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Eigenvalue Problem for a System of Singular ODEs with a Perturbed

g-Laplace operator

Donal O’Regan and Aleksandra Orpel*

Abstract. Our purpose is to characterize the eigenvalue interval for a system of bound-
ary value problems with a one-dimensional perturbed g-Laplace operator. We consider
both sublinear and superlinear nonlinearities with a possible singularity at zero. The
tools applied here are based on variational methods and properties of the Fenchel

transform.

1. Introduction

Consider the eigenvalue problem for the following system of ODEs

~ (a1 2ty + B 1) o0 2 )
(1.1) = Fi(t, u(t)) + AGi(t, u(t)) a.e. in (0,7),
uw,(0)=0 and uw;(T)=0 for all i € {1,2,...,n}

i
with ¢; > 2, k> 1,T >0, a; € C([0,T]), u := (u1,...,uy,), where F; and G; denote the
partial derivatives of F' and G respectively, with respect to the ith variable: F; := 0F/0u;,
G; := 0G /0u;. We discuss an interval of values of the parameter A where one can establish
the existence of positive solutions of . We also characterize the monotonicity of the

solution. Throughout this paper we assume

(Al) F,G: (0,T) x I — R, where I is a subset of R", are Gateaux differentiable with
respect to the second variable u for a.a. ¢ € (0,1) and measurable with respect
to t for all w € I, X is a real number such that F(t,-) + AG(¢t,-) is convex, t —
tF[F(t,0) + AG(t,0)] belongs to L(0,T).

(A2) For each i € {1,2,...,n} and for almost all ¢t € (0,7) and all u € I,
Fi(t,u) + AGi(t,u) >0

and t — F;(t,0) + AG;(t,0) is not identically zero in a certain subset of (0,7") with

positive measure.
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(A3) For each i € {1,2,...,n}, a; € C1([0,T]) and

in ‘= i i i(t) > 0.
i = 0y i )
(A4) There exists a positive d € R, such that [0,d]” := [0,d] x --- x [0,d] C I, and

n

v € L9%(0,T), with ¢, = g;/(g; — 1), such that for all i € {1,2,...,n}, the following

assertions hold

Fi(t,u) + A\Gi(t,u) < o5 (t), t€(0,7T)

/0 907;\(7") dr < <T> Amin -

Definition 1.1. By a solution of our problem we mean a function u € C'([0, 7)), u :=
(ut,...,up), such that tfa;(t)|ul|% 2u; € A([0,T]) for all i € {1,2,...,n}, and satisfies
(1.1) a.e. in (0,7). Here A(]0,T]) denotes the space of absolutely continuous functions
v:= (vy,...,v,) such that v}/t* € L%(0,T).

for all w € [0,d]"™ and

In the literature some authors have discussed positive solutions for systems of nonlin-
ear ODE’s containing the perturbed ¢-Laplace operator (see [1,|3H10] and the references
therein). In this paper we consider nonlinearities F' and G which may have a singularity
(with respect to the first variable) at zero. Motivated by [8-10] in this paper we present
methods based on the calculus of variation. Our main tool is the Fenchel conjugate and the
subdifferential of convex functions. Therefore we start with the definition of the functional
J and consider as the Euler-Lagrange equation of J,

T
JA(U)Z/O (H,\tu +Z—al (t)|ad (¢ |%)

where
F(t,u) + A\G(t,u) ifue0,d]", te[0,T],
+00 if ueR™\ [0,d]", t €10,T].

H)\(t, u) =

Our assumptions do not guarantee that J is necessarily bounded in its natural domain.

Thus, we consider J on the following set

U:={u=(u1,...,u,) € CH[0,T]) | t*a;(t)|ul|%2u € A([0,T)),
ui(T) = 0,u;(0) =0 and 0 < u;(t) < d forallt € [0,T] and i = 1,2,...,n}

which is associated with the definition of our solution.
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Lemma 1.2. Under assumptions (A1)—(A4) the set U has the following property: for each
w:= (uy,...,uy) € U there exists u := (U1, ...,uy) € U such that for eachi € {1,2,...,n}
and a.e. in (0,7

(1.2) — (@[ (1) 42T (1)) = t*(Fi(t, u(t) + AGi(t, u(®))).
Proof. Consider an arbitrary u := (ui,...,u,) € U and fix i € {1,2,...,n}. It is easy to
check that @ := (uy,...,u,) with

T 1 s 1/(‘12'_1)
w;(t) = / ( r / R (Ey(r,u(r)) 4+ AGy(r, u(r))) dr) ds
t 0

ai(s)s

satisfies (1.2)) a.e. in (0, 7). Indeed, it is clear that u;(T) = 0, u; € C([0,T]) N C1((0,T)).

Moreover, since

1/(qi—1)

()=~ (e | 0l + 3Gt o

we have

ai (b (1) | 2 (t)

a0t | (5 /OtT’“Fz’(w(r))+AGi<?“’“<’”>”d’”>

1/<qi1>] %—1
ai(t)tk

- _/0 r*(Fi(r,u(r)) + AGi(r, u(r))) dr

which gives (1.2]). Now it suffices to prove that u € U. We start with the observation
that, by the above assertion, we have that t + tFa;(¢)|u}|%~2ul(t) belongs to A([0,T7]).
In the next step we check the smoothness of u. From Hdlder’s inequality, we have for all
t €1[0,T],

O = e [ ) +7G ) dr

t
ai(i)t"“ (/ot i dl) " </Ot(Fz'(l, u(l)) + AGi(t, u(t)))% dl) i
<t () e ([ hta) o

1 1 1/qi T / 1/q, y
= s 9 i
~ Omin <qik -+ 1> (/0 (90)\([)) dl) t

Therefore, passing to the limit, one has lim; ,o+ w,(t) = 0. Finally, one can see that
u € CL([0,T]) with @(0) = 0. In the last part we show that u;(t) < d on [0,7]. To this

<
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end it suffices to note that the definition of w and assumption (A4) give

az-@):/tT ((I(Sl)sk /Osrk(Fi(r,u(r))—i—)\Gi(r,u(T)))dr)l/(qi_l) ds

T 1 s 1/(gi—1)
§/0 (aminsk/o 5 (1) dr) ds
1 1/(qi—1) T 1/(¢:i—1)
< < > T (/ ©5(7) dr) <d.
Amin 0

To sum up, we see that u € U and satisfies (1.2]). Thus U has the required property. [

Theorem 1.3. If assumptions (Al)—(A4) hold and {u™}men C U is a minimizing se-
quence of the functional J: U — R then there exists a sequence {v™ }en C Wwha (0,T) x
X Whan(0,T), with v™ == (v, ...,v"), such that for eachi € {1,...,n} we have

(1.3) — WM () = ¢ <£i Hi(t, um(t))> a.c. in (0,1)

and

ad) dim [ it Lt W O — (@) dt = o
' m=oo Jo  gl(tha;(t))%/e a ’ ’ ' -

Proof. We start the proof with the boundedness from below of J on U. To show this fact
we note that, taking into account the convexity of F(t,-) + AG(t,- ), one can derive for

each u € U the following chain of inequalities
T
Ix(u) :/ —H)\(t,u(t —i—Z—al )| (£)]%
0
T
> [ ) d
0
z—/ t* H\(,0) dt—Z/ tFu,(t)
0
> —/ tkHA(t,O)dt—diZ/ o\ () dt

which leads to the estimate —oo < min := inf,ery J(u) < +00. Thus, for each € > 0 there
exists mo € N such that J(u™) < &+ min for all m > mg. Lemma/[l.2] guarantees for each

m the existence of u™ := (uy,...,u,) C U such that

(t,u(t))dt

(1.6) — (ai () EF|T (1) |22k (t)) =t (88 H,\(t,u(t))) a.e. in (0,7).
Uj
Now define {v"},nen € WHa(0,T) x --- x Whin(0,T) as follows:

(1.7) o (t) = tha; ()| (@) ()| %2 (@) (t)  for t € (0,T).

1
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For the reader’s convenience we recall the Fenchel equality (see, e.g., [2, Proposition I.5.1]):
let K: W — R be convex and lower semicontinuous, where W is a Banach space. Then
for all w* € W* and w € W we have

(1.8) w' €K (w) <= K(w)+ K*(w) = (w*,w),

where K* is the Fenchel transform of K, (-,-) is the dual pair for spaces W and W* and
0 denotes the subdifferential in the sense of convex analysis. Precisely,
K*(w") := sup {(w,w") — F(w)}
weW
and
OK (u) :=={w* e W*| for all we W, K(w) > K(u) + (w*,w — u) }.
We apply ([L1.8]) twice in this proof. First consider the functional L%(0,T ) Sw— K(w) =

OT %ai(t)\w(t)]qi dt,i € {1,...,n}. It is easy to show K*(w fo |lw* (£)|% dt.

Thus, by (1.7)), we get

q (tka (t) )% '/a;

for each ¢ € {1,...,n}, which can be rewritten as

Z/O ¢l (tFa; q/ql\ ™ (t)|% dt
B ; [/0 (@) (8o (1) dt — /OT ;ai(t)|(ﬁ§n)'(t)]qi dt} _

)

Finally, one can obtain

> | swmmr e
= r / m o Tla_ ’U/- q;
gugg[/ doer - [ Tawl o) dt]

n

< sup Z [/ zi(t)v" (t) dt / —a(t)|2h(t)|% dt}
ZELQ(O,T) =1 0 0 i
Z_(le 7n)

Thus, we have equahty in the above chain of inequalities for all m € N, namely

n

sy i "ty () di / ' Z i o

_Z/o q\(tka; qz/qz| P dt.

(1.9)
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From ({1.6)), we derive for all m € N,

—(uM)'(t) € tRO, {Hy(t,u™(t))} = t* {aiHA(t,u(t))} a.e. in (0,7,

where 0,, denotes the subdifferential of u +— H)(t,u) for ¢ fixed, which gives . Let HY
denote the Fenchel conjugate of the function H) (¢, ), namely for given ¢t € [0,7] and A > 0
fixed, H(t,v) := sup,epn{(u,v) — Hx(t,u)}, where (u,v) := >, u;v;. Then applying
and again the Fenchel equality (L.8), for the functional L% (0,T) x - -+ x L™(0,T) 3
u fOT th Hy (t,u(t)) dt, we infer that for each m > my,

min+e > J(u™) :/ ( (Hx(t,u™ 4—2—&Z t)]‘h) dt
0

T ,Um / /
(1.10) :Aﬁm<7(£(>ﬁ+gézmmwwmt
Y il MY/ ()|
#3 [ iy i

where for all (¢,v,\) € (0,7) x R" x R. On the other hand, from the definition of the

Fenchel conjugate we see for all u € U,

. . - tk 1 i r k
mmz;relli}J( u) < ;/0 aa,(tﬂ(ul) (t)]% dt—/o t" Hy(t,u(t)) dt
n T 4k T m\/
<> | ey ans [ (100 ) a
n T ,

+3 | woeryaa,
which implies for all m € N,
(1.11)

I ol LTV RPY sy OR Cio OB DR P

min < inf [Z/ ol Ol e+ [ e (t, ) )dt Z/ (e <t>dt]

r * Um/t = r / m Ttk / qi
:AtwAcﬁft%)>ﬁ—i$§j%zwm%mﬁ—é %Mme@Zﬁ}

Combining (1.9)) and - one has

Tk (v™)'(t) ~ [T 1 :
(1.12) nmg/tﬂwp-kj>ﬁ—2/,lwwwﬁ
0 t o qj(tha;(t)a/s
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for all m € N. Finally, (1.10) and (1.12)) imply
n T tk T , T 1
0< / —a;(t q'idt—/ u tvg"tdt—l—/ — ] i dt
Z m @) (1)] 0( ) ()" (¢) ) dtra ())%/q\ i ()%
T I
: R (™)' (®)
72/ T q/q\l(t)\q dt—/o tHA(t, )
n T ,k T m\/
+§;/%w4m"1 Pﬁ+§;/ )ﬁ+/tﬁﬁcﬁ@£#vdt
0 ] 0

i=1 v

< —min+min+e¢ =¢

for all m > myg. Taking into account the fact that € > 0 was arbitrary, we get

. n T1 oy o B Tum/ o T 1
n}gnooz</(J (O] () ()" dt /0<1><t>z<t>dt+/0 T ol dt) 0.

i=1 N

Since each component of the above sum is nonnegative, one has ([1.4)). O

Theorem 1.4. Assume that (A1)—(A4) are satisfied. Then there exists at least one solu-
tionw € U of (1.1) which is a decreasing function in (0,T). Moreover u is a minimizer

of J: U — R.

Proof. Let {u™}nen be a minimizing sequence of J: U — R. It is clear that for a € R
sufficiently large, we have J(u™) < a for all m € N. We start with the observation that
{u]"}men is bounded in L%(0,T) so up to a subsequence, {u]"};,en tends weakly to a
certain u; € L%(0,T). Moreover implies the boundedness of each of the sequences
{tk/a (ur)Yen and {(tFul) }men in the space L% (0,T). Consequently, {t*u},en (up
to a subsequence) is weakly convergent in VVO1 (0,T) to a certain z; € VVO1 %(0,T). Thus
the Rellich-Kondrashov theorem (see, e.g., [4]) guarantees the uniform convergence in
[0,T]. Therefore we derive that z;(t) = t*%;(t) and further @; is continuous on (0,7
and 0 < u; < d on (0,T]. We must now prove that u; € C*([0,7]). Note Theorem

guarantees the existence of a sequence {v"},,eny C€ W% (0,T) such that

(1.13) — (M)'(t) = tF <('“)(Z-HA(t’ um(t))> for a.a. t € (0,7)

and

(1.14)  lim ' ;Wm(t)]q; + la-(t)tk|(um)/(t)\% — (u™) (t)v(t) dt = 0.
m—o0 Jq qg(tkai(t))qg/qi i 4 i i i i

Taking into account one has the boundedness of {(v) /t*},,en and {(v1™) }men
in the space L% (0,7) and further going if necessary to a subsequence, one has the weak
convergence of {(v/)'}men and {(v)/t*}men in L%(0,T). On the other hand, (T.14)
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gives the boundedness of {(v]") }men in L% (0, T'), which implies that (up to a subsequence)
{(v7) }men in WHe(0,T) tends weakly to 7; € W14 (0,T). Therefore we obtain the
uniform convergence of {(v!") }men to T; in [0,7]. Now the continuity and nonpositivity
of v[" for all m € N, give the continuity and nonpositivity of v;.

Now we claim that for a.a. t € (0,7,

(1.15) Ti(t) = —t* ( 0

Uj

HA(%U(t))) and - T;(t) = tha; () [ (1)| P (8),

where @ := (uy,...,u,). We start with the observation that ([1.13]), the properties of the
Fenchel conjugate and the properties of both sequences {u!"},,en and {(v/")'}men imply

the following chain of inequalities
PR T m m k rr* . (Um)/(t) k m
0> hIIlHlIlf (W™(t),u™(t)) +t"Hy | t, : + t"Hy(t,u™(t)) dt
m oo 0
v'(t)

T
2/0 @' (t),u(t)) + t"Hy, <t,— e >+tkH,\(t,u(t))dt20.

We derive the first assertion of (1.15)). To obtain the other one we note that (1.14]) gives

- T 1 m q l ) ks, m\/ @i (,,m\/ m
02 timint [ e O+ (DY (O = (Y (00
T 1 — q’. 1 — \/ qi — \/ —
> [} i O+ e 01" - @ @0 de >0

Applying again the properties of the Fenchel transform, we obtain
Ti(t) = t*a;(0)[T(t) |22 (t)  a.e. in (0,T)

what is our claim. To sum up, (1.15)) and the definition of Hy allow us to see that w is a

solution of our problem, namely for each ¢ € {1,...,n},
(tFa;(t)[ah(t)| %~ 2l (t) = —t*(Fi(t,u(t)) + AGi(t,u(t))) for a.a. t € (0,T).

Now the reasoning in the proof of Lemma leads to the conclusion that @ € C'([0,T])
with@'(0) = 0, w(T') = 0 and the last assertion of guarantees t*a; (t)[@;(¢)|% 2wl (t) €
L9(0,T). All these facts imply that @ € U.

Now we investigate the monotonicity of each coordinate of w. Fixi € {1,2,...,n}. We
show that u/(t) < 0 for all t € (0,7). Let h;(t) = tFa;(t)|ul(t)|%2ul(t) for all t € [0,T).
Therefore hi(t) < 0 for all ¢t € (0,T) and further h; is decreasing. Taking into account
the boundary condition we have h;(t) < h(0) = 0 for ¢ € (0,7), and further, from the
positivity of a;(t) in [0, T], we obtain u/(t) < 0 for ¢t € (0,T).
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To prove the last assertion of our theorem it suffices to note that the uniform con-
vergence of {u"}men to @ and the weak convergence of {tF/% (u*)'},cn in L%(0,T) to

th/ %7}, give the following assertion

inf J(u) = lim inf Hy LI .
inf J(u) 5150%/0 K Hy (1, u™ +Z as($)EF (uY (4)]% dt
T
2/ F(—Hy\(t,a(t) +Z—a, OF) (@) ()| % dt = J(a). O
0

Example 1.5. Consider the following boundary value problem

- (@O OMG O + Faom o)

(ud(t) +ul(t) + ur(t)) + Mua(t) + 1),

(1.16) S (GO RACREROOIO)
1 1

V3~ uz(t)

uw;(0) =0 and u;(2) =0,

7

+ Aui(t) a.e.in (0,2),

where aj, ag satisfy (A3) and such that amin > 230 (e.g., for i = 1,2, a;(t) = b;/(1 +t™),
where m; > 1 and b; > 230). We find an interval of eigenvalues \ such that (1.16]) possesses
at least one positive solution in the set
U = {u= (u1,uz) € CY[0,T]) | ui(2) = 0 and u}(0) = 0 and u;(t) < 1
for t € [0,2] and a;|uf|*u; € A([0,T]),i = 1,2}.

Moreover for each i = 1,2, u; is decreasing in (0, 2).

We consider (1.1)) with T'=2, ¢ =6, g2 =4, d =1 and

1 /1 1 1 1
F(t,(uy,uz)) = 7 (4u1 + 8u§ + u1> - %ln(?) — ug),

G(t, (ul,uQ)) = (u2u1 + ul).

We show that all the assumptions of Theorem are satisfied in this case. It is easy to
show that for all A € [-1/3,1/3], Hx(t,-) is convex in [0, 1] x [0, 1]. Moreover,

) 1
a—mHA( (g, ug)) = %(ui’ +ul 4 uy) + Mug + 1),
0 1 1

Hy(t, (ui,u2)) = +)\u1

duy
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Therefore both derivatives are positive in (0,2) x [0,1]? and i H(t,(0,0)) # 0. In the
next step we show that (A4) is satisfied. For ¢} (t) = 2/t + 2/\ and e3(t) =1/(2Vt) + A,
€ (0,2), we have

—HA ul(t),ug(t)))dtg/2@}\(t)dt:6\/§+4)\
0

and

2 T
|ttt syt < [ Goyde =32+ 20

In order to guarantee that fOT <pf\(7") dr < (d/T)% ayp,, for i = 1,2, we have to find
€ [-1/3,1/3] such that

1\° 3.9/3 1\*
6vV2 + 4\ < 5 ) amin and 12 +22 < 5 ) amin-

Taking into account that inequality api, > 230 one sees that

1 3., 1 3 230 3 1
~ 9235 ~ o 2 /5520 S po
1g%min T g% = Tog@min 2\f “ T8 2V©~ T3

Finally, A has to satisfy two conditions: A € [-1/3,1/3] and A < Tizamin — 3v/2. So for
A € Leigen := [—%, % - % 2], Theorem guarantees the existence of positive solutions
with the above properties.

Remark 1.6. We wish to emphasize that our approach can be applied for both sub and
superquadratic cases. Thus we can consider for example F' and G defined as c¢(t)(e"! 4 €“2)
or c(t)y/5 + uf + u3 for an appropriate constant d and a function ¢ sufficiently smooth
and small (in the sense of the maximum norm). We do not need to control the growth of

the nonlinearity F' + A\G. Rather we have to control only its value in (0,2) x [0, d]?.
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