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Character Formulas for Simple Modules of Hamiltonian Lie Superalgebras of
Odd Type

Wende Liu, Jixia Yuan® and Shujuan Wang

Abstract. In this paper, character formulas are explicitly characterized for all simple
restricted modules of Hamiltonian Lie superalgebras of odd type over an algebraically
closed field of characteristic p > 3. In the process we use the lengths and highest
weights of simple quotients of restricted Kac modules of atypical weights with respect
to a series of Borel subalgebras to determine the composition factors, composition
series and the character formulas for the restricted Kac modules of atypical weights

for the Lie superalgebras under consideration.

1. Introduction

Restricted Lie superalgebras and their restricted representations play a central role in the
theory of modular Lie superalgebras, just as in the modular Lie algebra situation. A
modular Lie superalgebra is referred to be restricted if its Lie algebra is restricted and the
adjoint representation of its Lie algebra on the odd part is restricted. Let L = L @ Ly
be a restricted Lie superalgebra. The p-mapping [p] of Lie algebra Lj is also called the
p-mapping of the whole Lie superalgebra L. An L-module M is called restricted provided
that

2 -m =z .m for all x € Ly, m € M.

Over an algebraically closed field of characteristic p > 3, there are four series of finite-
dimensional graded simple Lie superalgebras, called the generalized Witt, the special,
the Hamiltonian and the contact Lie superalgebras, respectively, which are analogous to
the corresponding four series of finite-dimensional graded simple modular Lie algebras of

Cartan type |17]. Modular representations of these four series of Lie superalgebras have
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been sufficiently studied by many authors (for example, see [10-15]). Apart from these
four series of graded simple Lie superalgebras, there are additionally four infinite series
of finite-dimensional graded simple Lie superalgebras over an algebraically closed field of
characteristic p > 3, called the Hamiltonian Lie superalgebras of odd type, the special
Hamiltonian Lie superalgebras of odd type, the contact Lie superalgebras of odd type and
the special contact Lie superalgebras of odd type [1[7,8], which are analogous to the four
series of infinite-dimensional simple Lie superalgebras of vector fields over C defined by
odd differential forms [4]. Note that the latter four series of Lie superalgebras possess more
complicated structures and have no analogues in Lie algebra case. In 2014, the authors
obtained a sufficient and necessary condition for the restricted Kac modules to be simple
for the restricted Hamiltonian Lie superalgebras of odd type over an algebraically closed
field of characteristic p > 3 [16].

Let g be a Hamiltonian Lie superalgebra of odd type over an algebraically closed
field of characteristic p > 3. In [16] root reflections are used to construct a series of
Borel subalgebras of g and to observe how the highest weights for simple quotients of
restricted Kac modules change along with the Borel subalgebras of g (see Lemma
below). Moreover, a group action on restricted Kac modules of g is also introduced, which
is consistent with the module action of Lie superalgebra g itself and then the lengths of
simple quotients are determined for the restricted Kac modules of g with atypical weights
(see Lemma. In this paper, we use the lengths and highest weights of simple quotients
of restricted Kac modules of g with atypical weights with respect to a series of Borel
subalgebras to determine the composition factors, composition series and the character
formulas for the restricted Kac modules of g with atypical weights (see Theorem [4.4)).
Since a simple restricted module of g is necessarily isomorphic to a simple quotient of a
restricted Kac module of g, all simple restricted modules of g are determined in a sense.
We should mention that our methods are close to the ones used by Serganova for Cartan
type Lie superalgebras over a field of characteristic zero [9] and by Shu and Zhang for
Witt type Lie superalgebras over a field of prime characteristic [11,|12].

2. Basics

The ground field F is assumed to be algebraically closed and of characteristic p > 3
and its prime subfield is denoted by IF,,. All algebras, modules are assumed to be finite-
dimensional, unless specified otherwise. Denote by Zo = {0, 1} the additive group of order
two. For a vector superspace V = V5 @ Vi, write |z| for the parity of a homogeneous
element = in V. The symbol |z| implies that x is already assumed to be a homogeneous
element. We also adopt the following notation: For a proposition P, put ép = 1 if P is

true and dp = 0 otherwise.
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By definition, the restricted enveloping algebra u(L) of a restricted Lie superalgebra
(L, [p]) is the quotient algebra of the universal enveloping algebra U(L) modulo the two-

sided ideal generated by all elements a? — z[?! with 2 € Lj.

2.1. Divided power superalgebras

Fix a pair of positive integers m, n and write r = (r1,...,7m | Tm+ti,---,Tmtn) for
an (m,n)-tuple of non-negative integers. For an m-tuple of positive integers, N =
(N1,...,Np), let I(m,N | n) be the set of all (m,n)-tuples r such that r; < p"i for
1<i<mandr =0or1lform<i<m+n. Following [5,6], write O(m, N | n) for
the divided power superalgebras, which is a supercommutative associative superalgebra

having a basis {z® | r € I(m, N | n)} with parity [z)| = (3,.,, 7)1 and multiplication:
jasg r+s
x(z)x(§) — H min(:l’ 2 — r; — Si)(_l)z7n<i<j§m+n Tj8i < ) $(£+§).
r
i=m+1 -

Note that O(m, N | n) is a generalization of the divided power algebra O(m,N) and is
isomorphic to the tensor product the divided power algebra with the trivial Zs-grading

and the exterior algebra of rank n with the natural Zs-grading:
O(m,N | n) ~O(m,N) ® A(n).

2.2. Hamiltonian Lie superalgebras of odd type

Let €; be the (m + n)-tuple with 1 in the i-th place and 0 elsewhere. For simplicity, write
x; for (%), Define the distinguished partial derivative d; with parity |9;| = |z;| by letting

Oi(xj) = 6;5 for 1 <i,j <m+n.

From now on, suppose m = n. As in [5,6], write

2n
Dey = Y (-1)* Mooy,
i=1
where
., i+n ifl1<i<n,
1T =
i—n ifn<i<2n.
Note that
|Dey| =[fl+1
and

[Dey, Deg| = Deyy gy, forall f,g € O(n,N | n),
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where { -, -} is the Buttion bracket given by

2n

{f.9}5 = Des(g) = 3 (~1)2I11a,(£)0, (g).

i=1
Then
(e(n N | n) = {Des | f € O(n, N | n)}

is a finite-dimensional simple Lie superalgebra, called the Hamiltonian Lie superalgebra
of odd type. This Lie superalgebra was also called the odd Hamiltonian superalgebra and
denoted by HO(n,n; N) in [8]. In the present paper, we adopt the notation in [5,6]. Note
that it is analogous to the infinite-dimensional Lie superalgebra HO(n,n) of vector fields
over C (see [4]).

2.3. Extension

We extend le(n,1 | n) to

2n
le(n, 1| n) =le(n,1|n) +F> 0.
=1

By letting degx; = 1 = —deg ;, le(n, 1 | n) becomes a Z-graded Lie superalgebra

le(n,1|n) = @ Te(n, 1| n)y

i>—1

and the corresponding descending filtration is denoted by (le(n,1 | n););>—1. By abuse
language, we also call le(n,1 | n) a Hamiltonian Lie superalgebra of odd type.

Note that le(n,1 | n) is a Z-graded subalgebra of le(n, 1 | n) and 32", 2,;0; is precisely
the degree derivation of le(n,1 | n). In this paper we aim to determine the character
formulas for simple restricted modules of le(n,1 | n).

Convention. In the subsequent sections we will write g for le(n,1 | n).
2.4. Triangular decompositions

Let h=HhaF 2321 x;0;, where
b = spanp{Dey,s, | 1 <i <n}.

Then b is a Cartan subalgebra of g and g = D, b B where

go ={r €g|h,2] =a(h)x for h € b}.
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Write the dual basis of b as follows:

*

2n
& = (Dexixi/)*7 0= ijéj forall 1 <i<n.
j=1

Clearly,

— iflgign
De,, € g )
Oe,—0 ifn<i<2n.

Note that gjg) has a standard triangular decomposition gjg) = n[?)} OHho n[a, where

n[z]] = spanp{De, |n>i>j>1}+spang{Dey 4, | n < k,1 < 2n},

Tn+tj

n[a = spang{Deyy,,; | 1 <i < j<n}+spang{Dey,q [ 1 < k1 <nj.

Then g has a standard triangular decomposition g = n, © ho nar , where

Ny = N D -1y ng = nf(r)] S @g[i]'
i>0

As in |16], we define a sequence of root reflections in the order:

Y—e1—6s -y V—en—3r Ven—085 -++s Ve1—8
and then obtain a series of new triangular decompositions:

g=n; @hen forall<i<2n
For 0 < i < 2n, put b; = nj @ h. Then b; are Borel subalgebras containing bio), where
bpo) = ho nfg] is the canonical Borel subalgebra of g[g.

2.5. Restricted Kac modules
Suppose g (resp. gjo)) has a triangular decomposition
g=N @bh®NT (resp. 9] = N[a] eha N[a).

Let V = V5 ® V5 be a g-module (resp. g[o]—module). If for A € § there is a nonzero vector
v € V5 U V7 such that

h-v=Ah)v forall hcb;
r-v=0 forallz € NT (resp. € N[JFO]),
then v is called a highest weight vector in V' of highest weight A with respect to Borel

subalgebra B =h & N* (resp. Bjjy = b ® N[a). If V is a restricted g-module (resp. gjo-
module) with weight A, then A € Fpt!, where Fitt = spang, {€1,...,6n,0}. A weight
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A€ F;}H is called atypical if A € € and typical otherwise, where ) consists of the
following weights with a,b € Fp, 1 <i < n:

i—1
€iab = Zsj +agi+ (b+a+i—1)J,
j=1

n n
ein = g+ e+ (b+i—1)0
7j=1 =i

In the sequel, for A € §*, we write Fu, for the 1-dimensional module of h with module

action

h-vy = A(h)vy forall h €h.

Write LY(A) for the simple head of the restricted Verma module u(g;) ®u(b[0]) Fuvy. Note
that every simple u(g)-module is isomorphic to some L°()\) with some highest weight A

(see [3]). Let b be a Borel subalgebra of g containing by. Then

') =ule) @ L'O

u(b+g[o})
is called a restricted Kac module of g with respect to b. Obviously I°()) is a Z-graded
g-module and 7°(\) has a unique simple quotient module, which will be denoted by L®(\).
2.6. (u(g),¥)-modules

Recall that the conformal symplectic supergroup CSP(n,F) is a direct product of the
symplectic group SP(n,F) and the one-dimensional multiplicative supergroup F*. Let ¥
be the canonical maximal torus of the CSP(n,F) and x(%) be the character group of <.
A rational T-module V' is by definition that V = @ Aex(x) VA, Where

W={veV|t-v=At)v,teT}

Note that u(g) and u(gp)) are rational T-modules [16].
According to [11], a finite-dimensional superspace V' = V5 @ V7 is called a (u(g),%)-
module if V' is both a u(g)-module and a rational T-module for which each V,, with a € Z»

is a T-module and the following statements hold:
(1) The actions of h coming from g and from ¥ coincide.
(2) t-(a-v)=(t-a) (t-v)forallt €T, acu(g),velV.

Note that I°(X) and L% ()) are (u(g),¥)-modules, where 0 < i < 2n and A € Fjt!
(see [16]).
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3. Reduction lemmas
For 1 < <mn, put
b: = spang{Dey,s , | 1 < j < n,j # i}

Clearly, for \ € IE‘;H and a fixed i, A(h;) = 0 if and only if X is of one of the following
forms be; + ad, where a,b € F),. From [16, Proposition 3.1], we have the following lemma.

In the sequel, we identify two weight vectors of a weight if they are proportional.

Lemma 3.1. Let \ € IE‘;LH, 1<i<n andvy,...,vs, be highest weight vectors of L (\)

with respect to by, ..., ba,, respectively.
o If \(b;) # 0, then
v; = Dey, vi—1 and  V(p_jp1y = Deg;l V(p—i)'-
In particular,

Lot (A) = LY\ —g; —4), LPe=0'(\) = Lo+ (X — ¢; + 0).
e If \(h;) =0, then v; = v;—1 and

U(n—i) A=ad, a €T,
Yln—it1)y = De?;;z V(n—i)y A=¢& tad, a €Fp,
Deﬁ;l V(p_iy A =be;i+ad, a,bcFp, b#0,1.
In particular,
Lbz‘fl <)\) ~ Lbi ()\)

and

LPe—i+1) (X) A=ad, a €T,
LPm—y (A) 22 ¢ LPm—it1y (A—=2(g; —9)) A=¢g;+ad, acFp,
LPtn—i+1 (X — g; 4 0) A =be; +ad, a,beF,, b#0,1.

The following lemma was obtained in |16, Theorem 1]. However, for the reader’s
convenience, we give a proof with more clear explanations.
Lemma 3.2. Let A € Fg“. Then g-module 1°()\) is simple if and only if X is typical.

Proof. Let vy and v, be highest weight vectors of L% (\) with respect to by and ba,,
respectively. Note that highest weight vectors of L' ()) with respect to by are propor-

tional and the nonzero homomorphic image of a highest weight vector of I%(\) with
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respect to by is also a highest weight vector. Then vy can be viewed as a canoni-
cal homomorphic image of v). Note that any nonzero submodule of I°0()\) contains
Defg'él_,1 . -Deg;l Deg, - - - Deg, vy. Then I1°0()\) is simple if and only if

-1 -1
van = Def " - Dell " Dey, - - - Deg, -vo.

Then it is sufficient to show that A is atypical if and only if

-1 -1
Vop 7 Degll - DeP™" Dey, - - Deg, vp.

7L/

By Lemma one may express vz, by vo and elements of u(g_y)), that is, there exists
x € u(g[_q)) such that ve, = - vo. Consequently, \ is atypical if and only if

-1 -1
Voy # Degll _ Degn De,,, ---Dey, vg. O

/

Set
J ={diag(1,...,1,t) |t e F*}.

Since we have the following group isomorphism
T {diag(ty, ... tu,ty ooty ) [ Gt € T

J can be viewed as a subgroup of .
Note that any rational T-module V' has a Z-grading decomposition V' = @, V,
where
Vs={v eV |t(w) =tvt=dag(l,...,1,t) € J}.

Let L = L5 ® Ly be an abelian Lie superalgebra with the trivial p-mapping, dim L = m

and dim L7 = n. Then we have the following superalgebra isomorphism

u(L) = (Flzr,...,xm]/ (@, ..., 20)) @ A(n),

where (2, ... 2h,) is the two-sided ideal of the polynomial algebra Flz1, ..., x| generated

by #f,...,ah,. So u(L) has a natural Z-grading structure induced by the standard Z-
grading structures of F[z1,...,zp] and A(n). Let A = Y"1 | ase; + ad, where a;,a € F),.

Then

N = @ 10, L= @ LW
i=a—pn i=a—pn
where
1" (N); = u(g1)a—iu(gp)vr,  LP(N)i = u(g_1))a—iu(gp)) - va-
Put

suppy (V) = {s € Z | Vs # 0}.
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For any (u(g), ¥)-module V, we define the length of V' to be the number |suppy (V)| minus
1 and denote it by len(V). Then len(I°()\)) = pn and len(L% (X)) < pn. If A is a typical
weight, then 7% ()\) =2 L% ()) and so len(L' ()\)) = pn.

The following lemma is already contained in the proof of |16, Theorem 1]. However,

for the reader’s convenience, we also give a proof.

Lemma 3.3. Let A be an atypical weight. Then

0 if A\ =ad, a € Fp,
len(LbO ()‘)) = \pn — 2 Zf)\ =é&n,l,a, @ € Fpa

pn — 1 otherwise.

Proof. Let vy and vy, be highest weight vectors of L% (\) with respect to by and by,
respectively. Write L% (\) = @, L%(\); and A = 327, a;e; + ad with a;,a € F,. As in
the proof of Lemma [3.2] we can view vg as a canonical homomorphic image of vy. Then
we have vy € L% ()\), and therefore h = a. By Lemma we have

L ()\), if A\ =ad, a € F,
Voy € Lbo(/\)a_pn+2 if A= Enl,a> @ € ]Fp,

L[’O()\)a_an otherwise.

Since bz, = bjg) ® g[_1), we have u(g|_1))g[—1) - v2n = 0. It follows that

a if \=ad, acl,,
l=qa—-pn+2 ifX=¢ey1,4, a €Fp,

a—pn—+1 otherwise.
The proof is complete. O

Remark 3.4. Let X\ be an atypical weight. Then any simple subquotient of 7% ()\) must
be L' (1) for some atypical weight u. To see this, it is sufficient to show that L% (v) is
not a simple subquotient of 7°(\) for any typical weight v. By Lemma one sees that
I%(v) = L% (v). Then len(L%(v)) = len(I%(v)). Since len(I*(v)) = len(I%(\)) = pn,
L% (v) is not a simple subquotient 7°0(\).

For any fixed i with 0 < i < 2n, {L%(\) | X € F7 1} constitute the set of iso-classes
of simple restricted g-modules. Hence for any A € Fpt!, there is unique X' € Fp™' such
that L% (X\) = Lb2»()\). Write mult(\, ) for the multiplicity of L% (u) in I°0()), where
A€ Fg“. The ingredient mult(\, i) is crucial for computing the character formulas of
I%()\). If X is an atypical weight, then in view of Remark we have mult(\,v) = 0
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for all typical weights v. Therefore, it is sufficient to discuss mult(A, p), where A, p are
atypical weights.

The following lemma is straightforward.
Lemma 3.5. Let A\, u be atypical weights.
(1) Suppose len(L*(u)) = pn — 1. If mult(\, u) # 0, then p= X or p/ =X =231 &

(2) Suppose len(L* () = pn — 2. If mult(\, ) # 0, then either up = \, A — e — 6,
A+ep—0d for some k withl1 <k <norp =X—2%"¢.

Let A, p be atypical weights. By Lemma [3.3] when p € {ad,en 14 | @ € Fp}, we have
len(L%(pn)) < pn — 1. In this situation, it is not easy to determine whether L% (p) is a
composition factor of I°0()\). Therefore we establish the following two lemmas to treat

this special case.

Lemma 3.6. Let A be any atypical weight and p = ad, where a € Fy,. Then mult(X, i) # 0
if and only if one of the following statements hold:

(1) X=¢41,4 for some i with 1 <i < n;

(2) A=¢iq for some i with 1 <i < n.
Proof. As gjg-modules, we have I%(X) = LO(}) ®g(o W(g[—1])- Therefore,
(31)  Homg, (L(X), 1 (1)) = Homg, (LN) @, ulg—r)), L (1),
Note that for a Lie superalgebra L and L-modules V', W and N,

V- QW = Hom (V, W)
L

and

Hom,(V, Homp (W, N)) = Homp, (V Qw, N) :
L

Then we have
(3:2)  Homg, | L°(N) @) u(gi_1)), L% (u) | = Homg, | u(gi1), L (1) @Q)(L(N)*
9[0] 9[0]

and

(3.3) Homgy, (I (X), L% (1)) 2= 1°°(A)* Q) L™ (1)
9[0]
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To consider the necessity, suppose mult(\, ) # 0. Then by (3.3), we have I°°(\)* ®
L% (1) # 0. Tt follows from (3.1)), (3.2) and (3.3) that

9[o]

Homgy, | u(grap), L (1) QL ()" | # 0.

9[0]

Since p € F,,8, we have dim L% (1) = 1 and then L% (p) ®Q[0] (L°(\))* =2 L% (u—\). Hence

Homg, | u(gi_1)), L (b8) Q)(L°(A)* | = Homgy, (u(gp_y)), L(1 — ) # 0.
9[0]

It follows that g|g-module u(g_;)) contains a highest weight vector, denoted by v,
of weight p — A with respect to bpj. Since v,_) ® vy is a highest weight vector in
u(g_1) ®g[0] L°()\) of weight p with respect to b and

170\ = u(gy) R LV,

9[0]

one sees that I°()\) contains a highest weight vector of weight p. Moreover, all weights

of gjg-module u(g|_)) are of the form:
(=&iy = 0) 4+ (—€i, =) +11(gj, = 0) + - +7i(ey, = 9)
where 1 <11 < <ipz <n, 1 <j1<---<ji<nand 0 <r; <p—1. Then we have
p=XA+ (=i, =0)+ -+ (—e4 —0) +7r1(gj, — ) + -+ 11(g5, — 0).
Since A is atypical, it follows that
A=¢Ei1a O Eiq

for some a € F,, and some ¢ with 1 <¢ < n.

Suppose A = €;1,4, where a € F, and 1 < ¢ < n. Note that the natural Z-grading of

U(G[—l})3
pn

u(g[—l]) = @ u(g[—l])i

=0

is a decomposition of simple gjg-submodules. Moreover, for 0 < i < n we have

(3.4) u(gy)i = L0 [ =) e —id
j=1
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and for n 4+ 1 < i < pn we have

(3.5) u(g[,l])i = LO —Z{:‘j - Z &y + l{:‘k - (k + l)5 s
j=1 j=k+1

where 1 <k <nand 0 <[ <p—1withn+1+ (p—1)(n—k)=1i. Since I®()\) contains
a highest weight vector of weight p, it follows from and that u = ad.

Now suppose A = ¢€; 4, where a € F,, and 1 < ¢ < n. Then, completely analogous to
the arguments in the situation A = €; 1 4, one may obtain that p = ad.

Finally, let us consider the sufficiency. Suppose (1) or (2) holds, say, (1). By a direct
verification, we get that De,, ---De,, vy is a highest weight vector in I°0()\) of weight
i = ad with respect to b;. Since L% (1) =2 L (1), we have mult(\, i) # 0. O

Lemma 3.7. Let A be any atypical weight and p = €y,1,4, where a € F,,. Then mult(\, ) #
0 if and only if X is one of the following weights

Py p+ 20, p—en+9, p+en+0.

Proof. Suppose mult(\, ) # 0. By Lemmas and A must be one of the following
weights

Wy p+20, p—ep+68 or u+e,+4.

Conversely, it easy to see that mult(u, ©) # 0 and mult(u + 26, 1) # 0. Let A € Q and vy
be a highest weight vector in 1% (\) of weight A\ with respect to bg. If A\ = p+ &, + d, then

Dexl/xnxn/ T Dex(n_l)/xnxn/ Dey,, - - Deg, vy
is a highest weight vector in I°0(\) of weight p with respect to bg. If A\ = p — &, +d, then
Dexl/mnmn/ o 'Dex(n_l)/mnxn/ Demn/xn_lx(n_l)/ Dexn_l ce Dexl U)X
is a highest weight vector in 1°0(\) of weight p with respect to bg. Thus mult(\, ) # 0. O

By PBW theorem, any element v € 1% (\) can be uniquely written in the form
v = Z De® ®@v(s)
s€l(n,1|n)

where v(s) € L°()\) and

S — DeS! ...De’n DeSntl  ...DeS2n
De” = Deg’, - -~ Dey”, Dex(n+1)/ Dewm), .

We conclude this section by establishing the following lemma, which will be used in

the next section to determine mult(\, u) for atypical weights (see Proposition [4.1).



Character Formulas of Simple Modules of Lie Superalgebras 1103

Lemma 3.8. Let v =}y, 1jn) D€’ ®v(s) be a highest weight vector in I%(X\) of weight
ad with respect to by, where a € Fy. If v(s) # 0 for some s € I(n,1 | n), then the

following statements hold:
(1) if sy =1, then s; € {0,p — 1}, where 1 <i < n;
(2) if sy =0, then s; € {0,1,p — 1}, where 1 <i <mn;
(3) ifsi=p—1forsomel <i<n,thens=(p—1,....p—1]|1,...,1);
(4) if s; =1 for some 1 <1i < n, then s = ¢;.
Proof. For each 1 < ¢ < n, we have

0=Dess,v=" Y De"@(Des, v(s) + (si = 57)o(s).
s€I(n,1ln)

Therefore, Dey,;,, -v(s) = (s¢ — s;)v(s).
(1) For each 1 < i < n, we have

(3.6) 0= De_(2e;4e,) v = — Z sy De’ ™% @ De_(2¢;) -v(5)
s€l(n,1|n)
si(si+1) e
(3.7) - ) L Det @u(s).
s€I(n,1in) 2

If s = 1, then the term %De‘s_&i’ ®u(s) in does not cancel with any other
terms in and . It follows that s; =0 or p — 1.

(2) Suppose s; ¢ {0,p — 1}. Then the term %De‘s_ei ®v(s) in is nonzero
and

Z De® ™ @ De,(2c;) “v(s — €; + €5r)
s€l(n,1|n)

in is nonzero. By (1), we have s; — 1 € {0,p — 1}. Then s; = 1.

(3) If 1 <7 # j <n, we have

0= Dex(2€i+5j,) V= — Z 8! De’~¢" ®Dex(2€i> 'U(S)
s€I(n,1in)
+ Z siDe”™% @ Deg,a v(s)
s€I(n,1|n)
(3.5) A
+ Z % Des 244 @u(s)
s€l(n,1|n)

- Z 5; De TG T ®u(s).
s€l(n,1|n)
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Suppose s; =p — 1, s; # p — 1 for some ¢ and j with 1 <4 # j <n. Then by (1) and (2),
the term W De® 2674 @u(s) in the third sum of the right-hand side of (3.8)) does
not cancel with any other terms in (3.8]). Hence v(s) = 0. So far, we have shown that if
v(s) # 0 and s; = p—1 for some 7 with 1 <7 <n, then s; =p—1forall j with 1 <j <n.
If 1 <i+#j <n, we have

0 =Deg; v = Z De® ® Deg,z; -v(s)
s€l(n,1|n)

59) FOY sDe sy
s€l(n,1|n)
+ Z 5; DTG @u(s).
s€I(n,1|n)
Suppose s; = p — 1, sy = 0 with 1 <4 # j < n. Then by (1) and (2), the term
5; De* "%’ ®u(s) in the third sum of the right-hand side of does not cancel with
any other terms in (3.9). Hence v(s) = 0. So far, we have shown that if v(s) # 0 and
s; = p — 1 for some ¢ with 1 <7 < n, then sy =1 for all j with 1 < j <n.
(4) By (1), (2) and (3), we have s1,...,s, € {0,1}, when v(s) # 0 and s; = 1 for some
iwithl1<i<n. If1<i<j<n,we have

0= Dexiwj, = Z De® ® Dezix],, v(s)

s€l(n,1[n)
(3.10) = ) sy DT @u(s)
' s€I(n,1ln)
+ Z 5; De* T4 @u(s).
s€I(n,1|n)

Suppose s; = 1, s; = 1 for some ¢ and j with 1 < ¢ < j < n. Then by (1) and (2), the
term s; DeS 1% @u(s) in the third sum of the right-hand side of does not cancel
with any other terms in (3.10). Hence v(s) = 0. Suppose s; = 1, sy = 1 for some i
with 1 < ¢ < n. Then the term De®"“ ®@v(s) in does not cancel with any other
terms in and . Hence v(s) = 0. Suppose s; = 1, sjy = 1 for some ¢ and j with
1 <i# j <n. Then the term De* "% ®uv(s) in the third sum of the right-hand side of
does not cancel with any other terms in (3.10). Hence v(s) = 0. So far, we have

shown that s = ¢;, when v(s) # 0 and s; = 1 for some ¢ with 1 <14 <mn. O

4. Character formulas

We first establish several propositions, which will be used in determining the character

formulas.
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Proposition 4.1. Let A, p be atypical weights. Then mult(A, p) < 1.

Proof. One may suppose mult(\, ) # 0. Then L (u) is a subquotient of I°0()), that is,
there exist submodules M and N of I%(\) with M D N such that M/N = L% (p). Let
v € M C I%()) be an inverse image of some highest weight vector in L% () of weight u
under the canonical homomorphism. Our discussion is divided into two parts.

Part 1: Suppose u ¢ F,8. One may write L% (u) = @?:l LP(p); and A = Y"1 | ae; +
a8, where a;, a € F,,. Note that any nonzero submodule of I°0()) contains Deg;l e Deﬁ;}
Dey,, - - - Deg, vy. Hence L% (11)q—p, = 0. By Lemma we have len(L% (u)) = pn — 1
or pn — 2. Then h € {a,a — 1}. Therefore v € I°()\), or I°()\),_1, that is, v €
u(gi_1)o ® L°(X) or v € u(g_1))1 @ L°(A). If v € u(g_1))o ® LO(N), then M = I%(X)
and ;1 = A, and hence v is a highest weight vector in I%(\) of weight u. Suppose
v € u(g_1))1®LY(A). On the one hand, u(bo)v C D,<1 u(g_1));®LO(N) from u(bo)v € Fu.
On the other hand, u(bg)I%()\); C D=1 I°());, one may prove that v is a highest weight
vector in 1% ()\) of weight . As in the proof of |2, Theorem 3.6], we can prove that the
dimension of the space spanned by highest weight vectors in EB}:D u(gi_1y)i ® L°(A) of
weight p is not bigger than the multiplicity of weight u — A in @LO u(g[_1))i- Note that
the multiplicity of each weight in @2-1:0 u(g(_y))i is 1. Therefore, mult(A, ) < 1.

Part 2: Suppose p € F,6, that is, p = ad for some a € F,. As in the proof of
Lemma one may see that there exists a highest weight vector of weight u in 1°0()).
Thus one may assume that v is such a highest weight vector. Then it follows from
Lemma [3.8 that

v € (u(g-1)pn ® u(g_1) Ngg)1 @ u(g-1 Ngy) ® L°(N).

Note that the multiplicity is 1 for each weight in

u(g—1))pn @ u(gj—1) N gg)1 © u(g1] N g7)-
Then, similar to Part 1, we have mult(A, u) < 1. The proof is complete. O

Proposition 4.2. Let A\, pu be atypical weights. Then mult(A,pu) # 0 if and only if
mult(A\, ) = 1. In this case, (\, ) is exactly of one of the following forms for some
a €I,

(1) A=ad, p=ad orej _1,4.
(2) X=¢14, p= X orad.
(3) AX=-¢iq, p =X, ad ore;_14 for some2 <i<mn-—1.

(4) A= enta 1= A, a8 07 £q 1.
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(5) A=¢na, L =N, En—1,04 OT En 1,a-2

(6) XN =c¢nap W=\ 0renq1p witha#0,1,2.

() A=éen—11,a, L=\, €En—1,a, A OT Ep1,0—2-

(8) A==¢ita, L=\, ad oreiy1,—1,4 for somel <i<mn-—2.

(9) A=¢iap, p=Aoreiqg_1p for somel <i<n-—1,a#0,1.

Proof. The first conclusion follows directly from Proposition By the definition of an
atypical weight, A must be of one of the forms (1)—(9) indicated above.

(1) By Lemma we have p ¢ 377 ej + Fyd. If p ¢ Fpd, then by Lemma W’ we
have len(L% (1)) = np — 1. By Lemma we have pf/ =ad — 23" | &. By Lemma
we have = €1, _1 4. Then Lbo (€1,-1,4) is the minimal submodule of I%(aé). If p € F,0,
then by Lemma [3.6] we have p = ad.

(2) Obviously, L*(ad) is the minimal submodule of I*°(\). By Lemma we have
len(L% (1)) # pn — 2. By Lemma we have = X or ad.

(3) If u ¢ F,0, by Lemma we have len(L%(u)) = pn — 1. Then by Lemmas
and we have p = X or = €;_1,4. If p € F,9, then by Lemma [3.6, we have p = ad.

(4) We claim that mult(\, i) = 0 if len(L% (1)) = pn—1. Suppose len(L* (1)) = pn—1
and mult(A, 1) # 0. Then by Lemma we have p/ =X —2%"" | &. By Lemma we
have p1 = €y,1,4—2, which contradicts the assumption on p. Hence our claim is true. Then
len(L% (1)) = pn — 2 or p € Fpé. By Lemmas [3.1H3.5, we have = X, £,,1,4—2 o1 ad.

(5) By Lemma we have p ¢ Fpd. Then by Lemma we may assume that
len(L% (1)) = pn — 1 or pn — 2. If len(L* (1)) = pn — 1, then by Lemmas [3.1) and we
have = A or g,,—1 4. If len(L%(p)) = pn — 2, then by Lemma we have 1 = ep1,4-2.

(6) By Lemma we have p ¢ Fpd. Then by Lemmas and we may assume
that len(L*(u)) = pn — 1. By Lemmas and we have p1 = X or €, 1.

(7) Let L% (1) be the minimal submodule of 1% (\). Then p/ = A+ 0. So 1 = &5, —1,4-

We have the following exact sequences
0— M — I°(\) — LY(\) — 0,

and
0— L"(g, 14) — M — N(\) — 0,

where M is the maximal submodule of 7°()\) and N()) is the quotient of the maximal
submodule of I°0()\) modulo the minimal submodule. Next, we consider the structure
of N()\). Let L% (v) be a subquotient of N()). Since len(N(\)) < pn — 2, we get that
v e e+ FydorveFpd By Lemmas and we have mult()\, ad) # 0 and
mult(\, e,1,4-2) # 0.
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Completely analogous to (3) and (6), one may verify (8) and (9), respectively. O
By Proposition we have the following corollary.
Corollary 4.3. Let \ be an atypical weight and M the mazimal submodule of 1% ().

(1) If X = ad with a € Iy, then the following sequence is exact:

0 — L™(gy _14) — I®(\) — LY(\) — 0.

(2) If X\ = €14 with a € F,, then the following sequence is exact:

0 — L% (ad) — I®(\) — L%(\) — 0.

(3) If A\ =¢€iq with2 <i<n—1 anda € )y, then the following two sequences are exact:
0 — M — I°0(\) — L*()\) — 0

and
0 — L™(g;14) — M — L*(ad) — 0.

(4) If X = ep,1,4 with a € Ty, then the following two sequences are exact:
0— M — I°(\) — L%(\) — 0

and

0 — L% (e 1.4-2) — M — L (ad) — 0.
(5) If A = en,q with a € Fy,, then the following two sequences are exact:
0 — M — I°()\) — LY(\) — 0

and
0— L™(gy14) — M — L™ (g1.4-2) — 0.

6) If \=¢€,4p with a,b €F 0,1,2}, then the following sequence is exact:
(6) a » ; g seq
00— L%(ep0-14) — I%(\) — L¥(\) — 0.
7 If \=¢€,p_11.4 with a € F,,, then the following two sequences are exact:
( ) f 34, b g q
0 — M — I°()\) — LY ()\) — 0

and
0— L"(ey 14) — M — L*(ad) © L (ep1.4-2) — 0.
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(8) If X =¢i1q with1 < i <n—2 and a € Fy, then the following two sequences are
exact:

0— M — I°(\) — L%(\) — 0
and

0 — L% (i1 -1.4) — M — L*(ad) — 0.

9) If A\=¢€iqp with1 <i<n-—1anda,beFy,\{0,1}, then the following sequence is

exact:

0 — L%(g10-15) — I"(A) — L*(\) — 0.
Let M = @“ cp* M, be a g-module. Recall that the character of M is

ch M = Z(dimM#)e“.
nep”

Let

n n

1= [ +e =) [+ e 0

i=1 i=1
Then ch 1% (\) = ITch LO(\).

Suppose 0 — M’ — M — M"” — 0 is a short exact sequence, where M’ and M"
are also weight modules of g. Since dim M, = dim M, + dim M}, for any p € h", we have
ch M = ch M’ +ch M"”. Thus ch M is determined by the characters and multiplicities of
the composition factors of M. In particular, ch I°0()\) = > ey mult(A, p) ch L% (p). Now

we are in the position to prove the main result of this paper.

Theorem 4.4. Let A € Fit. If X is typical, then ch LPo()\) =TIch LO(\). If X is atypical,

then X is of exactly one of the following nine forms and in each case the character formula

is listed below:
(1) If A = ad with a € Fp, then ch L*()\) = .
(2) If A = e1,4 with a € Fp, then ch L% (\) = Il ch LO(\) — e®.

(3) If \=c¢€i4 with2<i<n-—1 anda € Fy, then
i

ch L(A) = > (1) ch L2(gja) — Sir1e0z6™.
j=1

(4) If X =ep1,0 with a € Fp, then

|
—

11’
24
J

ChLbO()\) = (—1y (H ChLO(En,l,a_zj) _ e(a—2j)6> '

I
o
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(5) If A = e, with a € F),, then

ch L%(A) = > (=1)"Tch L%(e),0) + Oneaze™
j=1

I
—

p

1 . )
5 (—1)J (H ch LO(€n71’a,2,2j) — 6<a_2_2j)§> .

Il
o

J

(6) If A =¢epqp with a,b e F,\{0,1,2}, then

a—2 n
ChLbo Z ]HChL 5na b +Z a+n T ch LO (6] bi2)
Jj=0 j=1
122
+ (—1)"Oneaze®?? — 3 Z(—l)aﬂ (H ch L%(gp,1,5-2;) — e(bfzj)‘;) .
7=0

(7) If X =ep—1,1,0 with a € Fp, then

p—3
ch L®(X) = Tch L°(\) — e® — > (1) ch L (enp-1-j.a)
j=0

(=1)" T ch L%(gj,012) — Oneagel®t??

M-

7j=1
1t . .
+2 3 (-1 (H ch L0(en1.a-2j) — e<“—21>5>
2 =
1Pt A A
- 5 (—1)] (H ch LO(ETL,I,(I—Q—Qj) - €(a_2_29)6> .
§=0

8) If A\ =¢41,4 withl <i<n—2 anda €T, then

p—1 n—1
ch LX) =Tch L°A) + > > (=1)'TIch LO(e;—j0) — Tch LO(en-1,1,0)
j=11=i+1

p—3 n
+) (-1)Tch LOenp-1-ja) + Y _(=1)" T ch LO(gj a2)
j=0

j=1
1t , .
+ 5n6226(a+2)6 — 5 Z(—l)J (H ch LO(EmLa,Qj) — e(a_Qj)é)
7=0
1Pt . .
+ 5 (—1)] <H ch Lo(gn’17a_2_2j) - €(a_2_2])6> .

<.
Il
o
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9) If \=¢€i4p with1 <i<n-—1,a,belF, anda#0,1, then

a—2
ch L(N) = Y (=1)Mch L (i) + (=1)Mch L(ei,1,)
=0
p—1 n—1 4
+> 0> (=) eh L(er,—jp) — (=1)*TLch L0 1,1)
j=11=i+1
p—3 ‘ n '
+ Y (1P FIeh L (e p1-j0) + (= 1) I ch L0(ej12)
j=0 J=1
~1
1% : iy
+ (—1)*6peaze®? — 3 > (=1t (H ch L0(en15-2;) — € 2])6>
=0
1! . ,
+ 5 (_1)a+] (H ch L0<€n,1,b7272j) — e(b_2_23)5) .
5=0

Proof. If A is typical, by Lemma I%()) is simple and
ch LY (\) = ch I°(\) = TIch LO()).

If A\ is atypical, by the definition of an atypical weight, A is of one of the forms as indicated.
(1) The formula follows from the fact that dim L% (\) = 1.
(2) By Corollary [4.3|(2), we have

ch L (\) = ch 1°0(\) — ch L*(ad).

Then the formula follows from (1).
(3) By Corollary [4.3|2) and (3), we have the following complex:

0 — L%(ad) — I*(e14) — -+ — I*(gi_14) — I%(gi4) — 0.

Then the character formula follows from (1) and (2).
(4) By Corollary [4.3|(4), we have

ch LY (\) = ch I (\) — ch L% (X — 26) — ch L% (ad).

Then the desired formula holds.
(5) By Corollary [4.3|(5), we have

ch L% (€n,a) =ch I (€n,a) —ch Lbo (En—1,4) —ch Lbo (En,1,0—2)-

Then the character formula from (3) and (4).
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(6) By Corollary [4.3|(5) and (6), we have the following complex:
0 — L% (g1 p12) — I (enap) — - — I"(ena1p) — I (enap) — 0.

Then the desired formula follows from (5).
(7) By Corollary [4.3|(7), we have

ch LY (En—1,1,0) =ch I (En—1,1,0) —ch Lbo (€n,—1,0) —ch Lbo (€n,1,0—2) —ch Lbo(aé).

Then the character formula follows from (4) and (6).
(8) By Corollary [4.3|7) and (8), we have the following complex:

0— LY (en—1,0) — I*(en-1,10) — + — I*(Eis1,—(p-1).0)

— - — I"(eiy1,1,0) — I(€i10) — 0.

Then the character formula follows from (7).
(9) By Corollary [4.3|(8) and (9), we have the following complex:

0— Lho (EH_L_LI;) — Iho (62'71,1,) — s — Ibo (5i,a—1,b) — Ibo (82',&71,) — 0.

Then the character formula follows from (8). O
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