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Abstract. In this article, the authors characterize the variable Besov-type spaces

B;E:g’j(.)(R"), with 1/p(-) and 1/¢(-) satisfying the globally log-Holder continuous

conditions, via Peetre maximal functions and averages on balls. The latter charac-
terization, via averages on balls, gives one way to introduce these spaces on metric

measure spaces.

1. Introduction

The main purpose of this article is to establish some new characterizations of the variable
Besov-type space B;E:;:ZS(.)(R") with p(-), ¢(+) € P8(R") as in below. Recall that the
variable Besov-type space B;E:;:j(_)(R”) was first introduced in [46], however, the variable
exponents p(-) and ¢(-) in [46] are required to belong to C°8(R") as in and
below, which is stronger than P'°8(R") (see Remark (ii) below).

In the last decade, motivated by the articles [29] of Kovacik and Rékosnik and [23] of
Fan and Zhao as well as |11] of Cruz-Uribe and [16] of Diening, real-variable theories of
function spaces with variable exponents, especially based on Besov and Triebel-Lizorkin
spaces, have been rapidly developed (see, for instance, [4}6}18}20}22,32-35,39,40,44-46] ).
Precisely, in 2008, Xu [39,40] studied Besov spaces Blyg (R™) and Triebel-Lizorkin spaces
F;(%q(R") with variable exponent p(-) but with fixed ¢ and s. The concept of func-
tion spaces with variable smoothness and variable integrability was firstly mixed up
by Diening, Hésté and Roudenko in [1§], in which the variable Triebel-Lizorkin spaces

F;((.'))q(.)(R”) were introduced. Later, Almeida and Hésto introduced the variable Besov

spaces B;E; q(.)(R”), where p(-), q(-) € P°8(R"™). Moreover, it turns out that these spaces
behave nicely with respect to the trace operator (see |18, Theorem 3.13], |7, Theorem 5.2]
and [34, Theorem 5.1]). Here we point out that the vector-valued convolution inequal-

ities, developed in [6, Lemma 4.7] and [18, Theorem 3.2], supply well remedy for the
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absence of the Fefferman-Stein vector-valued inequalities on the Hardy-Littlewood max-
imal operator, in the setting of the mixed Lebesgue sequence spaces Kq(')(Lp(')(R")) and
LP0O) (¢40)(R™)), respectively, when studying Besov spaces and Triebel-Lizorkin spaces with

variable smoothness and integrability.

Based on Besov-type spaces Bplg (R™) and Triebel-Lizorkin-type spaces Fj,y (R™) stud-
ied in [47], as generalizations of the Besov and the Triebel-Lizorkin spaces with variable
smoothness and integrability, the Besov-type and the Triebel-Lizorkin-type spaces with
variable exponents were also introduced in [4546]. However, as was mentioned above,
when studying the variable Besov-type space in [46], the variable exponents p(-), ¢(-) are
required to satisfy the globally log-Hélder continuous conditions C'°8(R™), which is a little
bit stronger than P'°¢(R™) adopted in [46]. So it is a natural and interesting question to
study the variable Besov-type space under the assumption that p(-),q(-) € P°8(R™). We
should point out that variable function spaces have found their applications in fluid dy-
namics [1,2,136], image processing [10,26,38], partial differential equations and variational
calculus [8,/19|37] and harmonic analysis [5,{12}/17,/41].

On another hand, motivated by a new characterization of Sobolev spaces obtained
in [3], there exist some attempts to characterize Besov(-type) spaces and Triebel-Lizorkin(-
type) spaces on R™ via ball averages (see, for instance, [9,13-15,25}42}43,48.|49]). These
ball averages, used in such new characterizations, only depend on the metric of R"™ and the
Lebesgue measure and hence these new characterizations provide some possible ways to
introduce the corresponding function spaces with positive smoothness on metric measure
spaces.

In this article, we aim to introduce and develop the Besov-type space with variable
exponent B;E:;:Z)(_)(]R") for any locally log-Holder continuous functions s(-) € L*°(R")
and measurable functions ¢ on R, under the assumption p(-),q(-) € P'°8(R"), which
is weaker than p(-),q(-) € C'°8(R") used in [46]. In this sense, the Besov-type spaces
considered in this article have more generality than those in [46]. As the main result of
this article, we characterize the spaces B;E:;:f(') (R™) by means of Peetre maximal functions
and averages on balls, and the latter one is new even when ¢ = 1 and gives a way to
introduce the variable Besov-type spaces on metric measure spaces. To limit the length
of this article, we leave the study of characterizations of Triebel-Lizorkin-type spaces with

variable exponents via averages on balls in a forthcoming article.

We begin with some basic notation and notions. Denote by P(R™) the collection of all

variable exponent functions p(-): R™ — [0, co| satisfying

(1.1) 0 <essinfp(z) =: p_ < py :=esssupp(z) < co.
reR" rER™



Ball Average Characterizations of Variable Besov-type Spaces 429

For any p(-) € P(R") and x € R", define the function ¢,y by setting, for any ¢ € [0, c0),

#@ i p(a) € (0,00),
Pp(a)(t) =10 if p(xr) = oo and ¢t € [0, 1],
oo if p(z) =00 and t € (1,00).

The variable exponent modular, with respect to p(-) € P(R"™), of a measurable function f

on R" is defined by setting

Definition 1.1. Let p € P(R") and E be a measurable subset of R"”. Then the variable
Lebesgue space LPU)(E) is defined to be the set of all measurable functions f such that

Hf||Lp(.)(E) = inf{\ € (0,00) : 2p() (f1E/A) < 1} < oo,
here and hereafter, for any subset £ C R™, 15 denotes its characteristic function.

Remark 1.2. Let p € P(R™). If p_ € [1,00], then LP()(R") is a Banach space (see [17,
Theorem 3.2.7]). In particular, for any A € C, [|Af{[ o) @n) = [Alllf]lLo0) rny and, for any
f,9 € LPO(R?),
1f + 9l ror @y < I llee) @ny + 1191 o0 (mm)-
For more properties of variable Lebesgue spaces, we refer the reader to the monographs
[12,[17]. Next, we recall the mixed Lebesgue space £4)(LP0)(E)) introduced by Almeida
and Hasto in [6].

Definition 1.3. Let p,q € P(R") and E be a measurable subset of R”. Then the mized
Lebesgue-sequence space (10)(LPC)(E)) is defined to be the set of all sequences {f, }yen of
functions in LP()(E) such that

I{fv}oenllpaer (zre) (my) == IE{A € (0,00) : 0pa (rry ({folE/Abven) < 1} < o0,

where, for any sequence {g, }yen of measurable functions on R,

0000y (£r()y ({gv }ven) == Zinf{uv € (0,00) : 0p(y(gu/pe/ ")) < 1}
veEN

with the convention A1/ =1 for any X € (0, o0).

Remark 1.4. Let p,q € P(R™).
(i) Let {g, }ven be a sequence of functions in LP¢)(R™). By [6, Example 3.4], we know

that, if, for any v € {2,3,...}, g, =0, then

H{gv}veN||£q(-)(Lp(~)(1Rn)) = Hgl ||LP(‘)(R”)'
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(i1) I llga) (zre) mny) is @ quasi-norm on 290 (PO (R™)) (see [6, Theorem 3.8]); if either
1/p(z)+1/q(x) < 1or ¢ is a constant, then [|||ja()(£p() (gny) 18 @ norm (see [6, Theorem 3.6]);
if either p(z) > 1 and ¢ € [1,00) is a constant almost everywhere or 1 < g(z) < p(x) < co
for almost every « € R", then || - [|ja()(Lr()(ny) 18 also a norm (see [28, Theorem 1]).

(iii) By |6, Proposition 3.3|, we know that, if ¢ € (0, c0] is a constant, then

1/q
{90 }venlga(rre) @ny) = {ZIIQUHLPO - }

veN

with the usual modification made when ¢ = co
(iv) It is easy to see that, for any sequence { gy, },en of measurable functions on R™ and
€ (0,00),
1
||{9v}veNHeqt)(Lp(»(R")) - H{\gv|T}veN||grg/z)/r(Lp<->/r(Rn))'

A function ¢g: R” — R is said to satisfy the locally log-Hélder continuous condition,
denoted by g € Cllgf(R”), if there exists a positive constant Clog(g) such that, for any
z,y € R™

C'10 ( )
(1.2) l9(@) = 9(y)l = 1og(e+1g/\x—y\)

moreover, ¢ is said to satisfy the globally log-Hoélder continuous condition, denoted by
g € C°8(R"), if g € CI°%(R™) and there exist constants Cao (g ) € (0,00) and g € R such

loc

that, for any x € R”,

(13 9(0) ~ gl < o =
In what follows, we let
(1.4) Plog(R") := {p(-) € P(R"): p(l‘) € clog(Rn)} .

Here, it should be pointed out that, if p; € (0, 00), then it is easy to see that p € P°8(R")
if and only if p € C'°8(R™).

Let G(R"™) be the set of all measurable functions ¢: R"™ — (0,00) having the
following properties: there exist positive constants ¢; and co such that, for any =z € R"”
and r € (0, 00),

(1.5) c1_1d>(a:, 2r) < ¢(z,r) < cr¢(x, 2r)

and, for any z,y € R™ and r € (0,00) with |z —y| <,

(1.6) ' o(y,r) < d(x,7) < cadly, 7).
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In what follows, for any ¢ € G(R"™") and any cube @ := Q(x,7) C R" with center z € R"
and radius r € (0,00), define ¢(Q) := ¢(Q(x,r)) := ¢(x,r). Here we point out that
and are called, respectively, the doubling condition and the compatibility condition,
which have been used by Nakai [30,31] and Nakai and Sawano [32] when they studied
generalized Campanato spaces. There exist several examples of ¢ that satisfy and
(L.6); see [45, Remark 1.3].

Let S(R™) be the space of all Schwartz functions on R™ equipped with the well-known
classical topology determined by a countable family of seminorms and S’'(R") its topolog-
ical dual space equipped with the weak-* topology. A pair of functions, (¢, ®), is said to
be admissible if ¢, ® € S(R™) satisfy

(1.7) suppp C{{ € R":1/2< ¢ <2} and |P(£)| > constant > 0
when 3/5 < |£] < 5/3, and
(1.8) supp® C {£ € R": €| <2} and |®(¢)| > constant > 0 when |¢] < 5/3,

where, for any f € S(R") and £ € R,

~

F&) = (2m)™/? . Fx)e ™€ dy

denotes its Fourier transform. For any j € N, ¢ € S(R") and =z € R", we put ¢;(z) :=
27"p(27x). For any j € Z and k € Z™, denote by Qi the dyadic cube 277([0,1)" + k), by
TQ, = 277k its lower left corner and by 0(Qj) its side length. Let

(1.9) Q:={Qu:j€Lkel"}

and jg 1= —logy £(Q) for any @ € Q.
Now we introduce the definition of variable Besov-type spaces.

Definition 1.5. Let (¢, ®) be a pair of admissible functions on R™. Let p,q € P°8(R™),
s € CI%([R") N L®R") and ¢ € G(R™*Y). Then the Besov-type space with variable

loc

smoothness and integrability, B;E:;’Z)(.)(R"), is defined to be the set of all f € S'(R™) such

that )
e ‘= sup 7“ 235() | . % o
HfHBpE-;Zf(-)(R") peo &(P) { |‘PJ f’}]z(jp\/o)

where Q is as in (|1.9) and, when j = 0, ¢ is replaced by ®, and the supremum is taken

)

<
24C) (LPC) (P))

over all dyadic cubes P in R".

%)
B (®™)

»d
admissible function pair (¢, ®) satisfying (1.7) and (1.8]), which will be proved in Theo-

(p .
rem [2.1| below, we usually denote HfHB;Ej;:j’(_)(Rn) simply by HfHBf,Eiijf(.)(R")'

Remark 1.6. (i) Since the quasi-norm ||f|| is independent of the choice of the
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(ii) We point out that, in [46], Yang et al. have introduced the variable Besov-type
space B 83( )(R”). However, the variable exponents p(-) and ¢(-) in [46] are required to
satisfy the globally log-Holder continuous condition C'°8(R™), which seems to be a little
bit stronger than those used in Definition Indeed, if p(-) € C'°8(R™) and p, = oo,
then p(-) = oo, while if p(-) € P'°8(R") and p; = oo, then p(-) may not be equal to
infinity almost everywhere, one of such examples is p(x) := log(e + |z|) for any x € R"
(see [17, p. 103]). Moreover, by taking ¢ = 1, the space in Definition completely
goes back to the Besov space, with variable smoothness and mtegrablhty, 8 ()( ™)
introduced by Almeida and Hésto in [6].

(ili) Let ¢(Q) == [|1qll () (gny With T € Plg(R") and 7— € (0,00), where 7_ is as in
with p replaced by 7. Then, from [50, Lemma 2.6], we deduce that ¢ € G (R”H) In
this case, the space B;E; o )(]R") is just the space B E;T(())(R”) introduced and studied by

Drihem [21,[22], which is defined to be the set of all f € §’'(R™) such that

1
f 7 () romy i= SUP
” HB;é;,Q((-))(R )

T TR < 00.
PeQ H]-PHLT(')(]R”)

YEIOIS
‘{2 ’% >ISJC‘}J‘Z(J'PVO) 0a() (LrC) (P))

This article is organized as follows.

In Sectlon we prove that the space Bpé; o )(R") is independent of the choice of
admissible function pairs (¢, ®) (see Theorem [2.1] below), via establishing a convolution-
type vector-valued inequality in Lemma below under the setting of this article. The
Calderén reproducing formula also plays an important role in the proof of Theorem [2.1]

In Section we first characterize the space B;E g o )(R") by means of Peetre maximal
functions in Theorem below via using the r-trick lemma obtained in [18, Lemma A.6]
(see also Lemmambelow) and Lemma Secondly, we establish a new characterization
of the space Bpg ; Z)( )(R”) in terms of averages on balls in Theorem below. To prove
Theorem [3.5] we obtain a key pointwise estimate for some operators via involving the

decay function: for any given v € Z, and m € (0, 00),

2’[]71
1.1 om(T) 1= ————— Yz R,

in Lemma [3.10/ below. In the proofs of Theorems [3.1] and [3.5] the convolution-type vector-
valued inequality in Lemma [2.2] is repeatedly used.

We point out that, recently, Drihem [22, Theorem 4.9(i)] established an equivalent
characterization of the variable Besov-type space B EgT(())(R”) in terms of ball means
of differences via some different methods from the ones used in this article. Compared
with |22, Theorem 4.9(i)], Theorem [3.5|below has an advantage that the smoothness index
s(-) has an essentially wider range; see Remark below for more details.

Finally, we make some conventions on notation. Let N := {1,2,...}, Z; := NU {0}

and Rﬁ“ := R"™ x (0,00). We denote by C' a positive constant which is independent of
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the main parameters, but may vary from line to line. The symbol f < g means f < Cjy.
If f <gandg < f, we then write f ~ g. We also use the following convention: If f < Cyg
and g = h or g < h, we then write f < g~ hor f < g < h, rather than f < g = h or
f < g <h. If Eis asubset of R" we denote by 1g its characteristic function. For any
x € R" and r € (0,00), denote by Q(x,r) the cube centered at x with side length r, whose
sides are parallel to the axes of coordinates. For any a,b € R, let a V b := max{a, b}. For

any ¢ € S(R™), we use " to denote its inverse Fourier transform, which is defined by
setting ¢V (€) := p(—¢&) for any & € R".

2. Independence of choices of (¢, D)

In this section, we show that the space B 8 ()(R") in Definition is independent of
the choice of the admissible function pairs (¢, ®).

Theorem 2.1. Let p,q € P8(R"), s € C\%5(R™) N L®(R™) and ¢ € G(R"™). Then the
space B E;‘qb(.)(R”) i Definition is independent of the choice of the admissible function
pairs (@, ®) as in (1.7)) and (L.8))

To prove Theorem [2.1] we begin with the following convolution-type vector-valued
inequality, which generalizes |6, Lemma 4.7] (see also |27, Lemma 10]) by taking ¢ = 1.
For any given v € Z4, m € (0,00) and any x € R", let n, () be as in (1.10).

Lemma 2.2. Let ¢ € Q(Rffl) and p,q € P°8(R"). Suppose that p_,q_ € [1,00] and
m € (2n+ Ciog(1/q) +21logy c1,00), where p_ is as in (1.1)), g— as in (1.1) with p replaced
by q, Ciog(1/q) as in (1.2)) with g replaced by 1/q and ci as in (1.5). Then there exists a

positive constant C' such that, for any sequence { f,}vez, of measurable functions,

1 1
sup WH{%m % fo vz (pv0) o) (o0 (PY) < C}Sjlelg MH{fU}vZ(jp\/O)||£¢I(~)(LP(~)(P))7

where Q is as in ((1.9)).

Proof. For any given dyadic cube Q € Q, any j € Z4 and x € R", we write

Fi(@) = [fi(@) gt (@)

lezn

Then, by choosing r € (0, % min{p_, q_, 2}, together with (ii) and (iv) of Remark and
the well-known inequality that, for any d € (0, 1] and {a;};en C C,

d
(2.1) D lagl | <> agl,

jEN jEN
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we find that
1
#(Q) [ {njm = £i}12(qv0) qu(~)(Lp(~>(Q))
all >
< i [{ Sl 50 0}
(2-2) ¢(Q) lezn ! ITQHNQ) jZ(jQVO) Zq(-)/T(LP(-)/r(Q))

1/r
¢(Q){ Z [{nj.m * [1£i110+16@)]} 2 Govo) Heq()(Lp )(Q))} :

lezn

Observe that, for any [ € Z", j € Z; N [jg V 0,00), € Q and y € Q + 1{(Q), we have
1+ 2|z —y| = 1+ |I] and hence

2Jn
Nim * [ 11110l () /Rn (1+2J|x_y|)m|fg(y)| 0+10(Q)(y) dy

S ERTE 1£i11011e0)] (@),

where X is a constant such that A € (n + 2logyci,00) and m — X > n + Cipe(1/q).
By this, (2.2) and the convolution-type vector-valued inequality on ¢¢)(LP()(R™)) in [6)

Lemma 4.7] (see also [27, Lemma 10]), we know that

1
Q) [ {nm * £i}i2(qv0) Héq<~)(Lp(~)(Q))

1 . 1/r
S (L+[I)~ WH{W,m—A * [|fj|1Q+M(Q)]}j2(ijo)ng«)(Lp(»)(Q))}

P
e

1 ., 1/r
1+ 1)~ = {1 fi1 111 Yiz Govo) ngc)(Lm»(Rn))}

9@+ u@) "
5{lezzn<1+|u>kr[¢<@>r} o, Sz ooy

peo O(P

On another hand, since, for any () € Q and [ € Z",
P(Q +1(Q))

?(Q)
due to [45, Lemma 2.6(ii)], it follows that, for any Q € Q,

—Ar [¢(Q + M(Q))]T —Ar 2rlog, €1
Sy S DA e s

where we used the fact that A > n + 2log, ¢1 in the last inequality. From this and ([2.3)),
we deduce that, for any Q € Q,

1 1
m”‘{%}m * [j}52(iqv0) HE‘I(‘)(LP(‘)(Q)) S 153161% @H{fj}jz(jpvo)Heq«)(LpM(P))’

S (L J1])2los2es
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which, combined with the arbitrariness of () € O, implies that the conclusion of this
lemma holds true. This finishes the proof of Lemma O

Remark 2.3. From the proof of Lemma [2.2] we deduce the following conclusion, the details
being omitted. Under the same assumptions as in Lemma [2.2] there exists a positive

constant C' such that, for any sequence { f,},en of measurable functions,
sup Aglgfﬂ{nv,n=kj;}veN“ < C sup “1‘*H{fb}veNH
peo ¢(P) ’ O(LPO)(P)) = peo ¢(P) 0a0O) (LPC)(P))?

where Q is as in ((1.9).
The following Lemmais just [27, Lemma 19], which is a variant of [18, Lemma 6.1].

Lemma 2.4. Let s € C’llgf(R") and d € [Ciog(s),0), where Ciog(s) denotes the constant
as in with g replaced by s. Then, for any m € (0,00), v € N and z,y € R",
2”s(x)nv,m+d($ —y) < CQ”S(y)nv,m(:E —y) with C being a positive constant independent of

x,y and v.

Remark 2.5. Let all the notation be the same as in Lemma [2.4 Then, by Lemma we
conclude that there exists a positive constant C' such that, for any non-negative measurable
function f and x € R",

2v8(x)77v,m+d * f(llf) S Cnv;m * (21}8()f)<$)

Proof of Theorem [2.1] Let (¢, ®) and (¢, ¥) be two pairs of admissible functions. To
prove Theorem by symmetry, it suffices to show that
S

() :
B, ()a()®™)

Byya0) ®)

By the Calderén reproducing formula (see, for instance, [47, (2.6)]), we know that
there exists another admissible function pair (¢, ¥9) such that

o0

Z 27960(279¢) =1, V¢ eR™

Then it follows, from [24, (12.4)] (see also [47, Lemma 2.1]), that

F=> syl f inS'RY,

k=0

which implies that, for any j € Z,,

1
pjx f = E:g%* Dok ik S

k=—1
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where g = @, Yy = U, 1/18 = W0 9y := 0 and ¥°, := 0. For any j € Z, and
k € {-1,0,1}, by an argument similar to that used in the proof of [6, p. 1643], we find
that, for any r € (0, min{1,p_,¢_}) and m € (0, 00) large enough,

|07 % U0 Yy x fI S Mjanam * ([j4n * FI7]T

From this, Lemma [2.2] and Remarks [1.4(ii) and we deduce that

1 A
» — = ||£93s0),. Ny
11l ;E ; ?( (&) = Isalép &(P) H{2 wj* f}]Z(JPVO)qu(-)(Lp(.)(P))
~ Z su ’{ girs( 77J+k 3m * (|¢J+k * fl" )}g> (jpV0) ng ()/r(LPO/7(P))
! 1

< - . VEQ)
~ kgl ;lelg ¢(P) ”{nj+k72m ([2 W}]-l-k * f” )} ]p\/O)qu( )/ (L) /T (P))
~ Z SUP H{ ]s( W]—&—k*fu }j>(]p\/0 HM )/ (LPO)/ (PY)
~ Hwas Y

By e &™)

which completes the proof of Theorem [2.1] O

3. Equivalent characterizations of B*! ( (]R”)

In this section, we establish equivalent characterizations of the space B’ () ()(R”) via

Peetre maximal functions and averages on balls.

3.1. Peetre maximal function characterizations

Let (¢, @) be a pair of admissible functions on R™. For any a € (0,00), s: R* - R, j € Z
and f € S§’'(R"), the Peetre mazimal function go;f’a(st(')f) of f is defined by setting, for
any © € R",

5. 275W)|p; % f(y)|
#a(2750C) £)(z) := su ,
£y (FTINE) = s il y e

where g is replaced by ®
Theorem 3.1. Let p, q, s and ¢ be as in Definition [I.5l Assume that
a € (2n/min{l,p_q_} + cio5(1/q) + 2logy 1, 50),
where p_ and c1 are, respectively, as in and . q_ 18 as in with p replaced

by q. Then [ € Bp(g a0) (R”) if and only sz e S'(R™) and ||f|* B0 (gm) < oo, where
p( )a()

£ B,

— @ 9is() F\L
R ;‘ég o(P) {5 (2 f)}JZ(JPVO)HZ‘I('>(LP(‘)(P))‘
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» , L . .
Moreover, HfHB;E:ng(')(Rn) ||f||B;E:§Zj(.)(R”) with the positive equivalence constants inde
pendent of f.

To prove Theorem 3.1} we first recall the following r-trick lemma, which comes from [18,

Lemma A.6] and its proof.

Lemma 3.2. Let r € (0,00), v € Zy and m € (n,00). Then there exists a positive
constant C, only depending on v, m and n, such that, for any x € R"™ and g € S'(R"™)
with suppg C {€: [¢] <2V},

sup 19(2)] < Clnwm * (lgI") (@),

where Q € Q contains x and ((Q) = 27".

Proof of Theorem [3.1] If f € S'(R™) and HfH;;s(-m &) is finite, then it is easy to see
p(-).q(")
that

(), ny <00,

HfHBpEAi,Z»(R )
8(')7¢ n

namely, f € Bp(%q(.)(R ).

)

Conversely, let f € B;(:) (R™). Observe that, for any j € Z,

:q(-)
supp@; C {¢ € R™: [¢] < 2711}

due to (1.7) and (L.8)). Then, by Lemma we know that, for any j € Zy, t € (0,00)
and y € R,

(3.1) 05 % FW)] S mjzat * (I * FID) ()]
Notice that, for any z,y, z € R™,
L+ 20e—y)™ < (1 + 2]z —2)) 71+ 2|y — 2[)*".

Thus, by this, Lemma [2.4] and (3.1]), we obtain, for any j € Zy, t € (0,00) and z € R",

: 275Wtn 501 * (|05 * fIP)(y)
a0 )]t < sup 2 zat* (g
[90] ( f)( )] Nyg[[gb (1+2J’m7y|)at

Mjat * (20 p; + £1°) (y)
Tyerr (14 2z—y|)*

S / AR !
S Jen T 2]y — 2 ¥ L+ 2z gy

9in9js(z)t .
< /n (14 2]z — z’)at"pj « f(2)] dz

~ D+ (27 s % 1) ().
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Now, if we choose t € (0, min{1, p_, g }] such that at > 2n+tcjog(1/q) +2t logy c1, then,
by Remark [1.4{iv) and Lemma we conclude that

SUP H{w* (20 )}jZ(jPVO)HM(')(LP(')(P))
PcQ
- }Sjelp H{ "N w0 ng( N/ (LPO/E(P))

< - . Js(-)t
< swp o P {mjar * 27055 11} i3 Govo) ekt oo e oy

HfH g()45 R")

*
Therefore, ”fHBs(-),¢ (R” ~ ||f” S( ), 45( >(R")

which completes the proof of Theorem O
p(),q(")

By Theorem and an argument similar to that used in the proof of [46, Proposi-
tion 5.6], we conclude the following embedding properties, the details being omitted.

Proposition 3.3. Let p, q, s and ¢ be as in Definition [1.5. Then

n S(')7¢
S(R™) = By ja0

(R") — S'(R™).
3.2. Characterizations via averages on balls

In this subsection, we establish a new characterization of the space B 8 ()(R") via ball

averages. To this end, we first recall some notation. In what follows, we always use the

loc (Rn)
and ball B(z,t) C R" with x € R" and ¢ € (0, 00), the ball average operator By is defined

by setting i B 1 )
D@ = o /B W

and, for any ¢ € N, the 2{-th order ball average operator By, by setting

symbol Li (R™) to denote the set of all locally integrable functions. For any f € Li

loc

L
Bual @) =~ -1, 2 Y Bl

here and hereafter, for any k,r € N with & > r, (ﬁ) denotes the binomial coefficient.
In what follows, for any p(-) € P(R") and ¢ € G(R’:™!), denote by the symbol Lg(')(R”)

the set of all measurable functions f on R satisfying

: = su 00,
HfHLZ()(Rn) Pegﬁp P)>1 (z)( )HfHLP()(P)

where Q is as in (|1.9).



Ball Average Characterizations of Variable Besov-type Spaces 439

Remark 3.4. By Remark (1) and an argument similar to that used in the proof of
Lemma we conclude that, if ¢ € G(RTH), p € PP8(R™) and m € (0, 00) large enough,
then, for any f € LZ(')(R”),

H770,m * fHLZ(')(Rn) S CHfHLZ(')(Rn)

with C' being a positive constant independent of f.

The main result of this subsection is stated as follows.

Theorem 3.5. Let p, q, s and ¢ be as in Definition with p_,q— € [1,00] and ¢; €
(0,2V/P+), where p_, py and c1 are, respectively, as in (L.1)) and (L.5), ¢ is as in (L.1)
with p replaced by q. If £ € N and 0 < s_ < sy < 2¢, where s_ and sy are as in (|1.1))
with p replaced by s, then f € B;é:;’j(.)(R") if and only if f € S'(R™")N LZ(')(R”) and
— 1 ks ()
|Hf|HBZE:§Zf<4>(R") = \|f||LZ<<>(Rn) + ;‘QZMH{Q f - Bf,k(f)]}kENHZQ(~)(LP(~)(P)) < 00,

where Q is as in (1.9). Moreover, ”f|’BSE'§‘¢()(R") ~ H|fH|BSE';’¢()(1Rn) with the positive
p(-)q(- p(-)>q(-

equivalence constants independent of f.

Remark 3.6. (i) Let p and ¢ be as in Theorem 3.5, Then L2 (R™) € LL (R™). Indeed, if
fe Lg(')(]R”), then, by the Holder inequality (see, for instance, [12, Theorem 2.26]), [45,
Lemma 2.6] and [12, Lemma 2.39], we know that, for any dyadic cube @ := Q;; € Q with

jGZ\N,kEZ”anansin,
/Q @) dz S 11 Lo el o
S 110 gy @l
S 110 g 195251+ H)21522(1Q + 1) < o,

where 1/p(-) + 1/p*(-) = 1 and ¢ is as in (L.). Thus, f € L] _(R™) and hence the above
claim holds true. From this claim, we further deduce that Theorem makes sense.

(ii) The conclusion of Theorem [3.5|is new even when ¢ = 1, namely, it is new even on
the variable Besov space B;E_g,q(_)(R").

To prove Theorem we need some preparations. Let C(R™) be the set of all complex-
valued uniformly continuous functions on R™ equipped with the sup-norm and C*°(R")
the set of all smooth functions on R™. Following [47, Section 1.3.3], let ¥ € C*°(R") be
a radial function with compact support such that, when |z| < 1, ¥(z) = 1 and, when
|z| > 3/2, U(x) = 0. If we let U0 := ¥ and, for any j € N, WJ(-) := (277 .) = @(277+L.),
then we obtain a smooth decomposition of unity, namely, for any z € R", Z?io Ui (z) = 1.

Let, for any z € R", ¢(x) := \11/(2\-)(—33),

(3.2) ¢o(z) := ¥(—z) and 0;(x) == 2"p(2x), VjeN.



440 Cigiang Zhuo, Der-Chen Chang and Dachun Yang

Proposition 3.7. Let p, q, s and ¢ be as in Definition [L5 If s_ € (0,00), then

8('),¢
Bt

Proof. Let f € 328 ’f(_)(R”) and {p;}72, be a smooth decomposition of unity as in (3.2)).
Then f = > 2qp; x f in S'(R"). By an argument similar to that used in the proof
of |6, Theorem 6.1(ii)], we know that

R") < LD (R™).

S(')7¢ n
Bp(-)ﬂ(-)(R ) = Bp( ),p

where p := min{1,p_}. Thus, by Remark and -, we find that, for any P € Q with
UP)>1,

(R™),

> "
< { Sl 1Pl |
PO (P) {j:(] J LrO/e(p)
3.3

(3:3) 5¢<P>\|f||30¢) &

P pre gy

which implies that Zj’;o @; * f converges in LZ(‘)(R”). In this sense, we regard f as a
function in LZ(')(R”). Moreover, by 1 , we know that

HfHLZ('>(R") = sup

Sfllgos @y SNl gsere gy
PeQu(P) >1¢> H HBP(')’B(R) | ”Bp«),q(»)(R)

Lp(~) (P)

This finishes the proof of Propos1t10n O

Lemma 3.8. Let p, q, s, ¢ be as in Definition u Assume that ¢; € (0, 2”/p+). Then

fe BS(;Z)( (R™) if and only if f € S'(R") and Hf\BS()d) )(R”)H < 00; moreover, there

exists a positive constant C, independent of f, such that
(3.4) 171520 @ny < [ 7B o0 @] < ClAllgere g
p(-),q p(-),q(*)

where, for any f € S'(R™),

718505 ®™)

— js(°)
= sup sy (0l # 1},

0a() (LrC)(P))
Proof. To show this lemma, we only need to prove that, for any f € B;E:g’;b(.)(]l%n), the
second inequality of (3.4) holds true. Let P C R™ be any given dyadic cube and, for any

j€Zy and x € R™, fi(z) := 275@)|p; « f(:):)| Then, by Remark (ii), we have

o(P H{fJ}JGZ+ng()Lp()( H{fj ]PVO H@q( )(LPC) (P))

(3.5) + M“{f]’}?‘;(jpvo)qu(J(LP(')(P))

=:1p1 +1Ip2,
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where Ip; := 0 if jp < 0. Obviously, Ips < || f|[ 5 (0 (Rn)”

To estimate Ip;, we only need to consider the Case that jp > 0. It is easy to see that,
for any j € Z4 with j < jp—1, there exists a unique dyadic cube P; such that P C P; and
{(P;) = 277 and hence, by an argument similar to that used in the proof of |46, p. 1873],

we find that
1 1Pl o) mny H(Pj)

o) Millo@ S Wlge @ [0 g o)
Observe that, for any cube @ C R™, when |Q] < 2", then, for any x € @, H1Q||LP(A)(RH) ~
|Q|'/P(®) and, when |Q| > 1, 1ol Lre) @ny ~ |Q['/P> (see [17, Corollary 4.5.9]), where pso
is as in with g replaced by p. Then it follows, from an argument similar to that used
in the proof of [50, Lemma 2.6], that

||1P||LP() (R™) < oli— ]P)n/P+

11p ooy @ny ™~
which, combined with the fact that ¢(P;)/¢(P) < 27U —Ir)1o82¢1 thanks to the assumptions
of ¢, further implies that

1

N Fill oy oy < .. 9(i—ip)(n/py—logyc1)
o(P) il oy py S ||f||BpE.§jf(.>(R")

Now, by choosing r € (0,3 min{p_,q—,2}], (i), (i) and (iv) of Remark and the as-

sumption ¢; € (0, on/ P+), we conclude that

r 1 1/r
Ip, H{f | lgeCrrm(zorm ()
ir— 1 1 1/r Jjp—1 1 1/r
< o L L ey } N{ £l }
{ ; [¢<P)]TH ]‘Lp (P) ; [¢( )] ’ J LP()P)
i 1
< 0, oli—ijp n/p4—logy c1 7’} 5 s(), .
~ Hf”BpEj,f(.)(R”){ ]go Hf”Bpg‘g,jw(R")

Therefore, by (3.5 , we find that

18,050 ®)| S sup es +1p2) S Ul e o
By(yia() (B
which completes the proof of Lemma O

The following conclusion is a variant of |27, Lemma 8§].

Lemma 3.9. Let p,q € P(R"), ¢ € GRT) and § € (0,00). Assume that {g}rez is a

sequence of non-negative measurable functions on R"™ and

=> 207Mg(z), Ve eR", Voel
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Then there exist positive constants Cy and Coy such that

1 1
(3.6) E}ég @H{Gv}vz(jpvmHeq«)(m»)(p)) <G ;‘ég @H{gk}kz(h\/o)Héq(')(LP(')(P))
and ) )
Iﬁ‘ég o(P) H{Gv}veNHeq<»>(Lp(->(p)) < Cy ;‘ég o(P) H{gk}keNHEQ(')(LP(~)(P))’

where Q is as in ((1.9)).

Proof. To show this lemma, we only prove (3.6|) by similarity. Let r € (O, % min{p_, q_, 2}] )
Then, by (ii) and (iv) of Remark we know that

1
]Sj‘éPQ ﬁ [{G o }ox(ipv0) Heq(-)(m»(p))

raasl{Er )

peg (P

ga() (LP(-) (P))
1/r

v>(jpVO0)

= sup ——- H{ 2 MQHUV}
peo #(P) || | = v>(jpv0) llea) /r(LeC) /r (PY)

ry1/r
{ Z 9o [ SUp —— H{gHv}v>(JPvO HgQ( I(LeC )(P))} }

< - .
< s <Z>(P) H{gk}kZ(JPVO) e 200 ()

A

which implies that (3.6)) holds true. This finishes the proof of Lemma O

By a subtle modification of the proof of |14, Lemma 2.2], we obtain the following

conclusion.
Lemma 3.10. Let M € (0,00) and {T}}1e(0,00) be a family of operators given by
Tif(z) == ([m(t)]Y) * f(z), Yz eR", VfeSR")NLL.(R"), Vte (0,00)

for some m € S(R™). Then there exists a positive constant C such that, for any t € (0, 00),
feSRYNLL . (R") and z € R",

(3.7) IT2f ()] < CLIV™m] gy + lIml| 1 gny ] (rear * | 1) (2)-

Proof. For any t € (0,00), f € S'(R") N L (R") and z € R", by the definition of the
Fourier transform, we find that

(s r~‘/ m(t€)e’e “dfdy‘

(3.8) < i(e—y)€
S ‘ /|xy<tf(y) [ mteereten<day +

= I+1L

/Izylzt ‘
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For 1, it is easy to see that

I3 - dzd
59) i o o
/Iac yl<t L+t — y’)M|f(y)‘ Y llmll s gn)

+t= e
S (ear x| f1) ().

For II, via the Fubini theorem and the integration by parts, we conclude that

ws [ [ e e dedy
z—y

(3.10) N/ T f(y) / M
ooyt (T 0 — g L, 19 m©dcdy

< (e * LD @) VY m| 1 gy

Combining (3.8]), (3.9) and (3.10|), we conclude that (3.7]) holds true, which completes the
proof of Lemma [3.10 ]

Now we prove Theorem

Proof of Theorem [3.5] Let f € Bp( g o B™) and {p;}22 be a smooth decomposition of

unity as in . Then, by the proof of Proposition we find that f = ijo pj *
f converges in LZ(')(R”) and S'(R"), where {¢;}52, is as in (3.2). Thus, by this and
Remark [3.6]i), we know that, for any k € Z,

k—1 [e'S)
(3.11) F=Buas(f)= [ D +D | I = Beas)(j * )
j=0  j=k

Since supp p; C {€ € R™ : |¢| < 2771} for any j € Z,, it follows that

supp @; * f C {£ € R™: [¢] < 2771},

which, together with the r-trick lemma (see Lemma, implies that, for any M € (0, c0)
large enough and = € R",

(3.12) s * f(2)| < (nj.m * g % f)(@).

When i € {1,...,¢}, it is easy to see that

1
Ba-sles * N0 = Ty /B il

2k:n
~ f*ei(y)ldy

S Mk * (!f * i) ().
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By this, (3.12) and Remark (ii), we conclude that, for any P € O,

1= {20 10 - Bt 11

j_k keN

H{2ks Z%M* |90j *f|}
keN
e e

=:1; + Is.

240 (LPC) (P))

(3.13) (a0) (L0 (P))

keNIleaC)(Lr()(P))

For I;, by Lemmas 3.9 with 0 replaced by s_ (hence we need s_ > 0 here) n and -
(here we need p_,q_ € [1, o0]), we know that

T T | OO L W
< su de)(lP) {2js(')77j,M * ) * f|}jeN 4O (LrO) (P))
(3.14) < sup <Z>(1) {mazz = 2 Oles IV senl| ey 1o
e ;Lepo ¢(1 P) {20l = 1} e 040 (LPO)(P))

Similarly, for I, we also have

sup ———1Is < sup

1 1 =
< oks(:) | ]}
sup 57 % 308 g0y { e | 2 el

1 o0
< sup —— {2’“(') pj* f }

(3.15) 1 s . .
P 6P| 2 o7l

[2950) |, I} jen

ZLZ(‘)(LP(‘)(P))

keNIleat) (LrC) (P))

keNIleat) (LrC) (P))

<
~ ;gg o(P)

Combining (3.13)), (3.14) and (3.15)), we conclude that

1 1
3.16 su I< su I; + su I S s -
(8.16) S0 ) S B o) pééqa( 2 S0l eny

£aC) (L) (P))
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. k—1 . .
Next, we estimate the term » ;= --- in (3.11)). To this end, let

T ;(f) = (I = Byo-i)( * f)-

By the Calderén reproducing formula (see, for instance, [47, (2.6)]), we find that there
exists another admissible function pair (¢, V) such that, for any £ € R™,

V(S + > PRIY(277¢) =1.
j=1

Let mf;j € S(R™) be as in [49, (2.11)]. Then, by an argument similar to that used in the
proof of [49, (2.11)], we conclude that, for any k € Z and j € {0,1,...,k},

T (F) = (Imug (277 )]Y) * (01 + @5 + js1) * f,

where ¢ := ® and p_; := 0. Moreover, by the proof of |49, Theorem 1.3], we find that,
for any M € N,

£ 14 0(—k
sl ey + IV Ml gy < 22070,

~

Thus, by Lemma [3.10] we find that

(I = Bya-)(9j * NI S 2V ninr | fl,

where f; := (¢j—1+¢@;j+@j+1) * f. Therefore, by this estimate, (ii) and (iv) of Remark [1.4]
and (2.1)), we find that, for any r € (0, 3 min{p_,q_,2}],

k—1
. ‘{kam N (I = Byye) (g * f)l}
keN

J=0

£aC) (L) (P))

N

keN

{ —0
0
~ { Z 2”<2£—5+)nk+v,M/2 * [2(k+v)s(')‘fk+v”}
R keN

f‘ﬂ')(LP(')(P))

E‘I(‘)(LP(')(P))
1/r

N

Z [2U(2é_8+)77k+v,M/2 * {Q(kﬂ)s(')’fkﬂf}]r}
v=— keN

() /r(Lp(O) /7 (P))

N

1/r
zq(-)/r(mt)/r(ﬂ)]

|: i 21)7"(25—5...)

V=—00

~ |: i 2v7"(2£—5+)

V=—00

{ [nk-i-v,M/Q * {2(k+v)s(-) ‘karv ‘VU,k}]T}kEN

r

1/r
eq(~)(Lp(~)(p))] ’

{nk+v,M/2 * [2(k’+v)s(~) ’karv ’7v,k] }keN
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where 7, % := 1 when v > —k and, otherwise, 7, := 0. From this, s; < 2/, Lemmas [2.2]
and we deduce that

0 1/r
1 r

- or(20—s4) L ks(:)

(3.17) peo (P )H LZ—:OOQ Peo ¢(P)H{2 filbiez, eq(-)(Lp(-)(P))]

By (3.17)) and (3.16)), we conclude that

ks(-
[0 = Bea(l b

which, together with Proposition [3.7], implies that s(), o S s(), -
g p p mmepEA;’j’(A)(R ) Hf”BpEjj’(A)(R "
Conversely, by the proof of |14, (2.16)], we find that, for any 7 € N and = € R\ {0, },

2aC) (LPC) (P))

frpj(a) = (h(277 )" % [f = Boas (),

where 0, denotes the origin of R™ and h is a function in C*>°(R™) with supph C {{ € R™:
|| <2}. Then, by Lemma we know that, for any M € N,

(3.18) [f i@ S mjar + [|f = Bep—i (N)ll(x), VzeR" vjeN

For any given P € Q, if jp > 0, then, by (3.18]) and Lemmas and we obtain

1 .
e = 1935,
Sp = ¢(P)H{2 lp; *f|}jz(jpv0) 0aC) (LPC) (P))

< sup

1
NP€Q¢( ) {2j Nj,M * f BZQ J(f)”}jeN

gq(d(Lp(')(P))

1 .
< . YEIQ! _ ;
(3.19) Nﬂg¢(){mwﬂ*@ 17 = Boa=s (DN et | ey oo (o
< 25s0)[f — B |
N§£¢(){ 1 = Bea=s (D en] s gt oy

SIAllprre gy

where M € N is chosen large enough. If jp < 0, then, from Remarks - 1.4{(ii) and |3 -,
(3-18), Lemmas H and [2 - 2| and the fact that o * f| < noar * (| f]), we deduce that

1 .
_ OIS
SP_MPMQﬁ‘%*ﬂbﬂzwwww»

< sup Fllec
el (P )||800 e Py
js(-
+§e%¢ H{2 M * 1 = Bra=s ()]} jen ZRIIZRI)
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S ”7707M * fHLP(') Rn)

s [z O = Bras (D] e

peo ¢(P 0a0) (LPC) (P))

S Mgy + 599 55 2701 = Buas (1)} e

ZQ(‘)(LP(‘)(P))
~ Il gscre gy
|l |”Bp(»>,f(»>(R)
where M € N is chosen large enough. Therefore, by this and (3.19)), we further conclude
that
f 206 (gn) = = sup Sp SIfll 55006 (my-
g gy = 390 82 5 WSl re o
This finishes the proof of Theorem O

Remark 3.11. (i) In particular, when ¢ = 1 and ¢ is as in Remark [1.6{iii), we obtain the
following conclusion. Let p, ¢, s be as in Definition with p_,q_ € [1,00], 7— € (p4,00)
and 0 < s_— < s4 < 2. Then, by Theorem. we know that f € B’ () )(R") if and only

p()a()
if fe Lfi%(R”) and

Tl s
I |||BP(A)74(A)(Rn)

= HfHLﬁ((;(R")
v | CALLALY BRRVIORS IO < o0,
peg 1P|l L-0) gny B(-2-%) kenleat) (Lr0) (PY)
where Q is as in (1.9 and
1
Flpe) gny == sUp e fl o2 (p)>
|| ”Lf(_)(R ) peQ(P)>1 ||1PHLT(R") H ||LP (P)

and, by [22, Proposition 4.1], we know that Lf%%(]R”) — S'(R™).
(ii) Let ¢ be as in Remark [1.6{iii). Then, in [22, Theorem 4.9(i)], Drihem established
s(),7()

an equivalent characterization of the space B’ ), ()(R”) via ball means of differences.
Precisely, let 7 € PI°8(R"), p, g, s be as in Definition [I.5|with p_ € (1,00), 0 < ¢_ < g1 <

oo and L1
0<s_<s+<1+nmin{0,(—> }
p T/)_

Then f € B; )T (()(R”) if and only if f € Lp(g( ") and

+ sup

S — < o0,
pea |1pllLrrn)

eq(')(Lp(-)(P))

{2;43(.)% [ 0= fw) dy}
B(2-%) k> (V)
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where Q is as in ((1.9).
(iii) Compared (ii) and (iii) of this remark, we find that the main difference of those

two quasi-norms exists in that the absolute value | f(-) — f(y)] in m B0 is replaced
p(-),q(-

(R™)
)
by [f(-) — f(y)] in H\f\HBS(.),T(.)(Rn). However, this slight change induces a quite different
p(-),q(")
behavior between || f|| 5o().7¢) gny a0 [|[ ]| 5o().7¢) gny- The former characterizes the space
p(~)7q(~)( ) p('),q(')( )

B;E; ;(()) (R™) only with smoothness order less than 1 even when (1/p—1/7)_ > 0, while the
(),7()

later characterizes the space B;(_) ;(_) (R™) with smoothness order less than 2. Therefore,
in this sense, Theorem essentially improves the corresponding result obtained in 22|
Theorem 4.9(i)].
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