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Breathers of Discrete One-dimensional Nonlinear Schréodinger Equations in

Inhomogeneous Media

Shuguan Ji* and Zhenhua Wang

Abstract. This paper is concerned with the breathers of discrete one-dimensional
nonlinear Schrodinger equations in inhomogeneous media. By using a constrained
minimization approach known as the Nehari variational principle or the Nehari man-

ifold approach, we obtain the existence of nontrivial breathers.

1. Introduction

Consider the one-dimensional nonlinear Schrédinger (NLS) equations in inhomogeneous

media

(1.1) iy + (a@)he)e — V(@)Y + 0v(2) f(¢) =0, z€R,

where 0 = +1, there exist positive constants M and 7 such that 0 < a(x) < M and
0 < y(x) <7, and the nonlinearity f(¢) is gauge invariant, i.e., f(etp) = ™! ().

It is well known that, the NLS equation arises in several areas of Physics, such as Optics
or Quantum Mechanics, where it is related to Bose-Einstein condensation or Superfluidity
(see [2,6,12]). Since the seventies in last century, the classical NLS equation, which
corresponds to the case that a(z) =1 in (L.1)), has been studied extensively (see [1,[7//10}
14]). Recently, much attention has been paid on the NLS equation in inhomogeneous media
because of its important applications, for example, in Optics it naturally corresponds to
a variable optical index (see 6] for a survey).

In this paper, we mainly focus on the discretization equation of , which, by a

semi-discretization method (see [3]), has the following form

(1'2) “l}n + (A¢)n — Un¥n + U’an(d)n) =0, nezZ,

where o0 = 1, 0 < 7, <7 and the discrete operator

(A)n = an+1/2(¢n+l —tn) + an—l/2(¢n—l — n).
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Over the past decade, the discrete nonlinear Schrédinger (DNLS) equation became a
strong focal point, among other reasons due to the increasing visibility of the physical
realizations of this deceptively simple-looking mathematical model. The DNLS models
were widely used in experimental setups of waveguide arrays (see [5,11]) and Bose-Einstein
Condensates trapped in periodic optical lattices. In recent years, the existence of breathers
of the DNLS equations has drawn a great deal of interest (see, for example, [14-16]).
However, most of the existing literature is devoted to the DNLS equations with constant
coefficients. To the best of our knowledge, there are no results on the breathers of discrete
nonlinear Schrédinger equation in inhomogeneous media . Motivated by the previous
works, in this paper we investigate the impact of inhomogeneous media and study the
existence of nontrivial breathers of .

The paper is organized as follows. Section [2] contains some preliminaries and basic
results on the Nehari manifold. Section [3] gives the main results on the existence and

exponential decay properties of breather solutions.

2. Preliminaries and basic results

Denote

1/p
P(Z) = q o ={Pntnez : VN € Z,on € R, |pll¢, = (Z son\p> < o0
nez

It is known that 2 C 22, ||¢ller < ||¢llea, 1 < ¢ < p < 0.
Now we consider the breather solutions of (1.2)) with the form

(2.1) Yn =€ Mo,

Inserting the ansatz of a breather solution with the form ([2.1) into equation (1.2)), we

obtain the following nonlinear system
(2.2) — (AQ)n + vnn —won — oy f(en) =0, n € Z.
By the definition of A, it is easy to see that
(Ap,v)p = (Av, @), VY,v €2
Furthermore, by boundedness of a(z), we have
0 < (—Ap, ) < AM|lplle.

Thus, A is bounded, self-adjoint on ¢ and o(—.A) C [0,4M].
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Assume that the potential V' = {v,, }nez is positive, bounded from below and satisfies:

(2.3) lim v, = oco.
|n|—o0

Without loss of generality we assume that V' > 1, and define the operator
L=-A+YV,
and Hilbert space
H={pel@):I'Ppec @)}, |ollu=I[L"¢|e.

It is obvious that L is a self-adjoint operator on ¢?(Z). Furthermore, according to the

definition of equivalent norms, we can obtain the relation in H:

lellr ~ 1Vl 2.

Lemma 2.1. [4] Let © = {0, }ncz be a multiplication operator from £? to ¢? defined by
(©p)n = Onpn for any n € Z. If limy, o 0, = 0, then the operator © is compact.

Lemma 2.2. [14] If V satisfies the condition ({2.3), then
(1) the embedding map from H into P is compact for any 2 < p < oo;

(2) the spectrum o(L) is discrete, that is, the eigenvalues of the operator L have finite

multiplicities.
Now we consider the system , which can be rewritten as
(2.4) Lon — wpn — oynf(pn) = 0.
We first make the following hypotheses:

(H1) The function f € C*(R) is an odd function satisfying f(0) = f/(0) = 0, and there
exist C1 > 0 and 2 < p < oo such that

(2.5) () = F)] < CLl+ [0l + [ P72) |0 — 9.

(H2) There exists 2 < ¢ < oo such that

(2.6) 0<(qg—1)f(p)p < Flp)p?, Ye#0
and
(2.7) i 9 s

#=0 |pl7 %0
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Remark 2.3. We would like to remark that, a typical example which satisfies (H1) and
(H2) is f(u) = ClulP~2u with C' # 0 and p > 2.

By (H1), it is easy to obtain that
(2.8) [F(0)] < Ca(1 + [P™h)

holds for some constant Cy > 0. In fact, by taking ¢ = 0 in (2.5)), we have

(2.9) £ ()] < CLL+ |@lP )|l = Cilg] + |P7H).

For |¢| < 1, it is obvious that

1£(0)] < Cullgl + |~ < Cr(1 + P,

On the other hand, for |¢| > 1, we know

o] < |p|P~!

since p > 2. Thus, for |p| > 1, we have

[f(@) < Crllel + lolP ™) < 201~

Therefore, for any ¢ € R, we have

[f(@)] < 2C1(1+ [P,

which shows (2.8) holds for Cy = 2C}.
Moveover, by (H1), we can also conclude that for any given ¢ > 0, there is A(g) > 0,
such that

(2.10) Flp)p < elo” + Ale) ol
Note that f'(0) = 0, then f is superlinear near 0, i.e.,

lim M =0.

=0 @

Of course, this assertion can also be obtained directly from (2.6). Thus, for any given
€ > 0, there is § > 0, such that

|f(0)] < elel

holds for any 0 < || < 4. Since f is an odd function with f(0) = 0, it is known that

fle)p < el
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holds for any |¢| < §. Furthermore, for |¢| > 6, it is obvious that

lol? + [P 1
LR S b o B < -
P =

i.e.,
lol? + P < 1+ L [0 f”
— 6p_2 .

Thus, by (2.9)), we have

1
e < Cr(lel + |P) < Cy (1 + 5],_2) lpl?

holds for |¢| > §. Therefore, for any ¢ € R, we have

1
oho < el + €1 (14 5 ) P

which shows (2.10) holds for A(e) = Cy(1 4 1/5P~2).
Finally, since f is an odd function, (2.6)) implies that

(2.11) 0 < qF(p) < flo)p, Yo #0,

where F(¢) = [ f(t)dt is an even function. By combining (2.8) and (2.11), we can

conclude
q<p.
Furthermore, by (2.11)), we have

, Veo>0,

which implies that
(InF(p)) = q(lnp), Ve >0,

i.e.,

F /
(ln(@)> >0, Ve>0.
qu

This implies that In(F(¢)/?) is nondecreasing in ¢ € (0,4+00), so F(p)/p? is also non-
decreasing in ¢ € (0,400). Moreover, by L’Hopital’s rule, (2.7)) gives that

fim T _ oy F0) Gy

e—0t @1 oot qelTl g

Denote C3 = Cj/q. Then we have

F(p) > C3¢?, V¢ >0.
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Note that F(p fo t)dt is an even function, therefore we have
(2.12) F(p) = Cslel?, Ve eR.
Define

1
J(@) ((L w 305 -0 Z 'Yn @n
nez

It is obvious that J(¢) € C'(H,R), and
(‘]/(90)7 ¢) = ((L - w)‘Pa ¢) -0 Z 7nf((pn)wn
nez

We denote

I(p) = (J,(SO)NP) (L —w)p,p) — Uz%zf ©n)Pn,
nez

and the Nehari manifold
N ={peH:I(p)=0,p#0}.

Define A\; = inf o(L), which is the smallest eigenvalue of L. Now we list some lemmas

on the Nehari manifold.

Lemma 2.4. Ifoc =1, w € R or 0 = —1, w > A1, then the Nehari manifold N is a
nonempty closed C* manifold in H.

Proof. From the definition of J(¢) and I(¢), we can rewrite
1
T(e) = 5l = wllelR) = o Y mF(en)
nez

and

I(p) = el —wleli — o > sl (@n)on

nez
We distinguish two cases to prove N is nonempty.
Case 1: 0 =1, w € R. Note that, for any w € R, there exists NV € N, such that

vp >w+1, V|n|>N.
Thus we can construct a nonzero element ¢ € H such that
on =0, Vn|<N

and

lelly —wlelz > (el
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Then, by (2.11)) and (2.12)), we have

() < lellf — wllellz — > mF(en) < lelFr — wlleli — aCs > Anlenl”.

NneZ nez
Define
Ii(e) = llellir — wlellzz — aCs > vnlenl.
nez
It is obvious that
tll)rélo Il(th) = =00,

which implies that

tlggo I(ty) = —c0.

On the other hand, since ¢ € H, there exists My > 0 such that |¢,| < My for any
n € N. Furthermore, note that f is superlinear near 0, then we can choose € > 0 satisfying
ey < 1/2, such that
|f(ton)] <elton|, neN

holds for ¢t > 0 small enough. Consequently, if ¢ > 0 is small enough, we have

_ _ t2
I(te) > llelp —t > Ff(ton)pn > £ (II@I?Q - sz\lwn\P) > 5!\¢II?2 > 0.

ne’ neZ

By the property of continuous function, there exists a t* > 0, such that I(t*¢) = 0.
Therefore, N is nonempty.
Furthermore, notice that I(p) = 0, implies

el — wllelZ =D s (@n)en,
neL

thus, by (2.6), we have

(I'(9), ) = 2(llll 7 — wliele) = D> (f (o) @ + fn)n)

neZ
= Z'Yn(f(%z)@n - f/<90n)90%)
nez
< (2 - Q) Z ’Ynf(@n)@n < 0.

ne’

The implicit function theorem shows that A is a closed C! manifold in H.

Case 2: 0 = —1, w > A1. Let u satisfy Lu = Aju, then

~

(u) = —(w = Al + D Yo f (wn)un:

neL
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Since f is superlinear near 0, then for ¢t > 0 small enough, we have I(tu) < 0. Meanwhile,
I(w) = —(w = M) ulf + D v f (wn)un = —(@ = M) |Jullfz +¢C3 Y Anlunl®.
nez neZ

Denote

I(u) = —(w = A)llul% +qCs 3 vulun”
nel

It is obvious that
lim I5(tu) = oo,
t—o0

which implies
lim [(tu) = oc.
t—o0

Thus there exists t; > 0 such that t;u € N. Just like Case 1, we can prove N is a closed
C' manifold in H. O

Similar to Lemma 4.2 in [14], we also have the following result.

Lemma 2.5. If 0 = 1, w < A1, then there exist two positive constants g and By such
that

lellz = a0, J(e) = Bo
hold for all p € N

Lemma 2.6. If ¢ satisfies J(¢) = min,en J(u), then ¢ is a weak solution of system (12.4)).

Proof. By Lagrange multiplier method, it is known that ¢ is the critical point of functional
G = J(u) + AI(u). Thus

(2.13) 1) =0,
and
(2.14) (G (p),u) = (J'(p),u) + A(I'(p),u) =0, VuecH.

In particular, when u = ¢, we have

(2.15) I(p) + A(I'(¢), ) = 0.
Furthermore, by the proof of Lemma we know that
(2.16) (I'(¢),0) #0.

Thus, by combining (2.13)), (2.15) and (2.16)), we have A = 0. Therefore, by (2.14)), we

can conclude that (J'(¢),u) = 0 for any u € H, which means that ¢ is a weak solution of

&9). O
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Lemma 2.7. Suppose that there exists a positive constant v such that v < ~y,. Let

d= J(p
gg&()

If {gp(k)}keN is a sequence in N such that

lim J(p®)) = d,

k—o00

then {np(k)}keN is bounded in H. Furthermore, if 0 = 1 and w < A1, then the same
conclusion can be obtained without the positive lower bound ~y, which means, in this special

case it is enough to assume vy, > 0.

Proof. We distinguish two cases to show that {<p(k }ren is bounded in H.
Case 1: ¢ = —1. Note that, p*) € N for each k € N, we know that I(o®*)) = 0.
Thus, by choosing § > 1/2 and taking into consideration of ( -, we have

J(e®) = J (W) — BI(p™)

= (3-5) (L =)o) 4 S n(P¥) - 850
nez
1 1
<(5-8) heWiE - (2 -8l +n§ejzvn<1 — ) F (%)
< (5-8) 161 = (5= 8) llloWI + X 201 - a9 F (),
neZ

which is equivalent to
1
11) =) 2 (5= 3] 16l - (5= 3) llllo I + 3 9m(a8 = DF ()
nez

By (2.3)), there must exist N € N such that
vn>20ul, Vn|> N,

which implies

1
(2.18) wlle®IE < lwl Y- (pF)? + §||<P(k)\|12q-
[n|<N

For any € > 0, ¢ > 2, let
D(e) = max(z?

max(z” — efz[?).

It is easy to see that
0< D(e) < .
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By go(k) € ¢? and Holder inequality, thus go(k) € /9 and there must exist a positive constant
C such that

(2.19) Y (@ < Cle®lE < CD(e) + Cell o™ .
[n|<N

Thus, by the assumption 7, > v and combining (2.17)), (2.18) and ({2.19), we can obtain

28 —1 25 2/5’
—J(p™) > TII@D(’“)II% CIWID( )+ | (@8 —1)Csy — CIWI6 le™1,,

which can be rewritten as

28 —1
—I(e®) = @3 + Bille® I - By

with
= (g8 —1)C3y —

It is easy to see that both By and Bj are positive constants for € > 0 small enough.

Qﬁ;c\w|a, 32:252_10@;1)(5).

Therefore, we have
~3e®) > L2210, - B,
which implies {p®)} is bounded.
Similarly, we can prove the case 0 = 1 by taking 1/¢g < 8 < 1/2. Here we omit the
details.
Finally, we pay more attention on the special case 0 = 1 with w < A;. By Lemma [2.5]
if o =1 and w < A1, then J(¢) > By > 0 for any ¢ € N, which shows that

d= géij{}J((p) >0, m’?XJ(gp(k)) > 0.

Then, since I(¢®)) = 0, we have

le® 1% — wlle® 1% = mf ()l

neL

Thus, by (2.11]), we have

J(pW) = §(H<p('“ 1% —wlle®Iz) = > mF

ne”

1
§(H<P(k I3 - WH‘P(k He2 —§Z’Ynf ) 2

ne”L

1
— (5 7) 0B~ wlle®I2),
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Thus, if w < 0, we have
1 1
ky> (2 _ 2 (k)12
J(p™) = (2 q) 1" I

which implies

1 1\*!
2.20 B < < - ) A,
(2.20) "l < > 4

where A = maxy, J(¢®). If 0 < w < Ay, it is easy to show that

1 1 w
T2 (5-2) (1 5) Il

which implies

o) =[5 1) (- 2)]

where A is same as in (2.20). The inequalities ([2.20) and (2.21)) show that {p®)} is
bounded in H. O

3. Breather solution

Theorem 3.1. Let 0 < v, <7, the nonlinearity f satisfy (H1) and (H2), and (2.3]) hold
in system (2.4). Then

(1) If o = =1, w < Ay, there is no nontrivial solution for system (2.4)).
(2) If o =1, w < Ay, there exists a pair of nontrivial solution ¢ € (? for system (2.4).

Proof. (1) If 0 = —1, w < Ay, then it is easy to prove that I(p) = 0 if and only if ¢ = 0.
Therefore, in this case the system ([2.4)) has no nontrivial solution.

(2) If 0 =1, w < A1, then, by Lemma J(p) > Bo > 0 for any ¢ € N. Thus,
d = mingen J(p) > 0. Furthermore, there exists a sequence {¢*)} C A such that

d= lim J(e™).
k—oo

By Lemma the sequence {cp(k)} is bounded. Consequently, there exists a subsequence,
also denoted by ¢*)| such that p*) weakly converges to ¢ € H. By Lemma it is
obvious that

o™ —
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in the space ¢4 for any 2 < ¢ < co. Moreover, by (2.10)), we have

> (e = " mf(en)en

nez nel
< Wl @l = oal + 3 3l () = Flen)llel)]
nez nez
<16l = pul 3 [elonl + Alpalr ™t + Cr(2 + o2 + [P P2) 1]
nez™

which, combining with the Hélder inequality, yields that

(3.1) lim > "y f (o)l = " mf(en)en.

k—o00
neL ne’

Meanwhile, in view of (2.10) and by the mean value theorem, there exists t* € (0, 1) such
that

Z'WL[F(SO%]C)) — F(en)]

nez
= Z’Ynf(ﬁpn) + t*(SO%k) - ‘Pn)(wgk) — ¥n)
nez
< Z’Yn|f(90n) =+ t*((p%k) - @n)‘|<p£zk) - ‘pn|
neZ
<TY [elonl + Alpal ™ + el — on] + Al — a7 |6 — o,
nez

which implies

(3.2) lim Z’YnF(ngzk)) = Z%’LF(@n)’

k—o00

Thus,

11
T(p®)) = (2 B q) (o™i = wlle®Iz2) =D mF (el

nel

1
=52 mf@)el? = Y mF(el?).

nez ne”L

(3.3)

Therefore,

d= Z %'Yn[f(@n)(%pn) - 2F(§0n)]'

ne’
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Combining (3.1)), (3.2)), (3.3) and by the Fatou Lemma, we have

lell3 = [lweak — lim ®||3, < liminf [|®)||,

= liminf (Z 'ynf(cpglk))gogf) + wH‘P(k) H?z)

ne’l

= Z'Ynf(SOn)Spn + "JHSOH???
nez

which implies

1(¢) = llellFr — wliellz = Y nf(pn)pn < 0.
ne’

Through a similar demonstration in the proof of Lemma we know that there exists a
positive constant 0 < ¢ty < 1 such that I(tgp) = 0. Thus we can conclude that top € N.
Indeed, in what follows we can show that tg = 1.

Define

Pt) = 3 vl (ton) (ton) — 2P (t5,)].

neL

Thus, J(top) = 2 P(ty) and P(1) = 2d. Notice that, for any 0 < ¢ < oo,

P(t) = Y s (kon)d — Flton)on] 2 T2 3 G (ko) () > 0,

nez neL

which implies that P(t) is strictly increasing on (0, 00). Moreover,
1 1
d < J(top) = iP(to) < §P(1) =d.

Therefore, to = 1, J(p) = d and ¢ € N. Thus, by Lemma ¢ is a weak solution of
system (2.4)). Since the functional J(u) is even, then —¢ is also a weak solution. O

Now we will state our results about the exponential decay property of the breathers.

Theorem 3.2. Let ¢ be a solution of system (2.4]) and satisfy

lim 7, f(pn) =0.
[n]—o0
Then there exist two positive constants K and a such that
lon| < Ke ™"l n ez

Proof. Define the operators

O = {0 = —0vnf(¥n) }nez
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and

P‘P = (L(P)n + 0.

Then system ([2.4]) is equivalent to
Py = we.

By Lemma we know that © is a compact operator in £2. Hence
Cess(P) = Gess(L).
Then by the definition of essential spectrum, we have
Oess(P) = 0ess(L) = 0.

By Lemma 2.5 in [13], there exist two positive constants K and « such that |p,| <
Keel, O

Moreover, Theorem could be generalized to the following case.

Theorem 3.3. If p € (%(Z) is a solution of system (2.4), and the sequence {vnf(¢n)}nez

18 bounded, then there exist two positive constants K and o such that
lonl < Ke™oI"l, nez.

Proof. Let P, © be the same as defined in the proof of Theorem [3.2l By Lemma we

know that L' is compact in £2. Since © is bounded, then © L' is compact. Therefore,
Jess(P) = Jess(L) = 0.

We can accomplish the proof through a similar argument in Theorem O
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