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Stuffle Product Formulas of Multiple Zeta Values

Zhonghua Li* and Chen Qin

Abstract. Using the combinatorial descriptions of stuffle product, we obtain recursive
formulas for the stuffle product of multiple zeta values and of multiple zeta-star values.
Then we apply the formulas to prove several stuffle product formulas with one or two

strings of z,’s. We also describe how to use our formulas in general cases.

1. Introduction and statement of main results

For integers k1 > 2 and ko, ..., k, > 1, the multiple zeta value and the multiple zeta-star
value are defined by
1
C(k1, ko, oy k) = > IS
mi>ma>-->mp >0 my Mg == Mn
1
* —
C (k]_,kQ,...7kn)— Z k1 ko kn’

my>mo>>my>1 T My Mn

respectively. In case of n = 1, we get Riemann zeta values in both cases, which are special
values of the Riemann zeta function at positive integer arguments.

Using the definitions we can express a product of two multiple zeta values (multiple
zeta-star values) as a sum of multiple zeta values (multiple zeta-star values). For example,

for multiple zeta values we have

CROED LTS ST U SIESD DI il -

m>0 n>0 m>n>0 n>m>0 m=n>0

=((2,3) +¢(3,2) +¢(5),

and for multiple zeta-star values, we have
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m>1 n>1 m>n>1 n>m>1  m=n>0
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530 Zhonghua Li and Chen Qin

Such products are called stuffle products (or harmonic shuffle products).

The algebraic settings are given in [3] for multiple zeta values, and in [6] for multi-
ple zeta-star values. Since we only treat the stuffle product here, we give the following
algebraic descriptions. Let Y = {z | £ = 1,2,...} be an alphabet with noncommutative
letters, and let Y* be the set of all words generated by letters in Y, which contains the
empty word 1. Let h' = Q(Y) be the noncommutative polynomial algebra over the ratio-
nal number field Q generated by the alphabet Y, which is spanned by Y* as a rational
vector space. And let h? be the subalgebra of h' defined by

oo
B°=Q+> b
k=2
Corresponding to stuffle products of multiple zeta values and of multiple zeta-star values,
we define two bilinear commutative products * and ¥ on h! by the rules
(1) lxw=wx*1=w,
(2) zrwy * zpwa = zg (w1 * Zpw2) + 21 (zEw1 * W) + 2k (w1 * Wa);
(3) 1xw=wx1=uw,
(4) zrw1 * ziwa = z(w1 * Zw2) + 2 (zRwW1 Fw2) — 2t (w1 * wa),

where w, w1, wy € Y* and k, [ are positive integers. Under each of these two products, h?
becomes a commutative algebra, and hY is still a subalgebra of hl.

To relate the algebra h° to multiple zeta values and to multiple zeta-star values, we
define rational linear maps Z: h® — R and Z*: B — R by Z(1) = Z*(1) = 1 and

Z(Zklzkg t 'zkn) = C(k17k27’ . 'Jkn)7 Z*(Zklzkg te ‘an) = C*(k17k27 . '7kn)7

where n, k1, ko, . . ., k, are positive integers with k; > 1, and R is the field of real numbers.
Then it was shown in [3] and in [6] that Z: (§°,*) — R and Z*: (h°, %) — R are algebra

homomorphisms, respectively. More precisely, for any wi,ws € h°, we have

Z(wy x wz) = Z(w1)Z(wa),
Z* (w1 *we) = Z*(w1) Z* (ws).

Hence to get stuffle product formulas, we can work on h° first. For example, since
Zo % 23 = 2923 + 2320 + 25 and  29% z3 = 2923 + 2329 — 25,
applying the map Z and Z* respectively, we get

¢(2)¢(3) =¢(2,3) +¢(3,2) +¢(5),  ¢*(2)¢"(3) =¢7(2,3) +¢7(3,2) — ¢(5)
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as proved above.

There is another commutative product LUl among multiple zeta values, which is deduced
from the iterated integral representation of multiple zeta values and is called the shuffle
product (see [3,[7] for details). During the study of multiple zeta values, several shuffle
product formulas were found. For example, as generalizations of Euler’s decomposition
formula, Eie and Wei essentially studied the shuffle product zj2]" W 227 in 2], Lei, Guo
and Ma obtained the formula for shuffle product z;2]" L 2, 21" 21,212 in [4], and we studied
the shuffle products of words with more strings of z;’s in [5]. For the stuffle product, Chen
obtained a formula for the product zjz," * zz; in [1]. Chen expressed this product by
J

simple products of the form 2% x z

p . We find that one can treat general products with

more strings of z,’s such as

mi mo m ni no N
(1.1) Zhy 2y Ry 2y T Rk 2y K L 2 Ry 2y 2%
and

mi mo my — ni no n
(1.2) Zhy 2y Rha Ry Tt Bk Ry K 2 2 Byt 22

In fact, the general products can be expressed by simple products of the forms z; * zg and
z},?zg, respectively. For the simple products, we have the following result.

Theorem 1.1. For a positive integer p and two nonnegative integers a, b, we denote by
Gy the set of all words in Y* which contains z, a times and zo, b times. Then for any

nonnegative integers m, n, we have

- . min{m,n} o — 2
(1.3) Zp' x 2y = Z i Z w

=0 weGTn T2
and
min{m,n} n 9
_ [ m n — a1
(1.4) Zy ¥z = Z (—1)Z< i ) Z w.
1=0 weG;n-!—n—Qi

Note that formula (1.3)) is just [1, Lemma 1]. To study the general stuffle products men-
tioned above, we need the following recursive formulas, which are similar to |4, Lemma 2.1]

for shuffle products.
Theorem 1.2. Let m,n,ki,...,km,l1,...,l, be positive integers. Then for any integer j
with 1 < j < m, we have

Zhy Zhy "t Ry ¥ Ay Ryt A

n

n

(1'5) = Z[(zklsz TRk KRRyt Zli)zkj + (Zklsz T Rk KRRyt Zli71)zkj+li]
=0
X (ij+1 T Ry K Rgq Zln)
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and
Zhy Zho " Pk ¥ 211 2l "7 2y,
n
(1'6) = E :[(z/ﬂsz Crt Rk k22, Zli)zk'j - ( ki1Rko """ Rkj_q * 22,0 zli71)zkj+li]
=0

X <ij+1 Pk ¥ 2y 21, )
Here by convention, we let zy, - -z, , =1 and zy, - - -z, , = 0 for any integer i.

Applying the recursive formulas to zxz;" * 212, and 2z, * 212,), we get the following

stuffle product formulas.

Corollary 1.3. Let k, I, p be positive integers and let m, n be nonnegative integers. Then

we have

m
22y * 22 = Z zk(z;zl + z;_lzp+l)(zg"”_i * 2,))
(1.7) =t
+ Z 2(2pzk + z;flzp_,_k)(zg*z * 2y ) + (2121 + 202 + 2611) (2 % 2)
=1

and

m
22y ¥ 212, = Z zk(z;zl - z;_lzpﬂ)(z;”_i?zg)
i=1
(1.8) n
+ Z 21(2p2k — zéflszrk)(zg*Z?zg‘) + (212 + 212k — 2040) (2, % 2)-
i=1
Note that formula (1.7) is just |1, Theorem 3|. Applying the recursive formulas to

ZRZp' * 2 2t 212y and 22y % 21,21 21,2, %, we get the following stuffle product formulas.

Corollary 1.4. Let k, 11, la, p be positive integers and let m, ny, ny be nonnegative
integers. Then we have

zkz;;T * zllzglzbzg?
= Y am(Ea g )T 2z, + (2T T x 2 ) 2| (2 % 2?)

0<i1<iz<m

+ Z zll(z;f zi + zél_lzﬁk)[(z;"’ * zgl_“)zl2 + (z;‘z_1 * zgl_il)zp+l2](z;”_i2 * 2)%)
(1.9) 0<i<m

Si25m
+ 21, 2) 21, (2" % 25%) + Z 22y 2, (Zh a2k + 2 apak) (2 % 2027
0<i<ns

+ > znn [ * 2 )z, + (2w 2 )z, | (2 %)
0<i<m
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and
zkz;"?zllz;}lzbz?
= > amEa = ) ER T E ) a, — (2T T R ) 2, ) (2 F 2?)
0<ii<iz<m
+ Z zll(zzi,lzk — z;1_12p+k)[(z;2 ?zgl_“)zlz — (zl?_lizgl_il)zp+12](zgl_i2 *2,?)
(1.10) 0<ii<ny
0<is<m

n m N n % i—1 m gz  na—1
— 21,2y 21, (2 ¥ 2,7) + g 21,2y 21, (22 — 2, 2pk) (2 ¥ 2,2 7")
0<i<ns

= Y mnlEF )z, — (2 F ) ) (2 F ).
0<i<m

*|

Here we set zp_l =0.

Similarly, one can use the recursive formula to the general product and
formula to the general product . We find that all these type products can be
expressed by simple products of the forms zf, *zg for the * product, and by simple products
of the forms zé?z% for the % product. However the complexity of the formula increases
quickly when m + n is larger. Hence we do not write the explicit formulas here.

After getting the formula of the product , one can apply the map Z to get a

formula of the stuffle product

Clhe {py™ - ke D} )C( AP, - L, {PE™),

where k1,01 > 2 and {p}"™ stands for a string of m p’s. Similarly, from the formula of the
product , one can obtain a corresponding formula of the stuffle product of multiple
zeta-star values. For example, from Theorem Corollaries and we immediately
get the following corollary. Note that is just [1, Theorem 1].

Corollary 1.5. Let p be a positive integer. For nonnegative integers a, b, let Aj be the
set of all strings containing a times p and b times 2p. Then for any positive integers k, I,

l1, lo with k, 1,11 > 2 and any nonnegative integers m, n, ni, no, we have

C(k, {p}™)C( {p}")
_ Z <m—|—n—z—2]> [k, {p}i,l,k)—l—C(kJ,{p}i_l,p-f-l,k)}

: n—j
1<i<m
OSjSmin{m—iQ,n}
m+4n—i—2j
kGAj

m4+n—1i—2j i i
Ly o+ Y ( n J) (€ Y k) + ¢ Y p + k1)
1<i<n
0<j<min{m,n—i}
keA;n-&-n—i—Qj
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Py <m+”f2j> [C(ky 1K) + ¢k k) + (R + 1K)

m —
0<j<min{m,n} J
m+4n—2j
keA;

CH(ky {p}™)C (1 {p™)
= Y (1 (m”".‘ 23) [C*(k, (P}, 1K) — C*(ky {p} p + 1K)

, n—j
1<i<m
Ogjgmin{m—iz,n}
m+4n—i—2j
kGAj

Yy ("” noi 2j) (L {pY koK) — ¢ (L {pY o p + koK)

- m—]
1<i<n
0<j<min{m,n—i}
m4n—i—2j
keA;

+ Y (—1)j(m+”_2j> (k1K) + ¢ (1, k. ) — C*(k + 1,K)]

= m—j
0<j<min{m,n}
m-—4n—2j
keA;

and

C(k, {p}™)C U, {p}™  la, {}"™)

_ Z <n1+i2—i1—2j1> <m+n2—i2—2jg>
ny—J ng —J
0<is <ip<m 1= N 2 — J2
0<j1<min{izg—i1,n1}
0<j2<min{m—iz,no}
ny+ig—il] —2j1
keAj1

leATHm2 225
X [C(ka {p}“ ) lla kv lQa l) + C(ka {p}i1_17p + l17 ka l27 1)}

n Z <n1+i2—i1—2j1—1><m+n2—i2—2j2>
ny—7j No — J
0<is <ig<m 1—J1 2 — ]2
Ogjlgmin{igfilfl,nl}
0<j2<min{m—iz,n2}
nq+ig—iq—2j1—1
kGAj1

leAT 220
x [C(k, P}, ko p + 12, 1) + C(k, {p} Y p + 1,k p + 12, 1)]

n Z <n1+i2—i1—2j1> (m+n2—i2—2j2>
19— ] ng — j
0<i1 <n1, 0<iz<m 2T 27 J2
0<j1<min{iz,n1—i1}
0<jo<min{m—iz2,n2}
nytig—i1—27j1
kGAj1

m+ng—ig—2j9
IEAj2

x [l (P}, k. K, Do, 1) + (4, {p L p + K K, 1o, 1)]
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ni+t—11—21—1\/m+ng —ig—29
n Z <1 2 1 71 )( 2 2 32)

19 —7J1— 1 ng — j
0<i1<ny, 0<ip<m 27 27 J2
0<j1<min{izs—1,m1—i1}
0<jo<min{m—iz,n2}
nytig—i1—2j1-1
keAj1

IGAZHLQ*Q*%‘Q
X [C(ll,{p}il,k,k,p+l2,l) —|—C(ll,{p}il_l,p—kk"k,p—}—l%l)]
m+ng — 2 n
+ > ( » J)cal,{p} Uk o+ I, k)

m —_—
0<j<min{m,n2} J
m—+mng—27
keA;

m+ng —1—2j
> ( m-j )
0<i<na

0<j<min{m,na—i}
m-+ng—i—2j
keAj

< [C(l, {p}™ b AP} b k) + ¢, {p} ™ lo, {p} ™ p + K, k)]
. 5 (n1+i2j1><m+n2iZjQ)C(k_’_lhk?lQ’l)

ny—7 ng — J
0<i<m 1—J1 2—J2
0<j1<min{4,n1}
0<jo<min{m—ina}
ny+i—271
keAj1
m-—+ng—i—2j9
IEAj2

nm4+i1—251—1\/m+ng —1— 275
+ Z ( ' 1-71 >< 2 . ]2>C(k+ll7kap+127l)7
0<i<m Mo 2 J2
0<ji1<min{i—1,n1}
0<j2<min{m—i,na}
keAT1 2]
1
m4ng—i—2j
IEAJ-2+ 2 32

(b, py™) (I, {p}"™ 12, {p}"?)
Z (—1)irtd: (m +ig — i1 — 2j1> <m +ng — iz — 2j2>
0<i1<io<m n—n ng — J2
0<j1<min{iz—i1,n1}

0<j2<min{m—iz,n2}
nytig—i1—2j1
kEAj1

leAj 22T
X [C*(ka {p}il sk, o, 1) - C*(k7 {p}il_l’p + 11,k o, 1)]
B Z (1)j1+j2<n1—|—2'2—2'1—2j1—1> <m+n2—i2—2jg>
0<i1<io<m nt—7n ng — J2
0<j1<min{iz—i1—1,n1}
0<j2<min{m—ia,n2}
k6A71+i2*i1*2j1*1
i1

m+ng—ig—2jo
leAm

x [¢*(k, AP} 1k, p + 10, 1) — C(k, (Y Lp + Lk, p + 1o, 1))
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n Z (—1)ir 2 <n1 + i — iy — 2]1) (m +ng —ig — 2]2)
i9 — ng —
0<ir <n1, 0<is<m 27N 27 J2
0<j1<min{iz,n1—i1}
0<jo<min{m—iz,n2}

nytig—il]—2j1
keAj1

leAT 227202
J2
x [¢*(l, P} ko k, 12,1) — (I, {p} ' p + kK D, 1)]

B Z (_1)j1+j2 <n1+i2—i1—2j1—1> <m+n2—i2—2j2>
19— 91 — 1 ng — J
0<i1<ny, 0<iz<m 27N 27 J2
0<j1<min{iz—1,m1—1%1}
0<jo<min{m—iz,na}
keA™M Ti2—i1 20 -1
J1

16A;’;+"2*i2*212
X [C*(ll){p}il7k7k)p+l271) - C*(lla{p}il_lap+k7k7p+l27l)]
mA4ng — 27\ ., "
- > <—1>J( y J)cal,{p} Lkt Lo k)

= m-—=7
0<j<min{m,na}

m+ng—2j7
keA;

(mtng—1i—2j
—1)7
o2 O < m—j )
0<i<na
0<j<min{m,na—i}

keAT 2T
X [C*(ll’ {p}", o, {p}iv k. k) — C*(llv {p}". 12, {p}i717p +k, k)}
o Y 9
B Z (_1)31+32<”1+Z - ,71> <m+n2 i j2>§*(k¢—|—l1,k,lg,l)
0<i<m Mo N2 J2
0<g1 <min{i,n1}
0<jo<min{m—i,na}
keAT1T T2
mng—i—2j
leAj2+ 2 J2
0<i<m ni—n ng —J2
0<j1 <min{i—1,n1}
0<jo<min{m—i,na}
keAT1Tim291-1
J
1eA;’2’1+”2""2j2

Also, if we combine the stuffle product formulas obtained here together with shuffle
product formulas obtained in [2,/5], we can get some double shuffle relations of multiple

zeta values for some special types. Here we leave the explicit formulas to the reader.

Section [2] contains proofs of Theorems Corollaries [1.3] and In Section
we describe how to apply our recursive formulas to express the products (1.1) and (|1.2))

by simple products, and take the cases r = s = 2 as an example.
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2. Proofs

In this section, we give proofs of the results mentioned in Section [}

2.1. Proof of Theorem

For the simple product z;" *z;, Chen used induction on m+n to prove formula in [1].
Here we give another proof, which seems simple and intuitive. We use the combinatorial

description of stuffle product *. By the definition of stuffle product *, we have

min{n,m}

Ry " Rkn ¥ Bhpyr " Phngm — E E Rg=1(2) """ Ro—l(n+m—i)s

= UEGn m,i

where &,, i is the set of all surjections o: {1,2,...,n+m} — {1,2,...,n+m — i} with

conditions
cl)<o(2)<---<o(n), on+1l)<on+2)<---<o(n+m),

and for any 0 € &, ,; and any j € {1,2,...,n+m — i},

25, if 0=1(5) = {k},

Zail(j) = . 1/
2 i o (g) = {k, 1}

Now if we write
= Z CwW,
weyY*
then we only need to determine the coefficients ¢,,. By the combinatorial description of
the product * described above, it is easy to see that if ¢,, # 0, then all the letters in the
word w must be z, or zgp, and the number of z3,’s is less than or equal to min{m,n}.

Hence we can write
min{m,n}

-y Y e

weGm+n 21

m+n—21
Gi

For any w € , we look for the possibility to get w. There are m +n — 2¢ times

2zp in w, in which m — i times z, are from 2" and others are from 2. Hence the possibility

P
. m—+n—21 m-+n—2i
is ( A ) In other words, for any w € G} , we have

w m+mn—2i
¢, = m— i .

Then we get (1.3).
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Similarly, to prove formula (1.4) for the simple product 2z, * z, we use the combina-

torial description of stuffle product *. We have

min{n,m}

= § : *
Zky """ Rk ¥ 241 Zhpgm = § : l)za 12) " Ro—1(ntm—i)’

= Ue@nml

where for any o € &,,,,; and any j € {1,2,...,n+m — i},

. 2k if o71(5) = {k},
— 2kl if 0'71<j) = {k,l}

By the combinatorial description, we can write

- n __ w
Zp Xz = g E d;"w.

1=0 ’wEG;ﬂ+n72i

In this case, for any w € G7"™™ % the possibility to get w is also (m;"__lm) While every

letter z, in w will bring a negative sign. Hence for any w € sz'”l_?i, we have

v = (_1)i<m+n—' 2¢>.

m —1

Then we get (1.4).
For more details, see [5], which uses the same idea to deal with shuffle products.

2.2. Proof of Theorem

We only prove the recursive formula (1.5). The recursive formula can be proven in
a similar way. To get the result, one can use induction on m + n, while here we use the
combinatorial description of the stuffle product.

The left-hand side of is a sum over surjections

o:{L,2,...,m+n}—>{1,2,...,m+n—p},

which are strictly increasing on {1,...,m} and on {m+1,...,m+n} separately, and p is
an integer with the condition 0 < p < min{m,n}. Now for a fixed j € {1,2,...,m}, there
are two different types of such o’s, one satisfies the condition o (i) < o(j) < o(i + 1) for
some i € {m,m +1,...,m + n}, and the other one satisfies the condition o(j) = o(i) for

some i € {m+1,m+2,...,m + n}. Summing over the first type of o’s we get the term

n

D (Erazhy 2y 202 2) 7y (B o e * Ay F)-
=0
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And summing over the second type of ¢’s we obtain the term

n

E (Z’ﬂ Rhy """ Rkj_q ¥ Ry Rly " Zlifl)zkj‘f’li (ij+1 © Rk ¥ Rl Zln)'
i=1

Then we get the recursive formula (1.5)).

2.3. Proof of Corollary

Here we prove formula ([1.7]), and one can prove formula ((1.8]) in a similar way. We remark
that the strategy of our proof is slightly different from that of [1, Theorem 3]. We apply
the recursive formula (1.5) with j =1 to get

n
22y x 212y = a2y x 2y) + 2eg(zy * 2y) + Z(zlz;zk + zlz;_lszrk)(z]T * zg_i),
i=0

which is just ([1.7]).

2.4. Proof of Corollary

Here we prove formula (|1.9]), and one can prove formula ((1.10f) in a similar way. Applying
the recursive formula (1.5) with j =1, we get

zkz *le Zl2 p

= 21(2y" * 21,2 21, 2)%) + 2y (2 % 2 21,27

(2.1) + Z (21,2 zk + 21,2 z'r Zprk)(zp ¥ 2" 21,2 02+ 21,2 2y, (2 % 2)%)

na

1—1 m no—1i
+ E 21,2y zlzzpzk—i—zll 21,2 zp+k)(zp *2,°7").
=0

Then we have to compute the products z x 21, 200 21 2 ”2 and z % zM iz 22 For the
p p 1%p <l D 2%p

second one, we have the following general result.

Lemma 2.1. For positive integers I, p and nonnegative integers m, ny, na, we have

m
(2.2) Zy' * 2yt 2127 = Z[(zp * 2,0 )z + (2 ; Ly zgl)zpﬂ](z;”_i * 2,7).
=0
Proof. We get (2.2) by applying the recursive formula ([1.5) with j = ny + 1. O

And for the first one, we have the following result.
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Lemma 2.2. For positive integers p, l1, lo and nonnegative integers m, ni, no, we have

(2.3)
2y * 212" 21,27
= Y G A ) e, 4 (e )] (2 5 ).
0<iy <ia<m

Proof. Applying the recursive formula (1.5)) with j = 1, we get

m
2y k22 22t = Z(z;zll + z;_lzp+ll)(z$_i * 2" 21,2,).
i=0
Then using ([2.2), we have
Zp' * 212y 21,7
m m—i
4 - . L
- Z Z(Z;le + Z}lo Zerll)[(Z;J * Z;Ll)zlz + (Z; * Zgl)zp+lz}(2";n T 222)'
i=0 t=0

Let i1 = ¢ and 72 = i 4+ t in the summation of the right-hand side of the above equation,

we get the result. O

Now formula (1.9) follows from (2.1, (2.2) and (2.3). We then finish the proof of
Corollary [1.4]

2.5. Remark

In fact, one can get Corollaries[1.3|and [1.4] in the same way as the proofs of Theorems [I.1

and given above. For example, 2,2, * 22, is a sum over surjections
o:{1,2,....om+n+2} »{1,2,.... m+n+2—j},

which are strictly increasing on {1,...,m+1} and on {m+2,...,m+n+ 2} respectively.

We can separate such ¢’s into three different types according to
o(l)<o(m+2), o(m+2)<o(l) or o(l)=oc(m+2),

which correspond to the three sums in the right-hand side of . Then we get for-
mula .

But as 7+ s increases in , the possibilities of different types of ¢’s similar to above
will increase rapidly. Hence in the following section we discuss the general products by

using the recursive formulas.
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3. The general products

In this section, we discuss the general products (1.1)) and (1.2]). Here we only treat the x
product. Let r,s,k1,...,kr,l1,...,ls,p be positive integers and let my,...,m,,n1,...,ns

be nonnegative integers. Applying the recursive formula (1.5) with 5 = 1 to the product
(1.1), we find (1.1)) can be expressed by products

’m m n Ng
(Th) 2y 22y o 2k, 2y % 2102 21207 0 21,2
m m n .
(Ta) 2" zk, pQ---zkrsz*zp12122p2-~~zlszp5, 0<i; <ny,
m m % n .
(T3) 2y 2y 2y 2 22y " % 20 215 21,2 0 <ig < ng,
m m m % .
(TS) Z 1Zk22p SRR zkrzp "ok Zps 1 lg p ) 0 S 7’8—1 S nS—lJ
m m .
(Tst1)  2p" 2y 2y oo v 2k 2 " % p97 0 <is <mng.

We may assume that r > 1. For ¢ = 1,2,...,s, using the recursive formula with
j = mq + 1 to the product (7;), we find that (7;) can be expressed by products of forms
(Ti41)y -+, (Ts41). For the product (Ts4+1), we also apply the recursive formula with
7 =mq1+1 to get

T

zmlzk2 2t 22y Tk zp

Z o )2k, + (2 k2 ) i) (2 2 2k e 22 ¥ 2 ).
=0

Hence (Ts41) can be expressed by products of forms (Tsy1) with smaller . Then we see

that we can express the product m by simple products of the form z;) * zf;.
Let’s take the case r = s = 2, that is z, 2" 2k, 2)"? * 21,2, 21,2),%, as an example.

Applying the recursive formula with j =1, we get

Zhy Zp 2o % *lezp 21,7

_Zk1( 2y 2 p *zth Rly%p )+Zk1+l1( ' 2y p2 *Z L2152 D )
n1
% i—1 m2 22
+ E (zthzkl +Zl1zp zp+k1)( 12Ky 2 D *Zp 212 D )
=0
+le Zk1+12( Y2k, %2 D - *zp )
no
—1 oM —1
+ E (21,2 zlzzpzkl +22p 2,2 2k ) (2 2y 2y T K 2.
=0

Hence we need to compute products of the forms

(1) 2y zkzy'? * 21,251 21,2,
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33 mi ma n1 n2
(i) 2yt erzy'® * z) 2122,
111 mi mo n
(iil) 2" 22" * 2,

Applying the recursive formula ([1.5) with j = 1 to the product (i), we get

mi m2 n2
Zp zkzp *lezp Zly R P
my
_ 7 1—1 mi1—1 mo mo
= g (zp21y + 2y 2prn )(2p 22y ¥ 2y 21,22 ) + 2 2ty (22 % 2 21, 27)
=0
ma
mi ) mi i—1 mo—1 ni no
+ E (2p 2nzpzn, + 2 2nzy  2prn ) (22" 2yt 21,27
=0

Hence the product (i) can be expressed by products of the forms (ii) and (iii). For the
product (ii), applying the recursive formula (1.5 with j = m; + 1, we get

mi ma
zp 1%

v *z zlz

Z Tk z )2k + (2 * zp 1)zp+k](zg"‘2 * zgl_izlz;”)

+ (25" * 2y ) 2rti(zp? * 27)

no |
+ [(Z;)nl * z ‘212, )Zk + (Z b z zlz l)zp—l-k](z 2 4 Z;szz)'

=0

Then the product (ii) can be expressed by products of the form (iii). Finally, applying
the recursive formula (1.5) with j = mj + 1 to the product (iii), we get

n
2yt 2kzy? x 2y = Z[(zg‘l * 2 )zk + (2, * zp l)zp+k](z;” *2,7"),
i=0
which is expressed by simple products.
Putting all these results into , we can finally obtain a formula which writes the
product zy, 2, 2, 2,2 * 21, 2 21, p2 by simple products of the form zp * zp While there
are too many terms to write, so we omit this formula.
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