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Invasion Entire Solutions for a Three Species Competition-diffusion System

Guang-Sheng Chen and Shi-Liang Wu*

Abstract. The purpose of this paper is to study a three species competition model
with diffusion. It is well known that there exists a family of traveling wave solutions
connecting two equilibria (0,1,1) and (1,0,0). In this paper, we first establish the
exact asymptotic behavior of the traveling wave profiles at +-oc. Then, by constructing
a pair of explicit upper and lower solutions via the combination of traveling wave
solutions, we derive the existence of some new entire solutions which behave as two
traveling fronts moving towards each other from both sides of z-axis. Such entire

solution provides another invasion way of the stronger species to the weak ones.

1. Introduction

This paper is concerned with the following three species Lotka-Volterra competition reaction-

diffusion system (c.f. [3]):

Ovy (z,t 0%y (z,t
Uléf) = dlqga(j;) + rvi(x, t)[1 — vi(x, t) — apyva(z, t) — argvs(z, t)],
Ova(x,t 0%y (z,t
(1.1) 'L)Zg:) = d21§§§) + TQUQ(?L‘,t)[l — Ug(m,t) — aglvl(:c, t)],
Ovs(z,t 0%vs(x,t
"’?’éf) - dg”‘g’g) + r3vs(, )[1 — v3(2, ) — agion (2, 1)],

where z,t € R, vi(x,t), va(z,t) and vs(z,t) denote the population densities of the three
different species, a11 > 0, a12 > 0, as; > 0 and ag; > 0 are interaction coeflicients
respectively, r; > 0 (i = 1,2, 3) stands for the relative intrinsic growth rate of the species
1. From the view of the intra-specific competitions, the system formulates the relation
that the species v; competes with vo and wvs respectively, while there is no competition
between species vo and vs.

It is obvious that (0,0,0), (1,0,0), (0,1,0), (0,0,1) and (0,1,1) are equilibria of (L.1)).
Moreover, it is easy to check that the equilibrium (1,0, 0) is stable and (0, 1, 1) is unstable

under the following assumption
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(H) a21,a31 > 1, ann +a12 < 1.

This assumption implies that the species vy is stronger than v and wsg, and hence the
species v1 shall invade vy and vs and eventually vy and vz will be extinct. Therefore, an
interesting problem is to know how the stronger species invades the weaker ones. It is
no doubt that the traveling wave solutions connecting (0,1,1) and (1,0,0) can provide
an invasion way of v; to vy and wvz. Under the assumption (H), Guo et al. 3] given
some conditions on the parameters of the competition system such that the minimal
wave speed cpin of traveling wave fronts connecting (0,1,1) and (1,0,0) equals to ¢* :=
2\/d17“1(1 —ai; — ai2) > 0. This result is called the linear determinacy (c.f. [3}|9]).

It is natural to ask, in addition to the traveling wave solutions, whether there exists

another way of v; invades vo and vs. In this paper, we give an affirmative answer. More
precisely, we shall construct some new entire solution of which behave as two traveling
fronts moving towards each other from both sides of z-axis (see Theorem[3.1)). Such entire
solution provides another invasion way of the stronger species to the weak ones.

We end the introduction with the following remarks. First, since the work of Hamel and
Nadirashvili [5], there are many results devoted to the entire solutions to scalar evolution
equations, see e.g. [2,6,/10,(12,/14,|16]. Morita-Tachibana [8] first extended the results of
scalar equations to a two-component competition-diffusion system. Wang and Lv [17]
and Wu and Wang [20] considered the entire solutions for a L-V competition system
with spatial-temporal delay and general reaction-diffusion system, respectively. For other
related results on entire solutions of two component systems, we refer to [4,11.|18,/19].

Secondly, we remark that for a system enjoying the comparison principle, one can
obtain the desired solution by constructing appropriate upper and lower solutions (c.f. [2,
4-61112,13,|15,|17, |19 21]). Since can be transformed to an equivalent cooperative
system, we shall prove the existence of entire solution by constructing a pair of explicit
upper and lower solutions. The construction of the sub- and super-solution is based on the
exact asymptotic behavior of traveling wave fronts. However, the Ikehara’s theorem which
is always used in scalar equations can not be applied to obtain the asymptotic behavior
of traveling wave fronts. In this paper, we shall establish the exact asymptotic behavior
of the traveling wave fronts by applying the asymptotic theory (c.f. [12,/17]).

Thirdly, it should be mentioned that our results can be applied to the following Lotka-

Volterra competition-cooperation model (c.f. |7])

up = diugy +u(l — u — aqw),
(1.2) vy = dovgy + T0(1 — agu — v),

wy = d3Wgy + b(v — w),

where u(z,t), v(x,t) and w(x,t) represent the population densities of three different
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species, respectively, a; > 0 and ay > 0 are interaction coefficients, » > 0 (b > 0) stands
for the relative intrinsic growth rate of the species v and (w, respectively). Hou and Li [7]
obtained the existence, asymptotic and uniqueness of traveling wave solutions of the model
. However, there has been no results on the entire solutions of system .

The rest of this paper is planned as follows. In Section [2, we establish the asymptotic
behavior of the traveling wave fronts at +oo. In Section [3] by constructing a pair of

appropriate super- and sub-solutions, we prove the existence of entire solutions.

2. Asymptotic behavior of traveling wave front

In this section, we establish the asymptotic behavior of the traveling wave profiles at d+-oo.

By letting u; = v1, ug = 1 —v9 and ug = 1 —ws3, (1.1) becomes the following equivalent

system:
Ouy(x,t 0%uq (z,t
1E§t ) =d 5;2 ) + riui[l — ann — a2 — ug + anug + ajgus),
Oug(x,t 0%uq (z,t
(2.1) 2(;5 ) = d2 61.%('2 ) —+ 7‘2(1 — UQ)[CL21U1 — UQ],
Oug(x,t) 0%uq(,t)
= 1-— — .
ot d3—7 35— +r3(l — us)lasiur — us]

It is clear that the equalibria (0,1, 1) and (1, 0,0) become (0, 0,0) and (1, 1, 1), respectively,
and is cooperative on [0, K], where K = (1,1, 1).

Throughout this paper, a solution (uj(z,t),us(z,t), us(z,t)) of is called a trav-
eling wave solution connecting (0,0,0) and (1, 1,1) with speed ¢ and profile (¢1, @2, @3) if
(u1(z, 1), uz(z, t), us(@,t)) = (¢1(£), ¢2(£), ¢3(§)), § = x + ct, such that

cp1(§) = dipi(€) +r1p1(§)[1 — arr — a1z — w1(§) + anrpa(§) + ara03()],
(2.2) cpn (&) = dapy (&) + r2(1 — @2(8))[azip1 () — w2(8)],
' cpy(€) = dz@5(€) +r3(1 — w3(6))[azip1(§) — @3(8)],
g0/1>0, g0/2>0, cp§>0
with

(23) lim (Qpl(g)a @2(5% 903(5)) = (07 Oa 0)7 lim (901(5)7 902(5)7 903(5)) = (17 17 1)
E——o00 E—+oo
In the sequel, we always assume that U = (¢1, @2, p3) is a solution of problem ([2.2])—
(2.3) with positive speed ¢ > ¢* = 2\/d1r1(1 —aj1; — aj2). By differentiating the differ-
ential equations (2.2) with respect to &, and denote (¢}, @b, ¢4) by (1,12, 13). Then we




862 Guang-Sheng Chen and Shi-Liang Wu

obtain the following system:

(2.4)
ey = di] + ri{inl — ain — a1z — o1 + ar1p2 + a1293] + ©1[—V1 + a11v2 + ai2s)},
ey = dotly + ro{—1halaz11 — pa] + (1 — @2)]axthr — o]},
ey = dspy + r3{—vslasior — 3] + (1 — @3)asir — Y3}

To obtain the asymptotic behavior of traveling waves, we consider the following two

cases:

(I) £ = oo: The limiting system of (2.4]) as & — oo has the following form:

iy = dil, — riy + ranes + riaetsy,
(2.5) ey = dotpy, — rathay(ag — 1),
ey, = dsy, — r3thsy(ag — 1).

Let o}, = 1124, ¥y, = tooy and 15, = 1h32;. Then system (2.5) can be transformed
into the following form

(2.6) X'=PX, X= 14 1o+, Vor, Yoo, V3p, ¥324) T,
where
0 1 0 0 0 0
Tl/dl C/d1 —Tlau/dl 0 —7“1(112/6[1 0
0 0 0 1 0 0
P =
0 0 7’2(@21 - 1)/d2 C/dg 0 0
0 0 0 0 0 1
0 0 0 0 r3(a31 — 1)/d3 C/d3
By a direct calculation, the eigenvalues of the matrix P; are Ay := Aji(c),...,Ag :=
Ag(c) and the corresponding eigenvectors are hi := h{ (c),...,hd := h{(c), where
A c— \/c2 + 4r1d; A c+ \/02 + 4ryd;
1= 3 2 = )
c— \/62 47‘2d2 1— CL21) c+ \/02 47’2d2 1-— a21)
A3 = 9 ) A4 = 2 )

c— \/02 47’3d3 1 — a31) c+ \/62 4T3d3 1 - a31)
As = 5 ,  NAe= 5 )
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and
1 aj ag
A; Ajaj Agay,
0 1 0
h:’_ == 5 hj_ - 9 h/;: = )
0 A 0
0 0 1
0 0 Ay
r1a11 _ riai2 . )
L —_ , = — s :1,2, :3,4,k:5,6-
4 dgA? —cAj —r k d3A% —cAp —11 ! J

For the sake of convenience, throughout this paper, it is always assumed that ridj,
roda(az; — 1), and rsds(as; — 1) differ from each other. Then the general solution of
system (2.6)) has the following expression:

6
(2.7) (V14,1245 Yo oo, g, ay) T =) Byhitelrt,
p=1

where B, denotes arbitrary constant. Since X — 0 as { — oo, one has By = By = Bg = 0.

Hence, any solution of (2.7)) which can converge to zeros as & — oo is represented as
X (£) = Brhf M + B3hi et + Bshd e,
It then follows from the stable manifold theorem that

1—p1(§) = ae€ 4 Bagze™st 4 ’Y&5€A5£ + h.o.t.,
1 — @o(€) = Be™ + hot.,
1 — 3(&) = ve™¢ + hoo.t.,

where a > 0 and 3,v > 0.
(IT) £ — —oo: In this case, the limiting system of (2.4]) is
diy_ — by 4+ (1 —an — arz) =0,
(2.8) dotly_ — by 4 raamihr— —raya =0,
d3)y_ — by 4 r3azhr- — a3 = 0.
By taking ¢]_ = 12—, ¥h_ = oo and ¢5_ = 1)3a_, system (2.8) can be expressed as

the following first-order ordinary differential system:

(2.9) X' =PX, X = b1, P12, %2, Yoo, 3, 132-) 7T,
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where
0 1 0 0 0 0
—7“1(1 — a1l — alg)/dl C/dl 0 0 0 0
0 0 0 1 0 0
Py =
—raag1/da 0 ro/dy c¢/dy 0O 0
0 0 0 0 0 1
—r3az1/ds 0 0 0 r3/d3 c/ds
Direct computation shows that the eigenvalues of the matrix P, are A1 := A1(c),...,\g :=
X6(c) and the corresponding eigenvectors are hy := hy (¢),...,hg = hg (c), respectively,
where
\ c— \/62 47‘1d1 1—ay; — a12> A\ c—+ \/62 4T'1d1 1—ay; — a12)
1= ) 2 = ’
2 2
N c++v/c? 4 4rads N c—+/c? + 4rads
3 = ) 4 = )
2 2
N = ¢+ Ve +4rsds e = c— Ve +4rsds
5 — 2 ) 6 — 2 y
and
1 0 0
i 0 0
S1; 1 0
[ I IR . hy = :
)\isli )\j 0
52i 0 1
)\iSQi 0 )\k:
sy = ——— 12021 89 = ——— 13981 i=1,2, j =34, k=56

dg)\? — C)\Z' — 7“2’ dg)\lz — C)\i — 7“37

Throughout this paper, for convenience to discuss, it is always assumed that r1d;(1 —

aj1 — a12), rods, and rods differ from each other. If ¢ = ¢* = 2\/7‘1d1(1 —aj; — a12), then

A1 = Ao and the matrix P; possesses a generalized eigenvector as follows

R* = (1,0, k1 ((3A1da—2¢) A1 —72), k1 A2 (2A\1da—c), ko ((3A1d3—2¢) A\ —12), ko A2 (2M1d3—c)) T,

where
by = roa21d2
7“2(2)\1612 — 6)2 — [(Aldg — 0)2 + T’ng](dg)\% + 7"2)
and
ey = r3a31d3

7’3(2)\1d3 — 0)2 — [()\1d3 — 6)2 + T‘sds](ds)\% + T‘3) ’



Invasion Entire Solutions for a Three Species Competition-diffusion System 865

It can be easily seen that Aj, A2 > 0 and min{\3, A5} > A2 > A; under the assumption (H).
Based on the basic theory related with the first order ordinary differential system, we
can easily find the general solution of system (2.9)) as follows

6
(2.10) (h1—, 12—, Yo, oo, Y3, P30 )T = ZAlhfe)‘lg,
=1

where A; denotes arbitrary constant. Since X — 0 as £ — —oo, we arrive at the conclusion
that A4 = Ag = 0.

Thus, if \; # A2, then every solution of which converges to (0,...,0) as§ — —oo
can be denoted by

X(§) = Alhfe)\lg + Azhge)‘25 + Aghge)‘g’5 + A5h56)‘55.

According to the unstable manifold theorem, we can obtain the asymptotic behaviors of
©1(£), v2(§) and @3(€) as follows

©1(€) = M 4 e’ + hot.,
(2.11) ©2(&) = as11eM8 + Bs12e™ + 48 L hot,,

03(8) = asgreM + Bsye™ +ne’ + hot.,
where h.o.t. denotes the higher order term and «, 3,7v,n > 0. Based on the same analysis
as in |13], we obtain (o, 8) # (0, 0).

If A1 = Ao, then every solution of (2.10|) which converges to (0,...,0) as { — —oo can
be expressed by

X (&) = (C1hy + Coh*€)eME + Cshy e3¢ + Cshg et

Thanks to the unstable manifold theorem, the following asymptotic behaviors can be

obtained:

©1(€) = ae™E + BeeME 4 hoot.,
(2.12) ©2(&) = as11€ME + k1[(3A1da — 2¢) A1 — 12)]BEeME + 7M€ + hiot.,
w3(&) = C¥8216)‘1'S + kg[(?))\ldg —2c)\ — 7’3)},3{6)\16 + ne)‘5£ + h.o.t.,
where (a, ) # (0,0) and ~,n > 0.

From (2.7)), (2.11)) and (2.12)), we have the following result. It is obvious that A;(c) <
A2(c), Ai(c) <0, Nj(c) > 0 and Aj(c) >0, j =2,3,5, k=1,3,5.

Theorem 2.1. Assume that the condition (H) holds. Let (v1,p2,¢3) be a traveling wave
front of (2.2) with speed ¢ > c¢*. Then the following asymptotic properties hold:
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(i) As & — —oo,
¢1(£) (Cy +o(1))eMs
0o (&) | = | (Ca +o(1))eMe | fore>c,
©3(&) (C3 + o(1))eM¢
and

p1(¢) (Cy+ Che + o(1))eM€

02(6) | = | (Cust + k1[(3M\1da — 20) A1 — 19)]CLE + 0(1))eMs | for ¢ =

3(€) (Cusa + ka[(3A1ds — 2¢)A1 — 73)]CHE + o(1))eMiE

(ii) As & — +oo,

e1(8) 1— (Cs+ o(1))elé
©2(&) | = | 1= (Co + o(1))ehs¢ fore>c*,
©3(§) 1 — (C7 4 o(1))elss

where C; > 0,i=1,...,7, C} >0, A = A(c) = max{A;(c), As(c), As(c)}.
According to Theorem [2.1] we have the following three lemmas.

Lemma 2.2. There are positive constants m;(c), li(c), M;(¢) and L;(c) (i = 1,2), such
that

(i) If ¢ > c*, then the following results hold

(2.13) mi(c)e’ < p1(€), 92(8), ¢3(€) < Mi(c)eME  for £ <0.

(i) If ¢ = c*, assume that 0 < & < A1 := \*, then there exists a positive constant K

satisfying the following

214 a(1(0). ¢2(6). ¢5(O)} < Kee¥ 9 forg <0,

(iii) If ¢ > ¢*, then the following assertions are valid

ma(c)e™ <1 -1 (€) < Ma(c)e™ for & >0,
()€™ <1 —pp(€) < Li(c)e™ for € >0,
la()e™t <1 —3(8) < La(c)e™t for & >0,

where A is given as in Theorem 2.1
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Lemma 2.3. There ezist positive constants n;(c) (i = 1,2) such that

¢16) ¥a(§) ¥5(6)
(2.15) m(e) < ©1(8)” a(&)” @3(8) < mle) Jor£<0,

P16 ) @)
(2.16) m(c) < 1—1(€6)" 1= pa(€)’ 1—<P 3

Lemma 2.4. There exist two constants ng > 0 and pg > 0 such that

<na(c) for§>0.

(2.17) P2(&) < mop1(§)  for £ <0,
(2.18) ©3(§) < popr(§)  for £ <0,
(2.19) L —pa(&) <mo(l —p1(§)) for§ >0,
(2:20) 1—03(8) < po(L —p1(§)) for £>0.

3. Existence of entire solutions

This section is devoted to the existence of the entire solutions of (1.1). As mentioned
in Section [2| (1.1 is equivalent to the cooperative system (2.1)). Therefore, we state the
result on the system (2.1). More precisely, we have the following result.

Theorem 3.1. Assume that (H) holds. Let V; = (1, 92, v3i) be the solution of (2.1)
connecting (0,0,0) and (1,1,1) with speed ¢; > c*, i = 1,2. Then for any given constants
61 and 02, (2.1) has an entire solution u(x,t) = (u1(z,t), uz(z,t), us(z,t)) defined on R?

such that the following assertions are true
(i) (0,0,0) < u(x,t) < (1,1,1) and for any to € R,

lim sup ||u(z,t) — 1] = 0.
|z|—=+00 te (£, 400)

lim {sup |u(z,t) — ¥y (x + c1t + 01)|| + sup [Ju(x, t) — Ua(—x + cat + 02)||} =
t—=—00 | >0 <0

(iil) lmy—yyoo SUpger llu(z,t) — 1| =0, and for any a,b € R with a < b,

lim sup |ju(z,t)|| =0.

E==0 ycla,b]

The following coupled system of ordinary differential equations plays a crucial role in
constructing super-solutions of (c.f. [2,[12]):
pi(t) =c1 + Ne®', ¢ <0,
(3.1) ps(t) = ca + Ne®P', <0,
p1(0) <0, p2(0) <0,
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where c¢q, co, N and « are positive constants, co > ¢; > ¢* and the initial data satisfy
p2(0) < p1(0). A direct computation shows a solution to (3.1)) as

ﬁeam(o)(l _ ecmt)) :

1
t) = 0 t——1 1
p1(t) =p1(0) + 1 an( +Cl

1 N
p2(t) = p2(0) + cot — o In <1 + c—eo‘pl(o)(l - eclo‘t)> :
1

It is easy to see that the solution p;(¢) has monotone increasing property, i = 1,2. Let

1 N 1 N
w1 = p1(0) — > In <1 + qeam(o)) , w2 =p2(0) — o In <1 + 01606171(0)) )

Using the fact that

1 ¢ N
i — Cijl — P = ——1 1— 2 eha = — Oépl(o)
pi(t) — et —w an( 1+Ce ), ¢ CIe ,

we can derive that there exists a constant Ry > 0 such that the following relation is true

p1(t) — c1t — wy = pa(t) — cot — wy < Roe ™ for t < 0.

Since ph(t) — pi(t) = c2 — ¢1 > 0 for all ¢, and pa(0) < p1(0), it can be concluded that
p2(t) < pi(t), t <0.
We now introduce the definition for a sub-super-solution to ([2.1)).

Definition 3.2. A function w(z,t) = (ui(z,t),ae(x,t),us(x,t)), (z,t) € R x (—o0,T],
T € R, is called a supper-solution of (2.1)) in (—oo,T7, if

Fi(u(z,t)) >0 for (x,t) e R x (—o0,T], i=1,2,3,
where
Fi(u) = u1r — divize — riur (1 — arn — a2 — ug + anjus + arpug),

Fo(u) = ugr — douggy — r2(1 — u2)(agiur — ug),

F3(u) = ust — daugze — 73(1 — u3)(as1u1 — us).
Similarly, the sub-solution of (2.1)) is defined by reversing the above inequalities.

Let wy and wy be any positive constants and W;(&) = (p14(£), v2:(§), p3:(§)) be a
traveling wave solution of (2.2)) connecting (0,0,0) and (1,1, 1) with speed ¢; > ¢*,i =1, 2.
It is easy to see that the following result holds.

Lemma 3.3. The function
u(x,t) = max{¥;(x + c1t + w1), Ya(—x + cat + w2)}

is a sub-solution of (2.1)) in (—oo,0].
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Next, we construct a super-solution to (2.1)).

Lemma 3.4. Assume (H) holds. Take the positive constants o and N in (3.1]) such that

(i) ifaa=c=c:ra=X\"—c¢

N > max K, {Tlall(no +1) | riaia(po + 1)’ 2n2(c”) 2 2 (c*) L }
i=1,2 m(c*) m(c*) L—2i(0)  m(c*) 1 —3i(0)  mi(c*)

for some € € (0, \*);

(il) if * =1 < car a = Ai(c9)

N > max { riK[a1(mo + 1) + arz(po + 1)) ridMi(e2)[ari(no + 1) + arz(po + 1)]
m(c2) ’ m(c*) ’
riKclari(no + 1) +aia(po +1)] 2m2(c*)K.  raK.
m(c) "1—1(0)  me)’
2ma(ca) M (c2) n roM(ca) 21m2(c*)Ke r3 K.
1 — 22(0) m(c*) "1 —31(0)  mi(c2)’
2nm2(c2) M (c2) N 7"3M1(02)}
1 — 32(0) m(c*)

for some £ € (0,\* — X\ (c2)), where K. was defined in Lemma [2.2]

(iii) if c¢* <1 < ca: a=Ai(c2)

N> max {TlMl(Ci)[all(ﬁo 1)+ ara(po + 1)]

ij=12.i] m(c;) ’
ZT]Q(Ci)Ml(Ci) T T’QMl(CZ‘) QT]Q(Ci)Ml(Ci) + 7’3M1(C¢)}
1 — 2i(0) m(c) ~ 1= ¢si(0) m(c))

Then function u(x,t) = (u1(z,t),we(x,t),us(x,t)) with

u1(z,t) = min{1, p11(z + p1(t)) + 12—z + p2(?))},
Uz (x,t) = @o1(x + p1(t)) + @22(—x + p2(t)) — @21 (x + p1(t)) w22 (—2 + p2(2)),

uz(x,t) = @a1(x +pi(t) + @aa(—2 + p2(t)) — ea1(x + pi(t))pa2(— + pa(t))
is a super-solution of in (—o0,0].

Proof. The proof is divided into the following three steps.
Step 1. We prove Fy(u(z,t)) >0,V (x,t) € R x (—o0,0]. Define two sets as follows:

ST ={(z,t) : or1(z + p1(t)) + pra(—z + p2(t)) > 1},
ST ={(z,t) : e11(x +p1(t)) + pr2(—z + p2(t)) < 1}
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(I) If (z,t) € ST, then u; = 1 and it is obvious that

Fi(u) = —mu (1 — a1 — a12 — U + a1 + a12u3)
= —ri(—a1 — a1z + a1z + a12u3)

= ri(a11 — a11U2 + a2 — ajousz) > 0.

(IT) If (x,t) € S, then Uy = p11(x + p1(t)) + w12(—x + p2(t)). Consequently, by a
direct computation, we can obtain

Fi(u) = [¢hy (2 + pr(t) + @ho(—z + pa(0)|Ne* D — H (x,1),

where
Hi(z,t) = ria11p11922 — 1011911921922 + 1012011932
— 1012011931932 + r1a11P12P21 — T1A11P12921P22
+ 111200120031 — 7101212031032 — 2T1P11P12,
o1 = 11 (x +pi(t)), w12 = p12(—x + pa(t)), w21 = pa1(x + p1(t)),
022 = (- +p2(t), @31 = @3i(r+pi(t)), w32 = @32(—x + pa(t)).
Let

H1($,t)

O, t) = @11 (@ +p1(t) + Phla(—2 +pa(t)

In order to estimate the function Uj(x,t), we divide R x (—o0,0] into three subsets:
A={pat) <2< -p1(O}, B={z = -p(O)}, C = {z < m(®)}.

Case 1. For (x,t) € A, we first discuss the subcase pa(t) < z < 0. If ¢* = ¢; = 9,
then it follows from (2.14)), (2.15)), (2.17)) and (2.18) that

Hl (CU, t)
@i (@ +p1(t) + Pia(—z +p2(t))
1011911922 + 1012911932 + 1011912021 + T1612012031
Pho(—x +p2(t))
T1a11P11M0P12 + T1612011 H0P12 + T1a11P12021 + T1a12012031
Pla(—=7 + pa(t)
<7“1a11?70 riaigip | T1011 r1a12 ) K e —e)(@tpi(t)
* * * * e€

m(e*)  m(c*)  m(er)  m(c)

< (7“1&11(770 +1) | raia(po + 1)) Ko —om),
m(c*) m(c*)

Ul(.%',t) =

If ¢* = ¢1 < ¢g, then since \* > Ai(cg) > 0, there is a constant € > 0 small enough
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such that A* —e > Ai(c2). Accordingly, based on (2.14), (2.15)), (2.17) and (2.18)), we have

T1011911M0P12 + 1612911 H0P12 + 71011912921 + 71012012931
Pra(—z +p2(t))
(7“16111"70 Tia12f0 | ri011 | T1012 ) K. e =) (atpi(t)
mlcz) — m(ea)  mle2)  mlex)) °
< (7‘1@11(770 +1) | maz(po + 1)) K.eMleam®,
m(c2) m(c2)

Ul(.%',t) S

If ¢* < ¢1 < ¢, by using (2.13)), (2.15)), (2.17) and (2.18)), we obtain

r1011911M0P12 + T1a120011 HoP12 T T1a11P12921 + 1012912031
Pho(—x +p2(t))
maenno | mai2ko | 71411 1012 A1 (c2)p1(2)
]\41 Cl e 1(C2)P1
( mie2) — mle2)  m(co) 771(02)> (@)
< <7’1a11(770 +1)  riae(po+1)
B m(c2) m(ez)

Ul(xa t) S

) My (e (En ).

For the subcase 0 < x < —py(t), similar estimates can be established.

Case 2. For (x,t) € B, we see that —x 4 pa(t) < 0 and = + p;(t) > 0. Note that

Hy(z,t) < rrannpiieze — m1a119119021922 + 71012011032 — T1012911931032
+ r1a11p12921 + T1a12012¢031 — r1(a11 + a12) 11012
= ria11p11p22(1 — @21) + rianeia(p2 — ¢11)
+ riaiap11932(1 — w31) + riaapi2(es1 — ¢11)
< ranenpa(l — @o1) + rianneia(l — ¢11)
+ria120119032(1 — @31) + r1api2(l — @11).

Based on ([2.14)), (2.16)), (2.19) and (2.20]), substituting H;(x,t) into U;(x,t) results in

U1($,t)

- ar1p11p22(1 — @21) + anei2(1 — p11) + ar2p11932(1 — @31) + ar2¢12(1 — v11)

o (x +pi(t))
T1a119022?70(1 —p11) + anp12(1 — p11) + a12032p0(1 — @11) + a12012(1 — ©11)
(@ +pi(t)
<7"1a11*770 7’1a1*1 T’1a1250 T’lalf > Kse(A*—e)(—af-i—pz(t))
mic*)  m(e*)  m(c)  m(c)
<7“1a11(1 j ) ma(l j M0)> Koo =)
m(c*) m(c*)

IN

IN

IN
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for ¢* =c¢; = ¢o. If ¢ = ¢1 < 9, applying (2.13)), (2.16), ([2-19) and (2.20)), one has
a1190227]o(1 —p11) +anpia(l — v11) + arzesapo(l — p11) + arze12(l — 1)
¢ (@ +pi(t))
<r1a11770 + riail r1ai2io + r1ai2 ) M1(62)€A1(02)(—z+p2(t))
m(e) — omler)  m(e)  mlc)
< (7“16111(1 ;F m) | riaz(l ;F Mo)> M (cp)eM (@m®)
m(c*) m(c*)
If ¢ < ¢ < e, by (2.13)), (2.16), (2.19) and (2.20)), the following estimate can be

obtained

U1(:C,t) <r

0119022770(1 —11) + anpi2(1 — p11) + arzpsapo(l — p11) + arzp12(l — ¢11)

Ui(x,t
(z,) < o (x +pi(t))
< <r1a11170 1411 T1a12M40 r1a12 ) Ml(c2)e)\1(c2)(fx+p2(t))
me)  m(a)  m(a)  mle)
< <7‘1a11 1 +?70 T1a12(1 + MO)) Ml(c2)€)\1(cg)p1(t).
m(c1) m(e1)

Case 3. (z,t) € C. Note that

Hi(z,t) < rianpinpse — raingignee + riaieines: + riaigizezn
+ r1a120129031 — T1a1290129031 P32 — T1(@11 + a12)P11012
< ranei(pe — e12) + raneaeiz(l — e2)
+ r1a12¢11(p32 — ¢12) + r1a12031012(1 — @32)
<rranenn(l — ¢12) + rianp2e12(l — pa2)
+ r1a12¢11(1 — @12) + ria12031912(1 — ©32).
Similar to Case 2, we can show that U (z,t) < Ne®?1(®),
From the above analysis, we conclude that
Fy(u(z,t)) >0, VY(z,t) € R x (—00,0].
Step 2. We now prove
(3.2) Ey(u(z,t)) >0, V(z,t) € R x (—00,0].
Recall that @y = wo1 + w22 — Y2122, We have
Fy(u(z,t)) = Ay (2, t)Ne®™ W) — H(z,1),

where

Aq(z,t) = (1 — @)@y + (1 — 21) ¢,
H = 205, 0hy 4+ 12(1 — 1) (1 — p22) (a1t — p11 — P12 + ©219022)
—ra(1 — 21)(1 — ¢22)(2a21U1 — Y11 — P12)-
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We notice that the following relation is true
H < Hy < Hj,

where

Hy = 2<PI21<P/22 + 7”2(1 - @21)(1 - 9022)@1 — 11 — P12 + <p219022)
—1r2(1 — 21)(1 — ¢22)(2u1 — p11 — ¥12),
H3z = 210y + 72(1 — 21)(1 — ¢22) (U1 — @11 — P12 + P21022).

Hence, it suffices to show that
Fy(u(z,t)) = Ay (z,t)Ne®P®) — Hy(z,t) > 0.

Similarly to the above discussion, we divide R x (—o0, 0] into three subsets, A, B and C

to estimate the function

Us(z,t) := ng’g

(I) We first discuss the case uy = 1, that is, p11(z + p1(t)) + p12(—2 + pt)) > 1. In
this case, the following inequality holds

Hs < 201959 + T2021922(1 — 021)(1 — p22).

Case 1. For (z,t) € A, we first discuss the case po(t) < x < 0. If ¢* = ¢; = ¢, then by
using ([2.14) and (2.15)), we obtain

2051 P59 + T2021022(1 — @21)(1 — p22)
(1 — @21)pny(—2 + p2(t))
(2772(6*)Ka oK. ) SO =i (D)
L —21(0)  m(c*) .

If ¢* = ¢1 < ¢g, then since A* > Aj(c2) > 0, it is derived that A* —e > Ai(c2) by taking
e > 0 sufficiently small, and hence based on (2.14]) and ([2.15)), it follows that

UQ(.’E,t) S (2772(6*)[(5 TQKS > 6()\*—5)(55+P1(t))
1 —21(0)  ni(c2)

- (2772(0*)1(5 roK. > (e ()
1—=21(0)  m(c2)

Uz(l’,t) <

If ¢* < ¢1 < ¢, then applying (2.13)) and (2.15)), we have

2n2(c1) My (c1) 7"2M1(01)> A (e1)(z+p1(t))
U ,t S 1(C1)(ZTPp1
2(@:t) < 1 — 21(0) m(c2) ‘
_ <2n2(cl)M1(C1) N 7“2M1(01)> Ailepi(t).
- 1 — 21(0) m(ce)
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For the subcase 0 < z < —p;(t), similar estimates can be obtained.
Case 2. For (z,t) € B, in this case, —z + p2(t) < 0 and z + pi(t) > 0. If ¢* = ¢1 = ¢y,

thanks to (2.14]), (2.15) and (2.16]), then we get

2041 Pho + r2p21p22(1 — 1) (1 — p22)
(1 — pa2)ph (z + p1(t))
(27}2(0*)Ks PLE ) oV =€) (—z+pa (1))
1 —22(0)  m(c*)
< <2772(C*)K5 raKe ) A —e)p1(t)
A\ 1= 22(0)  mi(cr)

If ¢* = ¢1 < ¢g, then by (2.13]), (2.15) and (2.16[), we have

Us(x,t)

2772(C)M1(02) n TQMl(CQ)) er(e2)pi(t)
1 — 22(0) m(c*)

If ¢* < ¢1 < ¢, then it follows from (2.13), (2.15]) and (2.16|) that

27]2(62)M1 (62) ro M (02)) e/\l(cg)pl(t)'
1 — 22(0) m(c1)

Case 3. For (z,t) € C, in this case, —z +p2(t) > 0 and z +pi(t) < 0. If ¢* = ¢1 = 2,

from (2.14)), (2.15) and (2.16), it can be derived that

2me(c") K | moKc ) (A —e)
Us(z,t) < A =em(®),
2(:1) < (1 —21(0)  m(c)

If ¢* = ¢1 < cg, then since A* > A1(c2) > 0, it is concluded that A* —e > A1(c2) by taking

Us(a, ) < (

U (o) < <

a positive constant ¢ sufficiently small, and hence we have

2p(c) K | ke > (A=)t

U. a:,t < e e)p1(t)
o) < (1 —21(0)  m(e2)

< (2772(0*)K6 ro K. > eM(e2)pi(t)
T \L=21(0)  m(c2)

If ¢* < ¢1 < ¢9, by applying the decreasing of A\ (c¢) and Lemmas and we have

2n2(c1)Mi (1) 7"2M1(01)> Ar(en)pa (¢
U ,t < 1(€1)p1 )
o) < < 1 —21(0) mcz) )°©
_ <2772(01)M1(01) 7“2M1(01)) H(epi(t),
T\ 1—92(0) m(c2)

(IT) Now, we study the case that w; = p11(x + p1(t)) + pi2(—x + p2(t)). In this case,

we have
Hs = 205 0he + 2021022 (1 — 21) (1 — a2).

Similar to (I), we can prove that Us(x,t) < Ne®1(t),
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Based on the above discussion, we can obtain the conclusion ((3.2)).
Step 3. In this step, we shall show

(3.3) Fs(u(x,t)) >0, V(z,t) € Rx (—o0,0].
Recall that w3 = 31 + @32 — Y3132, We have

Fy(u(x,t)) = Ay(z, t)Ne®Pr®) — [, (1),
where

As(z,t) = (1 — p32)@5 + (1 — w31)50,

H. = 203103 + 73(1 — 031)(1 — w32)(a31T1 — 911 — 12 + ©31932)
—7r3(1 — 31)(1 — 32)(2a31T1 — P11 — P12)-
We notice that the following relation
H, < H{ < H3,
where
HY = 2031039 + 12(1 — ¢31) (1 — 932) (W1 — 11 — 12 + ¥3132)

—ra(1 — 31)(1 — ¢32)(2u1 — v11 — P12),
H3 = 295,035 4+ 72(1 — 031) (1 — p32) (W1 — 11 — 12 + ©31932)-

Hence, it suffices to show that
F3(u(z, 1)) = Ay (2, t)Ne?*® — HX(z,t) > 0.

Let Us(z,t) = H;(x,t)/A«(z,t). Similar to the above argument, we divide R x (—o0, 0]
into three subsets, A, B and C to obtain the estimate of Us(z,t).
(I) We first consider the case u; = 1, that is, ¢11(x + p1(t)) + @12(—2 + p2(t)) > 1. In

this case, we have

H3 < 2031059 4+ r2931932(1 — @31) (1 — 932).

Case 1. For (z,t) € A, we first consider the subcase pa(t) < x < 0. If ¢* = ¢1 = 9,

then by (2.14]) and (2.15)), we obtain

Us(a,1) < 2051 0o + T2031932(1 — ©31) (1 — ©32)
(1 — @31)ps9(—2 + p2(t))

- <2n2(6*)Ks r3k. > SO—p(0)

T \L—31(0)  m(c) '
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If ¢* = ¢1 < ¢, then since A* > Aj(c2) > 0, we can obtain \*—& > Aj(c2) by choosing € > 0
sufficiently small, and hence from (2.14)) and (2.15)), the following estimate is obtained
Us(z,t) < (2772(0*)Ke 4 roKe > e =e)(z+p1 (1))
T\ L= 31(0)  mc2)
< (2772(0*)K5 3K > eM(e2)pi(t)
T\ —w3(0)  mle2)
If ¢* < ¢1 < g, in terms of (2.13)) and (2.15), we have

Us(a,t) < (2772(01)M1(c1) n T3M1(01)> A (en)(@+pa (1)

1 — ¢31(0) m(c2)
2772(61)M1(01) 7"3M1(Cl) ez\1(c2)p1(t)
= < 1 —31(0) " m(cz) ) '

For the subcase 0 < z < —p;(t), we can obtain similar estimates.
Case 2. For (z,t) € B, in this case, we can know that —z+py(t) < 0 and 2+ p;1(t) > 0.
If ¢* = ¢1 = ¢9, by (2.14)), (2.15) and (2.16]) one has

20410 + T3031032(1 — @31) (1 — @32)
(1 — p32)p5; (z + p1(t))
<2n2(c*)K5 ryKe ) (V=) (—atpa(1)
1 —32(0)  m(c)
_ <2772(C*)K5 r3ke ) A —e)p1(t)
1 —32(0)  m(c*)

Us(x,t)

If ¢* = ¢1 < 3, then

2m2(c2) M (c2) 7"3M1(C2)> Ar(e2)pa (t
Us(x,t) < + er(e)pi(t)
) < (PR S

If ¢* < ¢; < ¢, we can derive

Use.1) < <2772(c2)M1(02) r2M1(02)> Mie2)p(t)
T\ 1 e32(0) m(c1)
Case 3. For (z,t) € C, in this case, —x + p2(t) > 0 and = + p1(t) < 0. If ¢* = ¢1 = ¢y,
from (2.14)), (2.15)) and (2.16)), we obtain the estimate
Us(z,t) < (2772(0*)]{8 raKe ) e —epi(t).
L —31(0)  m(c)
If ¢* = ¢1 < cg, then since \* > A\i(c2) > 0, it can be obtained that A\* — e > Ai(c2) by

taking € > 0 sufficiently small, and hence we have
2me(c") K. | 3K ) N
Us(zx,t) < 4 e =e)p1(?)
3e0) (1 —¢31(0)  m(c2)

- (2772(0*)[(5 r3K. > le)pi(t)
1—31(0) ~ m(e2)
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If ¢* < ¢1 < ¢g, by using the decreasing of \1(c) and Lemmas and we have

2n2(c1) M (er) 7‘3M1(01)> M en)pr (t
Ul’,t< + 6161;01()
e < (AT S

< <2772(01)M1(01) n 7"3M1(01)> Ai(c2)pr(t)
1 —31(0) m(cz)

(IT) Now, we deal with the case that W = @11(x + p1(t)) + @12(—2 + p2(t)). In this

case, we have
Hj = 2031055 4+ r2@31032(1 — ©31)(1 — @32).

Similar to Case (I), we can prove that Us(z,t) < Ne®P1(®),
From the above discussions, we see that (3.3)) holds. This completes the proof. O

Based on the construction of the sub- and super-solution, we now prove Theorem

Proof of Theorem [3.1] The proof is similar to that of [13, Theorem 1.1], see also [17]

Theorem 1.1]. Here, we only sketch the outline. It is easily seen that
u(x,t) <u(x,t), VY(z,t)€R x(—o0,0].

Using the method in |1, Lemma 2.1] and with the help of the comparison theorem, we can
derive that there is a solution u* = (u}, u3, u}) of (2.1)) satisfying

u<u*<u inR x (—o0,0].
Consider the the Cauchy problem of system (2.1)) with the following initial data:
u(z,0) =u*(z,0), zeR.

Since 1 := (1,1,1) and u are a pair of super-solution and sub-solution of , it can be
concluded that system has a unique solution u = (u1,ug,us) such that u < u <1
in R x (—o00,0]. For (z,t) € R x (—00,0], we define u(x,t) = u*(x,t). Then u(z,t) is an
entire solution of system and satisfies

u<u<u iInRx(-00,0] and u<u<1 inR x|0,00).

For any given 61 and 6, let

c2(bh —wi) — c1(b2 — wo) . 01+ 6 — w1 —wo

0 — 0
c1+co ’ c1+ e

By a straightforward computation, we can show that

vit(z +x0 +c1(t +to)) = pir(x + a1t + 01 — wy),
@ig(—x — T + Cz(t + to)) = goig(—x + cot + 09 — WQ), 1 =1,2,3.
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Set
Az, t) = u(zx + zo,t +t9), (z,t) € R?

It is clear that @(z,t) is an entire solution of (2.1) and satisfies the properties (i)—(iii).
This completes the proof of Theorem O
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