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An Approach to e-duality Theorems for Nonconvex Semi-infinite

Multiobjective Optimization Problems

Do Sang Kim* and Ta Quang Son

Abstract. Using a scheme for solving multiobjective optimization problems via a
system of corresponding scalar problems, approximate optimality conditions for a
nonconvex semi-infinite multiobjective optimization problem are established. As a
new approach, the scheme is developed to study the approximate duality theorems of
the problem via a pair of primal-dual scalar problems. Several e-duality theorems are
given. Furthermore, the existence theorem for almost quasi weakly e-Pareto solutions
of the primal problem, and the existence theorem for quasi weakly e-Pareto solutions

of the dual problem are established without any constraint qualification.

1. Introduction

Scalarizing methods are important tools to find optimal solutions in multiobjective opti-
mization programming. The relevance of using scalarizing methods to solve multiobjective
optimization problems is that, scalar problems can have more effective means of finding op-
tima than vector problems can. The reader is referred to the papers [27,34], where surveys
of methods for multiobjective optimization are reviewed and to the books [2,/12,[13/25], the
papers [4.24,33] for the deeper insight into this topic. In this paper, we are interested in
a scalarizing method for solving multiobjective optimization problems introduced in the
Chankong-Haimes’s book [5]. This scheme was presented since 1983 and it has attracted
much attention by several authors for years. The reader is referred to the papers such
as [3,14,126,127,35] for details. The criteria of this scheme is to solve a vector optimiza-
tion problem via a system of corresponding scalar problems. Hence, it could approach to
the dual problem of a given multiobjective optimization problem via pairs of primal-dual
scalar problems.

In this paper, we deal with approximate Pareto solutions for a multiobjective optimiza-
tion nonconvex problem based on the method, and study its dual problem via the scheme.

Related to approximate solutions in multiobjective optimization problems, there are many
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papers published for years [1,8,/14,|15,18-21,132]. In our results, we are interested in the
concepts of quasi e-Pareto solutions and almost quasi (weakly) e-Pareto solutions. We note
that the concepts of a quasi e-solution and an almost quasi e-solution for a single objective
nonconvex problem were considered in [31]. Afterward, it was developed for multiobjective
problems [32]. There are several papers concerned with these concepts [11},22,304|38},41].
Let us consider the following nonconvex semi-infinite multiobjective optimization prob-

lem:
(MP)  Minimize f(z) := (fi1(z), fo(x), ..., fm(z)) subject to g;(z) <0, t € T, x € C,

where f;: R”™ — R and g¢; are locally Lipschitz functions for i € M := {1,2,...,m} and
t € T, T is an index set (possibly infinite), and C is a closed convex subset of R™. The
optimization problems which have a number of infinite constraints are attracted, recently,
by several authors [6}|7,36-41]. We also note that the results on approximate Pareto
solutions and approximate duality theorems for (MP)) via a non-weighted sum scalarizing
method were established recently in [38]. Due to the scheme introduced by Chankong-
Haimes, for j € M and given y € C, we associate to the following scalar problem.

Minimize f;(z) subject to fi(z) < fx(y),

(P;(y)) ke M =M\{j}, () <0, t €T, z€C,

where f;, fx, g+ and C are as above with k € M7 and ¢ € T. In this research, the scheme

will be developed to establish relationships between approximate optimality solutions of

(MP)) and 1Pjiy ).

As far as we know, the scheme is usually used for finding exact solutions of multiob-

jective optimization problems and there is no work dealing with dual problems of vector
optimization problems. The aim of this research is to propose an approach for establishing
the relations between a vector optimization problem and its dual problem via a pair of
primal-dual scalar problems corresponding Chankong-Haimes scheme. So, the relations
between and its dual problem will be investigated via the following diagram

(MP) — (MD]

|

(Pj) ——

where (MD)) is the dual problem of (MP)), is the dual problem of (P;), (P;) and (D)
are the scalar problems corresponding to (MP]) and (MDJ), respectively. When approaching

the problem from this direction, there exists a question: How to formulate the problem
such that it is a dual problem of (P;) and it can be suitable for (MD)) in Chankong-

Haimes scheme, simultaneously. This problem will be discussed in Section [}



e-duality Theorems for Multiobjective Problems 1263

Our results are divided in two parts. In the first one, we deal with approximate Pareto
solutions of . Some approximate optimality conditions for are given. The
obtained results also describe the relationships between approximate Pareto solutions of
and approximate solutions of . In particular, we prove that there exists
an almost quasi approximate Pareto solution for (MP)) without assuming any constraint
qualification. In the second part, we propose an approximate dual problem of
in Wolfe type. To obtain new results related to the dual problem , we give some
theorems to describe the relationships between and , between and .
In this case, the problem is formulated in Wolfe type with a small modification in
comparison with the original one. Then, duality relationships, between and ,
can be investigated via a pair primal-dual scalar problems. We also prove that there exists
a quasi weakly approximate Pareto solution for without assuming any constraint
qualification.

The rest of the paper is organized as follows. The next section is devoted to preliminar-
ies and lemmas for describing the criteria of the method. In the third section, we present
approximate optimality conditions for and and the relationships between
the problems. In the last section, approximate duality theorems for and and
relationships between the problems are established. Finally, relations between and
are exploited via a pair of scalar problems. An example is given and applications

into fractional semi-infinite multiobjective optimization problems are discussed.

2. Preliminaries

Most of the following basic concepts are concerned with nonsmooth analysis theory. They
can be found in the following books [9,(10,|16].
A function f: R™ — R is said to be a locally Lipschitz function if for any x € R™ there

exists a positive constant K and a neighborhood N of x such that

|f(y) — () < Klly -z, Vy,z€ N(z).

For a sequence (gi)ier, g¢: R™ — R, we say that (g¢)ier is locally Lipschitz with respect
to x uniformly in ¢ if there exists a neighborhood N(z) and a constant K > 0 such that

9:(y) —9:(2)| < Klly — z||, Vy,z€ N(x)andVteT.

In this research, the constraint functions g;, t € T, of are locally Lipschitz with
respect to x uniformly in ¢.

The generalized directional derivative of f at = in the direction d € X is defined by
(see [9])

f°(x;d) ;= limsup flz+h+td) - f(z+h)

h—0 3
10
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and the Clarke’s subdifferential of f at x, denoted by 0°f(x), is
Of(x) :={ueR"|u(d) < f°(z;d),Vd € R"}.
For d € R", if the limit

iy {2+ 1) — ()
tl0 t

exists then it is called the directional derivative of f at x in the direction d and is denoted
by f'(z;d). The function f is said to be quasidifferentiable or regular at z (in the sense of
Clarke) if f/(z;d) exists and equals to f°(x;d) for each d € R™ (see [9,10]). The function
f is said to be regular if it is regular at each point of R".

For a closed subset D of R", the tangent cone to D is defined by

Tp(z) = {h € R" [ dp(x;h) = 0},
where dp denotes the distance function to D. The normal cone to D is defined by
Np(xz) ={u e R" | u(h) <0,Yh € Tp(x)}.

When D is convex, the normal cone to D coincides with the one in the sense of convex
analysis:
Np(z) ={ueR" |u(ly —z) <0,Vy € D}.

The following definitions are due to Hiriart-Urruty [23].

Definition 2.1. A locally Lipschitz function f: R™ — R is said to be pseudoconvex if for
all z,y € R,

fPlry—2)>20 = f(y) = f(2)

Remark 2.2. From Definition if there exists u € 0°f(x) such that u(y — x) > 0 then
fy) = f(@).

Definition 2.3. A locally Lipschitz function f: R™ — R is said to be quasiconvex if for
all z,y € R,
fy) < flz) = [ley—2) <0

We note that if f is pseudoconvex on C then f is quasiconvex on C. Moreover, a

quasiconvex function is characterized by the convexity of its lower-level sets (see [16]).

Definition 2.4. Let C' be a subset of R” and let ¢ > 0. A locally Lipschitz function
f:R™ = R is said to be e-pseudoconvex at x € C' if

deR", z+deC, fo(r;d) +Vel|d| >0 = flz+d)+ Veld|| > f(z).

The function f is said to be e-pseudoconvex on C' if f is e-pseudoconvex at every = € C.
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We also note that, in Definition [2.4] if f is supposed further to be regular at = then f
is said to be e-semiconvex at = (see [31,41]).
We now recall some concepts of approximate solutions for a single objective optimiza-

tion problem. Let us consider the following scalar optimization problem.
(P) Minimize f(z) subject to g¢(z) <0, t €T, x € C,

where f: R™ — R is locally Lipschitz function and the functions g¢, t € T, and C are as
above. The feasible set of is denoted by

F:={zeC|gx) <0,teT}.
Let a > 0. We denote by F'“ the a-feasible set of ,
F*:={z € C|g(x) <Va,t €T}
The following notions come from [31].
Definition 2.5. Let a > 0. A point z € F® is said to be
(i) an almost a-solution of if f(z) < f(z)+ « for all x € F;
(ii) an almost a-quasisolution of if f(2) < f(z) + al|lz — z| for all z € F;

(iii) an almost regular a-solution of if it is an almost a-solution and an almost
a-quasisolution of .

The word “almost” is removed if z € F'.

We note that the existence theorem for almost approximate solutions of nonconvex
programming problems was given in [31}38./41].
The following linear space is proposed firstly in [28] and is used for semi-infinite pro-

gramming [17]:
RT) := {X = (M)rer | Ae = 0 for all ¢ € T but only finitely many A; # 0}.
The nonnegative cone of R() is denoted by
R = (A= \)ser e RT | N, >0, € T},
With A € R its supporting set
TN ={teT|X  #0}

is a finite subset of T'.
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Whenever T'(A\) = 0, we assume ), M0y = 0 for any sequence {1 }ser.
For A € R, we define
M= > el

teT ()

Let x € R™. We need the following condition
(A) dd € Te(x) : g (x;d) <O forall t € I(z) :={t €T | gt(x) =0}.

We use B* to denote a closed unit ball in R™. According to Theorems 4.1 and 4.2
presented in [41] (where the problem (]ED is defined on a Banach space), we derive the
following theorems for the case of the involved functions are defined on R™ and the index

set T' is compact. The proofs can be omitted.

Theorem 2.6. Let o > 0 and let z be an a-quasisolution for (]E) Assume that the
condition (]ZD holds for z. Then there exists A € R(f) such that

0€0°f(2) + > Mdi(2) + No(z) + VaB*, g(z) =0, VteT(\).
teT

Definition 2.7. A pair (z,\) € C' x RSFT) is called a generalized KKT pair up to a > 0 if

the following condition holds

(2.1) 0€°f(2) + ) MOq(2) + No(za) + VaB*, g(z) 20, VteT(\).

teT
It was called a strict pair up to « if (2.1)) is satisfied with g;(z) > 0 for all t € T'(}\), it is
equivalent to A\; = 0 if g,(2) < 0.

Theorem 2.8. Let a > 0. There exists an almost reqular a-solution z € F“ for (]ED and
A€ RS_T) such that (z,\) is a strict generalized KKT pair up to «.

For the problem (MP)), its feasible set is also denoted by F'. Let € = (e1,...,€,) € R,
with R, denoting the positive orthant of R™. Set

0 := mine;
€M

and
FO.={zecC|gz)<Vo,teT}.

The following concepts are due to the ones presented in [30] (see also [38]).

Definition 2.9. A point z € F? is said to be
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(i) an almost e-Pareto solution of if there exists no x € F' such that
filz) < fiz) —e, i€ M
with at least one strict inequality;
(ii) an almost e-Pareto quasisolution of if there exists no € F' such that
filz) + Veillz — 2| < fi(2), ieM
with at least one strict inequality;

iii) an almost regular e-Pareto solution of (MP)) if it is an almost e-Pareto solution of
g
(MPJ|) and is an almost e-Pareto quasisolution of (MP}).

If z € F then we have the concepts of e-Pareto solution, e-Pareto quasisolution, and regular
e-Pareto solution of (MPJ), respectively.

Definition 2.10. A point z € F? is said to be
(i) an almost weakly e-Pareto solution of if there exists no € F' such that
filz) < fi(z) — e, i€ M;
(ii) an almost weakly e-Pareto quasisolution of if there exists no € F such that
fiw) + Veillx = 2|l < fi(z), i€ M;
(iii) an almost regular weakly e-Pareto solution of if it is an almost weakly e-Pareto

solution of (MP)) and is an almost weakly e-Pareto quasisolution of (MP)).

If z € F then we have the concepts of weakly e-Pareto solution, weakly e-Pareto quasiso-
lution, and regular weakly e-Pareto solution of (MP)), respectively.

The criteria of Chankong-Haimes scheme (see also [4,27]) applied for is that:
A feasible point z of is a Pareto solution of if and only if it is an optimal
solution of (Pj(z)) for each j € M.

For a problem (P;(y))), j € M, its feasible set is denoted by Fj(y). Set M7 := M\ {;}.
The method above is developed for finding approximate Pareto solutions of as
follows. Given y € C, j € M and ¢; > 0, the ¢;-feasible set of is defined by

F(y) = A{z € C| fulx) < fily) + V&, k € M gi(2) < /&5, t € T}

From the criteria of Chankong-Haimes scheme discussed above, it is easy to derive the

following lemmas.
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Lemma 2.11. Let e € R, .

(i) A point z is an almost e-Pareto solution of (MP)|) if and only if z is an almost
ej-solution of (Pj(z)) for each j € M.

(ii) A point z is an almost e-Pareto quasisolution of (MP)) if and only if z is an almost
ej-quasisolution of (Pj(z)) for each j € M.

(iii) A point z is an almost reqular e-Pareto solution of (MP)) if and only if z is an almost
regular €j-solution of (Pj(z)) for each j € M.

Lemma 2.12. Let e € R, and let j € M be such that €; = min;ecpy €;.

(i) A point z is an almost weakly e-Pareto solution of (MP)) if and only if z is an almost
ej-solution of (Pj(z)).

(ii) A point z is an almost weakly e-Pareto quasisolution of (MP)) if and only if z is an

almost €;-quasisolution of (P;(z)).

(iii) A point z is an almost reqular weakly e-Pareto solution of (MP)) if and only if z is

an almost reqular €j-solution of (Pj(z)).

Remark 2.13. In Lemmas and the conclusions are valid if we remove the word

“almost”.

Example 2.14. The following example illustrates relations between approximate solu-
tions of (MPJ|) and approximate solutions of scalar problems corresponding to Chankong-

Haimes method
(MP1)  Min f(z) = (z,2? — z) subject to g(z) = tz? —2 <0, t € [0,1], = € [-1,1].

Let fi(z) = 2 and fao(z) = 22 — 2. Observe that the feasible set of is [0, 1].
Given € = (1/2,1/2), it is clear that z = 1/2 is e-Pareto solution of (MPT).

The two scalar problems corresponding to (MP1]) in Chankong-Haimes method are
formulated as follows:
(F1(2))

Min fi(z) = x subject to 22 — z < fo(z) = —1/4, tz®> —2 <0, t € [0,1], = € [-1,1]

and

(P2(2))

Min fo(x) = 22 — x subject to x < fi(z) = 1/2, tz®> —2 <0, t € [0,1], = € [-1,1].

For the problem ([P;(z)), with a simple computation, its feasible set is F; = {1/2}. On
the other hand, we also have inf (P;(2)]) = 0. Moreover, we can see f(z) < inf (Py(2)]) +¢€1.
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Hence, z = 1/2 is an ej-solution of (P;(z))). For the problem (P»(z)), its feasible set is
Fy = {z | 0 <z < 1/2} and its optimal value is inf (Px(2)) = —1/4. We can see that
f(z) <inf (P2(z)]) + €2. Thus, z = 1/2 is also an e-solution of (Py(z)).

3. e-optimality conditions

We now establish e-optimality conditions for (MP]). The following condition is associated
to the problem (P;(z)).

Let € R, I(x) = {t € T | gi(w) = 0}, Hj(x) = {k € M7 | fu(z) = fr(2)},
M7 =M\ {j} and T(z) = I(z) U Hj(x).

g¢(z;d) <0 forall t € I(x),

(A) 3d € To(z) :
f,?(ﬁf;d) <0 forall ke H](@

By applying Theorem [2.6|for the problem (Pj(z)), we can obtain the following result.
The proof is omitted.

Proposition 3.1. Let €¢; > 0 and let z be an €j-quasisolution for (Pj(z)). Assume that
the condition (]ED holds for z. Then there exist u, >0, k € M7 and \ € Rf) such that

0€°f(2) + > mdfilz) + > Mg(2) + No(z) + /6 B,
(3.1) keMJ teT
gt(z) =0, VteT(N).
We need the following proposition. The proof is omitted.

Proposition 3.2. Let ¢; > 0 and let z € Fj(z). Assume that the function f; is €j-

pseudoconve, the functions fi, and g; are quasiconvex where k € M7 and t € T. If there
exist pip, > 0, k € M7 and \ € ]R(T) such that

0€0°fi(2) + > mdfe(2) + > M0°gi(2) + No(2) + /¢ B,

keMi teT
a(z)=0, VieT(\),

then z is an €j-quasisolution for (Pj(z)).

In the following theorem, a necessary condition for an e-Pareto quasisolution of (MP))
can be obtained if there exists j € M such that the condition holds.

Theorem 3.3. Let e € R, . Let z € F be an e-Pareto quasisolution of (MP)). If there
exists j € M such that the condition (Aj) holds for z then there exist [, > 0, k € M,
SpenPr =1 and X € RSFT) such that

0€ > o fu(z) + Y Md°gi(2) + Ne(2) + /6 B, gilz) =0, ¥t € T(N).

keM teT
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Proof. Note that if z is an e-Pareto quasisolution of (MP)) then, by Lemma and
Remark z is an ej-quasisolution (Pj(z)). Since the condition (4;) holds for z, by

Proposition [3.1} there exist ux >0, k € M7 and \ € R(T) such that

0€d°fi(2)+ Y mdfilz) + Y Md9(2) + Ne(z) + /e B,

keMi teT
g(z) =0, VYteT(N),

where B* is an unit ball in R™. This implies that

(3.2)
1 ¥
OGH‘Z:—' O°fi(= Zﬂkafk +Z>\tagt )+ No(z)+ /6B |,
keMi Pk keI teT
and ¢g:(z) =0, Vt € T(X). Set
;= v Ty, = Y o S = M
DL+ Y e Mk P+ D ke Mk L+ penss M
Note that
1 1
————N¢(2) C N¢(2) and —————/¢; B* C \/¢; B*.
1+ EkeMﬁ 1225 1+ ZkeMﬁ 1225 ﬁ ﬁ

From (3.2)), we deduce that
0€ > T fr(z) + Y N0°gi(2) + No(2) + /6 BY,  gi(2) =0, ¥t € T(N).
keM teT
It is easy to check that ), ., 7, = 1. O

The reader is referred to [41], where a strict KKT condition is proposed corresponding
to an almost approximate solution of a single objective nonconvex optimization problem
with an infinite number of constraints, and is referred to [11,29] where various type of con-
straint qualifications are required to study KKT conditions for multiobjective optimization
problems with inequality constraints.

We now prove that there exists an almost weakly e-Pareto quasisolution for the prob-
lem without assuming any constraint qualification. To start with, firstly, we give
the definition of a so-called generalized j-KKT pair for . It is modified from the one

in [41]. Then we prove that there exists an almost regular e;-solution for (P;(z)).

Definition 3.4. Let e € R, . A pair (z,A) € C x Rf) is said to be a generalized j-KKT
pair up to ¢; if the following condition is satisfied
(3.3)  0€0°f5(2) + Y _MOgi(2) + No(2) + /G BY,  gi(z) 20, Vi € T(N).

teT
It is called strict if (3.3) holds with g¢(z) > 0 for all t € T'()\), equivalent to Ay = 0 if
9+(2) < 0.
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Lemma 3.5. Let ¢ € R, . For each j € M, there exists an almost regular €;-solution
z for (Pj(z)) and X\ € RSFT) such that the pair (z,\) satisfies the condition (3.3)) with

gt(2) > 0 for all t € T(N).

Proof. Let us consider the function G defined by

ft — ft(Z) lft S ]\4J7
gt ifteT

G, =

and T =T U MJ. For €; > 0, applying Theorem to the problem

min{fj(z) |z € C,Gy(z) <0,t € T}.
There exists an almost regular €;-solution z € F jﬁj (2)and \ € ]RST) such that (z, \) satisfies

strictly the generalized KKT pair up to ¢;, i.e.,
0€0°f(2) + Y MOGelz) + > M0°Gy(2) + Ne(2) + /e B,
(3.4) te M teT
Gi(2) >0, teT(N).

Since Gy(z) = 0 for all t € M7 and (2, \) satisfies strictly a generalized KKT pair up to
€;, by Definition we get Ay = 0 for all t € M7. This and (3.4) imply

(35)  0€dfi(z)+ > N alz) + Ne(2) + VG B, ai(z) >0, Vi € T(N).
teT

The desired result is proved. O

Corollary 3.6. Let e € R, and let j € M be such that ¢; = min{e;,i € M}. Then there

exist an almost reqular weakly e-Pareto solution z for (MP)) and \ € ]RS_T) such that (z, \)

satisfies strictly a generalized j-KKT pair up to €;.

Proof. Indeed, by combining Lemmas [2.12] and one can guarantee that there exists
an almost regular weakly e-Pareto solution z for (MP]). O

From the corollary above, we propose a sufficient condition for an almost weakly e-
Pareto quasisolution for (MP)]) as follows.

Theorem 3.7. Let e € R, and let j € M be such that €; = min{ex, k € M}. Suppose

that the function f; is €j-pseudoconvez, the functions g; are quasiconvez for allt € T, and

the pair (z,\) € C XRSFT) satisfies the generalized j-KK'T condition up to €; given by (3.3).

(i) If z € F;j(z), then z is an almost weakly e-Pareto quasisolution of (MP)).

(ii) If z € Fj(z), then z is a weakly e-Pareto quasisolution of (MP]).
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Proof. (i) Let (z,\) € C' x RSFT) be such that the condition (3.3) is satisfied. Then there

exist u; € 0°f;(z), v € 0°g¢(2), t € T, w € No(z) and b € B* such that
j J

uj+Z)\tvt+w+\/?jb:O.
teT
Hence,
uj(x —2) + Z)\tvt(m —2)+Ellr -z = —w(x —2) >0, VzeCl.
teT
On the other hand, since g;(z) > 0 for all ¢t € T'(\), and ¢; are quasiconvex functions, we

can deduce that v (x — z) < 0 for all ¢t € T and for all x € F. Consequently,
(3.6) uj(x —2) +/Ellr—=2|| >0, VzxelF.
IfzeF jej () then z € F?. We claim that z is an almost weakly e-Pareto quasisolution for
(MP)). On the contrary, if z is not an almost weakly e-Pareto quasisolution of (MP)), then
there exists x € F' such that

filz) + Vaillz — 2| < fi(2), Vie M.
This implies that

filw) + Veillz — 2l < fi(2).
Since f; is €;-pseudoconvex, the inequality above implies
£z =)+ Gl — 2] <0

Hence,
uj(x —2) + /Ellr —z|| <0, Vu; € 0°f;(2),

a contradiction to (3.6)).

(ii) When z € Fj(z), the conclusion can be derived similarly. O

4. e-duality theorems

Let us define the vector Lagrange function associated to (MP]) by

‘C(y) )‘) = (Ll (y’ )‘)7 ) Lm(y7 )‘))

where L;j(y,A) = fj(y) + > icp Mgi(y). For e € RY,, the approximate dual problem of
(MP)) in Wolfe type is formulated as follows:
Max L(y,\), 0€ Y m0°f;(y) + > Md°0u(y) + No(y) + > 75/ B,

jeM teT JjEM

720, Y 7=1 yeC reR{.
jEM

(MD)
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Definition 4.1. A feasible point (Z,\,7) of is said to be
(i) an e-Pareto solution of if there exists no feasible point (y, A, 7) of such
that
Li(z,A) < Li(y,\) —ei, i€M

with at least one strict inequality;

(ii) an e-Pareto quasisolution of (MD)) if there exists no feasible point (y, A, 7) of (MD))
such that

Li(y7)‘)_\/gi”y_zu —\/a”X—AHl ZLi(§7X)7 e M
with at least one strict inequality;

(iii) a regular e-Pareto solution of (MD)) if it is an e-Pareto solution of (MDJ) and is an
e-Pareto quasisolution of (MD)).

In the spirit of Definition the corresponding notions of weakly e-Pareto solutions of
(MD)) are obtained.

To investigate duality relationships between and , following the diagram
introduced in the first section, we need a pair of primal-dual scalar problems (P;) and
such that (P;) is associated to and is associated to . Let us take a
glance at Lemma If we focus on almost €;-quasisolutions of (P;) then the obtained
generalized ¢;-KKT conditions do not contain the constraints fi for k € M7 (compare
with ) Motivated by this observation, we can propose a formulation for an
approximate dual problem in Wolfe type with a small modification. The small
modification respect to is that, it has no relation to the constraint functions fz,
ke MI, of (Pj). In this case, will be proved to be compatible with . It is
formulated as follows:

Max L;(y,\) = fj(y) + Z Aege(y),
teT

0€d°f(y) + Y M aly) + Ne(y) + VG B*, (3,0 e C xR
teT

(D)

4.1. Duality relationships between (P;(y)|) and
Let us denote by F jD the feasible set of .

Definition 4.2. Let (2, X) be a feasible solution of (Dy]). The point (z, A) is called
(i) an ej-solution for if
Li(ZN) > Lij(y,A) —¢j, V(y,A) € F;
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(ii) an e;-quasisolution for (Dj]) if

LiZX) = Liw, \) — valE -yl - VGIR = A, Yy ) € FP;
(iii) a regular €;-solution for if it is both an €;-solution and an €;-quasisolution.

The following theorem describes the approximate weak duality between (P;(y)) and
(D))

Theorem 4.3. Let x and (y,\) be the feasible points of (P;(y)) and , respectively.
Suppose that L;(-,\) is €j-pseudoconvex and f;, g:, t € T, are reqular on C. Then,

fi(x) = Lj(y, A) = Véillz =yl

Proof. Since (y,\) is a feasible solution of , there exist u € 0°f;(y), vi € 0% (y),
w € N¢(y) and b € B* such that

0:u+z)\tﬂt+w+\/€>jb~
teT
Since w(z —y) < 0 for all x € F, it is easy to deduce that
(4.1) v+ Y Mz —y) + Ellz -yl >0, Vel
teT

Since fj, gt, t € T, are regular on C and L;( -, A) is €j-pseudoconvex, from ({4.1)), we obtain
Lj(z,A) + VEllz —yl = Lj(y, ), Vzel.
On the other hand,

Lj(x, —i—Z)\tgt ) < fi(z), VaxeF
teT

The desired result follows. O

Theorem 4.4. For problem , suppose that the L;j(-,\) is €;-pseudoconvex and fj,
gt, t €T, are regular on C. Then, there exists an €j-quasisolution for .

Proof. By Lemma there exists an almost €;-quasisolution z for (P;(z)) and = Rf)
such that (z, ) is a strict generalized j-KKT pair up to ¢;, i.e.,
(42)  0€0°f(2) + > N0°0u(Z) + No(Z) + /6 B, qi(z) >0, ¥t € T(N).

teT

Hence, (z, ) is a feasible point of (Dy]). It needs to prove that (z, ) is an €;-quasisolution

for , i.e., to prove that

Lj(zA) = Li(y, N) = VejlZ =yl = VEGIx = Al Y (y, ) € Ff.
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We claim that

n \

(4.3) Li(z ) > Li(z A) — vGlIX = A, vAeR,

i.e.,

ST = 2a@) > —vG > he— Ml

teT teT

Indeed, set T =T(\) U (T \ T(X)). If t € T()\) then g,(z) > 0. Hence,

(At = A)ge(2) > = (A = Ao)|ge(2).

Since z € F}(2), 9:(2) < \/&. We get

(4.4) (At = A)ge(2) > —[(Ae = M)lge(Z) > —1(Ae = Mo)lV/e-

If t € T\ T()\) then, by the strict generalized j-KKT pair up to €; (4.2]), we have A = 0
and ¢;(Z) < 0. Hence,
(At = A)ge(2) = —Megi(z) > 0.

Thus,

(4.5) (Mt = A)ge(Z) > — (A — M)l V/ej-

From (4.4) and (4.5) we can deduce (4.3). On the other hand, for a feasible point (y, )

of , we get

0€0°fi(y) + > M°g(y) + Ne(y) + /e B*.

teT

Using an argument similar to the one in the proof of Theorem we get

Lj(z, M) + /Ellz —yll = Li(y, A), Vzel.

Hence,
(4.6) Lj(z,A) = Lj(y, A) — V&llz — yll.
The desired conclusion follows by combining (/4.6 . and . O

Remark 4.5. Suppose that the L;(-, ) is e;-pseudoconvex and fj, g, t € T, are regular
on C. If 7 is an almost €j-quasisolution for (P;(z)) and X € RSFT) such that (2, ) is a
generalized j-KKT pair up to €;, then (2, \) is an €;-quasisolution of .

Theorem 4.6. Let (2, \) be a feasible solution of . Suppose that f; is €;-pseudoconvez,
g+ are quasiconvex for t € T. Suppose further that gi(z) < g(z), t € T, for all x € F and
fi, gt are reqular on C fort € T.
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(i) If z € Fj(Z), then Z is an €j-quasisolution of (P;(Z)).
ii) IfZ € F’ (%), then Z is an almost €;-quasisolution of (P;(Z)).
i J J

Proof. Let (z,\) be a feasible solution of (Dj). We get

0€0°f;(2) + > M0°6i(Z) + No(2) + /6 B

teT

Then there exist u; € 0°f;(Z), v € 0°¢(Z), t € T, w € N¢(Z) and b € B* such that

uj(—2) + > vz —2) + Jellz — 2 = —w(@—2) >0, VzeC
teT

Since ¢ are quasiconvex and g;(z) < g;(%) for all t € T and for all x € F', we deduce that
uj(z —z) + /Gllz —z| >0, VzeF
(i) By the property of €;-pseudoconvexity of f;, we get

f(z) < f(@) + Vallz — 7|
for all z € F. If Z € Fj(Z) then Z is an ¢j-quasisolution of (P;(Z)).
(i) If z € FE]( ) then the conclusion (ii) follows. O
4.2. Relationships between and (MD])

Proposition 4.7. Suppose that the function L;j( -, ) is €j-pseudoconvex. Let T € R’} be
such that 7; =1 and T, = 0 for k # j.

(i) If (, A) is an ¢j-solution of (Dy)) then (z,X,7) is a weakly e-Pareto solution of (MD]).

(ii) If (z, A) is an €j-quasisolution of then (Z, A\, T) is a weakly e-Pareto quasisolution

of (MD].

(iii) If (z,A) is a reqular €j-solution of then (Z,\,T) is a regular weakly e-Pareto
quasisolution of (MD)).

Proof. (i) Let (z,A) be an ¢j-solution of (D;]). Hence,

0€0°f;(2) + > M0°G(Z) + No(2) + /e, BY
teT

(47) Lj(Z,X) > Lj(y> )‘) — €
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for all feasible point (y, A) of . Let 7 € R be such that 7, = 0if £ # j and 7, = 1
for k = j. Then (2, \,7) is a feasible point of (MD]). We claim that (z,\,7) is a weakly
e-Pareto solution for (MDJ). On the contrary, if

Lk(y,A)_Ek >Lk(E,X), VkeM

holds for some feasible point (y, A, 7) of (MD)), then, this inequality contradicts (4.7).
(i) Let (2, A) be a quasi €;-solution of (D). Hence,

0€0°f;(2) + > M06(Z) + No(2) + /6, BY
teT
and

Li(Z,A) > Lj(y, A) = ElIZ —yll = vGIA = A, V(5. A) € FP.

Let 7 € R”" be such that 7, = 0if k # j and 7, = 1 for k = j. Then (2, \,7) is a feasible
point of (MD). If (Z, X, 7) is not a weakly e-Pareto quasisolution of (MD]) then there exists
a feasible point (z, A, 7) of (MD)) such that, for any i € M,

Li(w, ) — Veillz — 2| = VallA = Allr > Li(Z, ).

Using an argument similar to the one above, we can easily derive a contradiction.

(iii) The conclusion can be derived by combining (i) and (ii). O

Proposition 4.8. Suppose that the functions L;(-,\) are €;-pseudoconvex for j € M.
Let 7 € R, be such that 3 ;) 7; = 1.

(i) If (z,\) is an €j-solution of for each j € M then (Z,\,T) is an e-Pareto solution
of (MD).

(ii) If (z,A) is an €j-quasisolution of for each j € M then (z,\,7) is an e-Pareto
quasisolution of (MD)).

(iii) If (z,\) is a regular €;-solution of for each j € M then (Z,\,7) is a reqular
e-Pareto solution of (MD)).

Proof. (i) Suppose that (z, A) is an €;-solution of for each j € M. Then,

0€0°fi(2) + > N°0u(Z) + Ne(z) + /6 B, jeM
teT

(4.8) Li(zA) = Li(y,\) — ¢, V(y,\) € F.
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Hence, there exist u; € 0°f;(%), vl € 9°g,(Z), t € T, w! € No(2), b € B* such that
0=u +> Ao} +wl + /G, jeM
teT

For 7 € R, and ) jeM T = 1, from each equality above, we get

0=7 + Y N7l +Tw! + 75/, e M.

teT

Adding the equalities above side by side, we obtain
(4.9) 0="> 7wl + 3 > NFwl + Y Tl + Y T 0.

JjEM JjEM teT jeEM JjEM

Since N¢(2) and 0°g(%) are convex, there exists w € N¢(%) such that w =} .y, 75w’
and there exists v; € 9°g;(z) such that v, =, ), Fjvf . The equality (4.9) becomes
0= 7l +> Xve+w+ > 7 /e,
JEM teT JEM

ie.,

0€ ) 7062 + ) _ M0q(Z) + No(z) + > Tiv/e B

jEM teT jEM

Thus, (Z,\,7) is a feasible solution of (MD)). If (z,\,7) is not an e-Pareto solution of
(MD)) then there exists a feasible point (y, A, 7) of (MD)) such that

L(y,\) —e>L(Z,))

and Li(y, \) — e, > Li(Z,\) with some k € M, a contradiction to (4.8). This guarantees
that (2, \,7) is an e-Pareto solution of (MD]).
(ii) Suppose that (z, ) is an ¢;-quasisolution of for each j € M. Then,
0€0°f;(2) + > M0°0i(Z) + No(2) + /6 BT,
teT

and for all feasible point (y, A) of (| we get

(4.10) W,A)zLj<y,A>—@nz—yu—@ﬂ—wh V(y,\) € EP, Vi€ M.

Using an argument similar to the one as above, we get (Z,\,7) is a feasible solution
of (MD)). If (z,\,7) is not an e-Pareto quasisolution of (MD]) then there exists a feasible
point (y, A, 7) of (MDJ) such that

Li(y,)\)*\/aH:C*?H *\/aHX*)‘Hl ZLi(va)’ I1<i<m,
with at least one strict inequality. Suppose that the strict inequality holds with i = k.

We get a contradiction to (4.10).
(iii) The last conclusion can be obtained by combining (i) and (ii). O
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Theorem 4.9. Let (z, A\, T) be a feasible solution of (MD), where 7T € R, and diemTi =
1.

(i) If (z,\,7) is an e-Pareto solution of (MD)) then (Z,)) is an e-solution of for

each j € M.

(ii) If (z,A\,7) is an e-Pareto quasisolution of (MD)), then (z,)) is an €j-quasisolution
of for each j € M.

(iii) If (z,\,7) is a regular e-Pareto solution of (MD)]) then (z,\) is regular €j-solution
of for each j € M.

Proof. First, we will prove that if (Z,\,7) is a feasible solution of (MD]) then (z,)) is a
feasible solution of for every j € M.
If (z,\,7) is a feasible solution for (MDJ]) with 0 <7 € R™ and }_ jem T =1, we get

(4.11) 0> 704;(2) + Y _N0q(Z) + Ne(2) + > 7j\/6; B

JjeM teT jeM

Let K be the set of index k € M such that (2, \) is not feasible solution for (Dj,) and
assume that K is not empty. Then,

0¢ 0 fr(Z)+ > MNqu(Z) + Ne(@) + Ve BY, keK

teT
and
0€0°i(2) + Y _M0°qu(Z) + No() + V& BY, Vie M\ K.
teT
Hence,
(4.12) 0 ¢ 70 fr(Z —|—7‘k2/\ta 9t(Z) + Tk No(Z) + TinJer B*, VEk € K,
teT
and we get
(4.13) 0€7:0°f:(2) + 7 Y MO°gi(2) + TiNo(Z) + Tin/& B, Vie M\ K.
teT

From (4.12)) and (4.13)), by adding side by side, we obtain

0¢ > T0°f(E) + Y M0G(Z) + Ne(@) + > _ 76 B,

jEM teT jEM

a contradiction to (4.11]).
(i) If (z, ) is not an €;-solution for then there exists (y, \) such that

LJ(§7X) < L](y7 )‘) — €5,
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a contradiction to (i) of Definition
(ii) If (2, \) is not an €;-quasisolution for then there exists (y, A) such that

L;j(Z,A) < L(y, ) = VElIZ = yll = V&Gl = Al

a contradiction to (ii) of Definition
(iii) The conclusion follows by (i) and (ii). O

Theorem 4.10. Suppose that L;(-,\) is €j-pseudoconvex and f;, g, are reqular on C
fort € T. For j € M, suppose that there exists (Z,\) € C x ]RS;‘F) satisfying the strict
generalized j-KKT condition up to €; given by . Then, (Z,\,7) is a weakly e-Pareto
quasisolution of where T; =1 and 7, = 0 for k # j.

Proof. Since (z, \) satisfies the condition (3.3)), (2, \) is a feasible point of . Moreover,
it is easy to check that (2, \,7) is a feasible solution of where 7; = 1 and 7, = 0
for k # j. To prove that (Z,\,7) is a weakly e-Pareto solution of , we will prove
that (z,A) is an ej-solution for (Dy)). Indeed, since (2, X) € C x RSLT) satisfying the strict
generalized j-KKT condition up to ¢;, using the argument similarly to the one in the proof
of Theorem we can verify that (z,\) is an e;-quasisolution of . The conclusion
follows by Proposition [4.7] O

Theorem 4.11. Suppose that there exists j € M such that the function L;(-,\) is €j-

pseudoconvex and the functions g, are reqular for t € T. Then there exists a quasi weakly

e-Pareto solution of (MD]).

Proof. Let us consider the problem corresponding to (MD)) and the problem (P;(y)))

corresponding to (D). By Lemma there exists an almost regular ej-solution z for
(Pj(z)) and X € ]RSFT) such that the pair (2, ) is a strict generalized j-KKT pair up to
€¢;. By Corollary (Z,)) is an €j-quasisolution of . The desired result derives by

applying Proposition [£.7] O

4.3. Duality relationships between (MP)) and (MD))

Theorem 4.12. Suppose that f; and L;j( -, ) are €j-pseudoconvex for each j € M, and g;
are quasiconvex for allt € T. Let x and (y, A\, 7) be feasible solutions of (MP) and (MD)),
respectively. Then, the following cannot hold:

(4.14) (fi(@), s (@) < (Lnly) = Vellz =yl -, Lin(y) = Vemlz = ylD)-

Proof. Let (y,\,7) be a feasible solution of (MD)]). There exist v; € 9°g(y), t € T,
w € Ne(y), uj € 0°fj(y), b € B* such that

Z)\tvt—i-w—i—ZTj[uj—i-\/?jb]:O.

teT jeM
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Hence,

(4.15) Z)\tvt(ac— —i—ZTJ uj(x —y) +/Elle —yl]] >0, Vzel.

teT JjEM

Suppose contrary to (4.14]) that
filz) < Li(y) — Veillz —yll, i€ M,

i.e.,

filx) + Vele =yl < fily) + D Mgely), i€ M.

teT
For x € F', we get \ygi(x) <0 for all t € T. Then

T +Z>\tgt( +Veillz =yl < fily ZAtgt i€ M.

teT teT

Since L;(-,A) is ¢;-pseudoconvex, the inequality above implies that
Li(y;x —y) + Velz —yl <0, ieM.
Hence, ui(z —y) + > ,cr Mve(x — y) + Véllx — y|| <0, i € M. Thus,

Z)\{Ut(ﬂf— + ZTZ uz =Y +\/7||$_y||]

teT ieEM

This and (4.15]) imply a contradiction. O

We now propose some theorems to describe the relationships between (MP)) and ( -

via a pair of primal-dual scalar problems.

Theorem 4.13. Suppose that L;j( -, \) is €j-pseudoconvex and f;, g; are reqular on C' for
te€T. Let e € R, . Suppose further that z is an almost e-Pareto quasisolution of
and there exist j € M, X € RELT), such that (Z,\) is a strict generalized j-KKT pair up to
€j then (Z, \,7) is a weakly e-Pareto quasisolution of where 7; = 1 and 7, = 0 with
k£ j.

Proof. Let € € R, . Suppose that Z is an almost e-Pareto quasisolution of (MP) - Hence,
Z is an almost €j-quasisolution for (P;(%)) for each j € M. Since, there exist j € M and A
such that (z, A) is a strict generalized j-KKT pair up to €;, by using an argument similar
to the one in the proof of Theorem we get (Z,A) is an e;-quasisolution for . The
desired result follows by Proposition ]

Theorem 4.14. Let € > 0, ¢ € R™ and let (Z,\,T) be a quasi e-Pareto solution for (MD)),
where T € R, and 37,0\, 75 = 1.
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(i) If z € Fj(Z) then Z is a weakly e-Pareto quasisolution of (MP)).

(i) For e; = min{ey, k€ M}, ifZ € F, J( ) then Z is an almost weakly e-Pareto quasiso-

lution of -

Proof. Let € > 0, e € R™. Suppose that (Z,\,7) is an e-Pareto quasisolution for ,
where 0 <7 € R™ and _;.),7; = 1. By Theorem (z,A) is an €j-quasisolution of
for each j € M.

Ifze Fj(Z) (e F ;j (Z)), by Theorem it is an (almost) €;-quasisolution of (P;(%)).
For €; = min{e;, | k € M}, the conclusions can be derived by Theorem O

4.4. A modification of Chankong-Haimes method for a dual problem of (MP)

Note that, if we deal with exact solution of (MP]) then a dual problem of (MP]) in Wolfe
type is formulated by

Max L(y,A), 0¢€ ZT]aCf] +Z)\t8 9t(y) + Nc(y),
JEM teT

Y =1, yec, AeRr{.
jEM
Hence, the problem , 7 =1, 2, becomes

Max Lj(y,A) = f;(y) + > Mg (y)
) teT

0€dfi(y) + > \da(y) + Noy), (4,7 e C xR

teT
The problem is not compatible with (P;) under the dual scheme of Wolfe type.
But, there exist connections between 1} and m, ), directly. Approximate solutions of
can be obtained via in the spirit of Chankong-Haimes method. We propose

some more propositions with the proofs omitted because they are similar to the proofs of
Propositions [4.7)(i), [4.8(i) and Theorem [4.9(i), respectively.

Proposition 4.15. Suppose that the function L;(-, ) is €j-pseudoconver. Let T € RI" be
such that 7; = 1 and Ty = 0 for k # j. If (z,)) is an €;-solution of (D7) then (z, \,T) is
a weakly e-Pareto solution of (MD*)).

(MD*)

Proposition 4.16. Suppose that the functions L;(-,\) are €j-pseudoconvex for j € M.
LetT € H}fﬁ_ be such that ZjeM 7; = 1. If (z,\) is an €;-solution of (D3] for each j € M
then (Z,\,T) is an e-Pareto solution of (MD).

Proposition 4.17. 7Let (Z,\,7) be a feasible solution of (MD¥), iuhere T € R, and
> jem T =1. If (Z,\,7) is an e-Pareto solution of (MD7)) then (z,A) is an e-solution of
(D7) for each j € M.
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Example 4.18. The following example illustrates Proposition [£.15}
(MPy) Min f(z) = (z,2% — z) subject to g(z) = 2> — 2 < 0.

The dual problem of (MP;|) in Wolfe type, following (MD)), is

Max L(y,\) = (y + A\»*> = 9),v* —y + A(y* — v))
(MD7) subject to 0 = 71 + 2 (2y — 1) + A\(2y — 1),
7—177—2207 7_1+7—2:1, yER, )\GR+

Given € = (e1,€e2) = (1/4,1/4), it is easy to check that the following functions are ;-

pseudoconvex (j = 1,2), respectively:
Li(y,N) =y + A0 —v), Loy, N) =y —y+ A" —y).
The problems and formulated due to are as follows:
(D¥) Maximize Li(y,\) = y + AM(y* — y) subject to 0 =1 + A(2y — 1), y € R, A € Ry,

D Maximize Ly(y, \) = v —y + A(3? — 3)
) subject to0 =2y — 1+ A2y — 1), y e R, A € R;..

For (Dj)), it is easy to check that (y,A) = (0,1) its an exact solution and the optimal
value of the problem is 0. With a simple computation, we can see that each pair (z, \),
where z € [—(1+v/5)/4, (=1 + v/5)/4] and XA = 1/(1 — 22), is a 1/4-solution of (Dj). In
this case, the quadruple (2, \, 71, 72) where z € [—(1++/5)/4, (=1+/5)/4], X = 1/(1—22),
71 =1, o = 0 is a weakly e-Pareto solution of .

Also, for , we can check that (y, ) = (1/2,0) is an exact solution and the optimal
value is —1/4. Each pair (z,X), where z = 1/2 and X € [0,1], is a 1/4-solution of (D3).
Hence, the quadruple (z, X, 71, 72) where z = 1/2, A € [0,1], 71 = 0, 7» = 1 is a weakly

e-Pareto solution of (MD7).

5. Conclusions

We proposed an approach to investigate e-duality theorems for a class of semi-infinite
multiobjective optimization problems via a pair of primal-dual scalar problems. This ap-
proach is based on a development of Chankong-Haimes method [5] and it differs from
the weighted-sum method for solving multiobjective optimization problems introduced
in [38]. The relations among four problems, the primal-dual multiobjective problems and
the primal-dual scalar problems, are established. Then, we give e-duality theorems due

to the symmetric diagram proposed in Section [I At the end of the paper, we show that
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approximate Pareto solution of the dual problem of can be obtained directly by the
spirit of Chankong-Haimes method applied for the dual problem of . As an applica-
tion, we state that this scheme can be applied for fractional semi-infinite multiobjective
optimization problems by the use of a well known Dinkelbach transformation (to change a
fractional optimization problem to a nonfractional optimization problem). We leave this

for our further research.
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