optimal rate
of decay when 1 > 0. To achieve this, we use a recent result by Borichev and Tomilov [6].

Accordingly, if we consider a bounded Cy-semigroup S(t) = e on a Hilbert space. If

iR C p(A) and hm —H(zﬂf A Hepy < oo
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for some § > 0, then there exists ¢ such that
2 o
400l < 510l
Our main result is as follows.

Theorem 4.1. The semigroup Sa(t)t>o0 is polynomially stable and

1
E(®) = 1Sat)Voll} < 75 Vol

1—a)

Moreover, the rate of energy decay t=2/( is optimal for any initial data in D(A).

Proof. We will need to study the resolvent equation (iA — A)U = F, for A € R, namely

(41&) Au—u= fl,
(4.1Db) AU — T—um = fo,
P1
(4.1¢) AV —U = f3,
(41d) IAU — 2 — Uy = f4a
P2
(4.1e) A+ (&2 +n)p — (L)) = fs.

We divide the proof into three steps.

Step 1. Inserting (4.1al), (4.1c) into (4.1b)) and (4.1d]), we get

)\QU + riUgy = _(f2 + i)‘fl)’
)\Z’L)“‘TZUQUI = _(f4+i)‘f3)a

where 71 = 71 /p1, 72 = T2/p2. As u(0) = 0, then

u(z) = Q% V%AA?EWHﬁMﬂﬂhmJ%@—UMm
(42) o) = vlly) cos }2(9; — o)+ v2(10) ¥ sim \/%(x )
- J:?A /l:(f4(0) —I—i)\fg(cr))sin\/%(w—cr) do,
and hence
o) = cljﬁcos \/Aﬁx - / (f2(0) +iMf1(0)) cosjfl(x o) do,
val) = —v(lo)f sin T(x — lo) + va(lo) cos \/%(g; 1)

1 . A
T (f4( )+ iAf3(o)) cos ﬁ(:v—a) do.
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Step 2. With (4.1€]), we get

iN+E2+
Inserting (4.3) in the boundary condition Tov,(L,t) 4+ (po fj;o w(&)p(&,t)dé = 0 on
(0, +00), we deduce that

“+oo
raua(L) + A+ ) o(D) = 2(ih+ ) a0 - ¢ [ SO g

Then
A A
v(lp) |:—7’2\/772 sin ﬁ(L —lp) + dcos ﬁ(L - l()):|
A V2 oA
+ vz(lp) |:7’2 cos ﬁ(L —lo) + dT sin ﬁ(L - lo)]
o (&) fs
(4.4) (A + )L f5(L) - </ HgQM ¢
g . A
+ /lo (fa(o) +iXf3(0)) cos ﬁ(L —0)do

d : P
\F)‘/lo (fa(o )—|—Z)\f3(0))smﬁ(L_g)do—,

where d = yA(iX +n)*~L. Using the transmission conditions v(lp) = u(lp) and v, (lp) =

riug(lo), we get

A 1 b A
vllo) = exsin 2ty - m/o (1) + iA(e)) sin =l — o) do
(4.5) . A A 1 [lo , A
v (lo) = <01\/> cos Tlo o / (fa(o) +iXf1(o)) cos ﬁ(lo —0) da) :
Using , we can rewrite as an equation in the unknown c;:
A A A
01|:SIH\/710( f}\SlHﬁ( —lo)—FdCOS\/E(L—lo))
COS —— )\ COS L £ sin L —
+ \/» (f)\ \/>( lo)—l-d\/>2 JE(L lo))}
+oo
=y(iX+1)*" f3(L C/ l)\+§2+77
r : A d [* , A
+ /lo (fa(o) +iAf3(0)) cos ﬁ(L —o)do + Jin /lo )+ iAf3(0)) sin ﬁ(L —o)do

VT2 G AL g) + —L cos 2 (L —
i o e e )
)\

-
; /Ol°<f2<a>+z-xf1< >>co§,jﬁzo—a daH A \/%)\Sm\/)\E(L—lo)]-

lo ) )\
+ / (o) + M) sin =y — ) do
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Step 3. We set

g(\) = sin Llo <—\/772)\ sin L(L —1lp) + dcos L(L - l0)>

I Ve NG
+cos\?lg <\/>/\cos\/);‘72( l)+d\/\;smf( —l0)>

(4.6) A A A A
=\ (\/'I"]_ COS Tllo COS 77‘2([/ — lo) — 4/T2 811 7r1l0 sSin TZ(L - l0)>
LA A \/T1 A A )
+d | sin —=Ilgcos — (L — lp) + +—=cos —Ipsin — (L — [ .
(s Jioeos =)+ ¥ osZotosin (010

As f1 € HL(0,1lo) and f3 € H'(lp, L), we have

L A
z (fa(o) +irfa(0)) cos —=(L — o) do| < (|| fall L2qo,0) + 3l 1 10,1))

N
L
/ZO (f4(0)+i>\f3(0))81n\/%@—0) do| < (|| fall 2o,y + 13l m100,1))

lo A
; (f2(0) +iAfi(o))sin ﬁ(lo —0)do| < (| f2llz200) + 11l 0.00))

lo A
; (fa(0) + A fi(o)) cos ﬁ(lo—a) do| < c(|lfollz2o0) + 11l o))

If r1 = ro, then

A A
A) = +/riAcos —L + dsin —L.
9( ) 1 \/771 \/ﬁ

We can easily prove that
lg(A)] > c|A|*  for A large.

Hence
le1] <A™ for A large.

Then, we deduce that

|1—a

luallL2(0,10) < €A for A large.

Moreover, as v(ly) = u(lp) and rov,(lg) = r1uz(lp), we have
lv(lo)| < ¢)A7%,  |ve(lp)] < ¢|A'™®  for X large.

Hence

|1,a

lvallL2@o,) < €|A for X large.

From (4.1a), (4.1c) and (4.2), we have

||a||L2(0,lo)v WHLQ(IO,L) < C|)\|1_a for A large.
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From (4.3), we get

n(§)
IN+E2+07

f5(€)

19112200,y < [B(L)] =

L2(—00,00)

< C’)‘|_a/2(||fl||H1(O,lo) + 1 f2ll 22 10,1)) +

L2(—00,00)

1
CWHfE!HLQ(foo )

Thus, we conclude that
(4.7) [GAT — A) " < A" as [A] = oo
If vy # ro, then from (4.6]), system

A A A A
AR 2 (L—1) — in 2 osin —— (L — Iy) =
\/T1 cos TllOCOS Tz(L lo) — /resin = o sin 1“2( 0) =0,

A A /T A A
sin ——Ipcos —(L — lp) + lpsin —1lp) =0
= 0 ﬁ( 0) s i 0 72( 0)

is equivalent to

tan il()
T T
tan —lo tan—( —ly) = - v =, /=

VTl Nip) T2 tan\/%(L—lg) ry’

which is impossible. Therefore, in all cases, we have

lg(N)| = ¢|\|* for A large.

Similar to the case r1 = ra, we obtain the estimation (4.7)).
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Besides, we prove that the decay rate is optimal. Indeed, the decay rate is consistent

with the asymptotic expansion of eigenvalues which shows a behavior of the real part like

—(1-a),
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