
TAIWANESE JOURNAL OF MATHEMATICS

Vol. 22, No. 3, pp. 529–543, June 2018

DOI: 10.11650/tjm/170901

Stuffle Product Formulas of Multiple Zeta Values

Zhonghua Li* and Chen Qin

Abstract. Using the combinatorial descriptions of stuffle product, we obtain recursive

formulas for the stuffle product of multiple zeta values and of multiple zeta-star values.

Then we apply the formulas to prove several stuffle product formulas with one or two

strings of zp’s. We also describe how to use our formulas in general cases.

1. Introduction and statement of main results

For integers k1 ≥ 2 and k2, . . . , kn ≥ 1, the multiple zeta value and the multiple zeta-star

value are defined by

ζ(k1, k2, . . . , kn) =
∑

m1>m2>···>mn>0

1

mk1
1 m

k2
2 · · ·m

kn
n

,

ζ?(k1, k2, . . . , kn) =
∑

m1≥m2≥···≥mn≥1

1

mk1
1 m

k2
2 · · ·m

kn
n

,

respectively. In case of n = 1, we get Riemann zeta values in both cases, which are special

values of the Riemann zeta function at positive integer arguments.

Using the definitions we can express a product of two multiple zeta values (multiple

zeta-star values) as a sum of multiple zeta values (multiple zeta-star values). For example,

for multiple zeta values we have

ζ(2)ζ(3) =
∑
m>0

1

m2
×
∑
n>0

1

n3
=

( ∑
m>n>0

+
∑

n>m>0

+
∑

m=n>0

)
1

m2n3

= ζ(2, 3) + ζ(3, 2) + ζ(5),

and for multiple zeta-star values, we have

ζ?(2)ζ?(3) =
∑
m≥1

1

m2
×
∑
n≥1

1

n3
=

 ∑
m≥n≥1

+
∑

n≥m≥1

−
∑

m=n>0

 1

m2n3

= ζ?(2, 3) + ζ?(3, 2)− ζ?(5).
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Such products are called stuffle products (or harmonic shuffle products).

The algebraic settings are given in [3] for multiple zeta values, and in [6] for multi-

ple zeta-star values. Since we only treat the stuffle product here, we give the following

algebraic descriptions. Let Y = {zk | k = 1, 2, . . .} be an alphabet with noncommutative

letters, and let Y ∗ be the set of all words generated by letters in Y , which contains the

empty word 1. Let h1 = Q〈Y 〉 be the noncommutative polynomial algebra over the ratio-

nal number field Q generated by the alphabet Y , which is spanned by Y ∗ as a rational

vector space. And let h0 be the subalgebra of h1 defined by

h0 = Q +
∞∑
k=2

zkh
1.

Corresponding to stuffle products of multiple zeta values and of multiple zeta-star values,

we define two bilinear commutative products ∗ and ∗ on h1 by the rules

(1) 1 ∗ w = w ∗ 1 = w,

(2) zkw1 ∗ zlw2 = zk(w1 ∗ zlw2) + zl(zkw1 ∗ w2) + zk+l(w1 ∗ w2);

(3) 1 ∗w = w ∗ 1 = w,

(4) zkw1 ∗ zlw2 = zk(w1 ∗ zlw2) + zl(zkw1 ∗w2)− zk+l(w1 ∗w2),

where w,w1, w2 ∈ Y ∗ and k, l are positive integers. Under each of these two products, h1

becomes a commutative algebra, and h0 is still a subalgebra of h1.

To relate the algebra h0 to multiple zeta values and to multiple zeta-star values, we

define rational linear maps Z : h0 → R and Z? : h0 → R by Z(1) = Z?(1) = 1 and

Z(zk1zk2 · · · zkn) = ζ(k1, k2, . . . , kn), Z?(zk1zk2 · · · zkn) = ζ?(k1, k2, . . . , kn),

where n, k1, k2, . . . , kn are positive integers with k1 > 1, and R is the field of real numbers.

Then it was shown in [3] and in [6] that Z : (h0, ∗) → R and Z? : (h0, ∗) → R are algebra

homomorphisms, respectively. More precisely, for any w1, w2 ∈ h0, we have

Z(w1 ∗ w2) = Z(w1)Z(w2),

Z?(w1 ∗w2) = Z?(w1)Z?(w2).

Hence to get stuffle product formulas, we can work on h0 first. For example, since

z2 ∗ z3 = z2z3 + z3z2 + z5 and z2 ∗ z3 = z2z3 + z3z2 − z5,

applying the map Z and Z? respectively, we get

ζ(2)ζ(3) = ζ(2, 3) + ζ(3, 2) + ζ(5), ζ?(2)ζ?(3) = ζ?(2, 3) + ζ?(3, 2)− ζ(5)
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as proved above.

There is another commutative product� among multiple zeta values, which is deduced

from the iterated integral representation of multiple zeta values and is called the shuffle

product (see [3, 7] for details). During the study of multiple zeta values, several shuffle

product formulas were found. For example, as generalizations of Euler’s decomposition

formula, Eie and Wei essentially studied the shuffle product zkz
m
1 � zlz

n
1 in [2], Lei, Guo

and Ma obtained the formula for shuffle product zkz
m
1 �zl1z

n1
1 zl2z

n2
1 in [4], and we studied

the shuffle products of words with more strings of z1’s in [5]. For the stuffle product, Chen

obtained a formula for the product zkz
m
p ∗ zlznp in [1]. Chen expressed this product by

simple products of the form zip ∗ z
j
p. We find that one can treat general products with

more strings of zp’s such as

(1.1) zk1z
m1
p zk2z

m2
p · · · zkrzmr

p ∗ zl1zn1
p zl2z

n2
p · · · zlszns

p

and

(1.2) zk1z
m1
p zk2z

m2
p · · · zkrzmr

p ∗ zl1zn1
p zl2z

n2
p · · · zlszns

p .

In fact, the general products can be expressed by simple products of the forms zip ∗ z
j
p and

zip ∗ z
j
p, respectively. For the simple products, we have the following result.

Theorem 1.1. For a positive integer p and two nonnegative integers a, b, we denote by

Gab the set of all words in Y ∗ which contains zp a times and z2p b times. Then for any

nonnegative integers m, n, we have

(1.3) zmp ∗ znp =

min{m,n}∑
i=0

(
m+ n− 2i

m− i

) ∑
w∈Gm+n−2i

i

w

and

(1.4) zmp ∗ znp =

min{m,n}∑
i=0

(−1)i
(
m+ n− 2i

m− i

) ∑
w∈Gm+n−2i

i

w.

Note that formula (1.3) is just [1, Lemma 1]. To study the general stuffle products men-

tioned above, we need the following recursive formulas, which are similar to [4, Lemma 2.1]

for shuffle products.

Theorem 1.2. Let m,n, k1, . . . , km, l1, . . . , ln be positive integers. Then for any integer j

with 1 ≤ j ≤ m, we have

zk1zk2 · · · zkm ∗ zl1zl2 · · · zln

=
n∑
i=0

[(zk1zk2 · · · zkj−1
∗ zl1zl2 · · · zli)zkj + (zk1zk2 · · · zkj−1

∗ zl1zl2 · · · zli−1
)zkj+li ]

× (zkj+1
· · · zkm ∗ zli+1

· · · zln)

(1.5)
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and

zk1zk2 · · · zkm ∗ zl1zl2 · · · zln

=

n∑
i=0

[(zk1zk2 · · · zkj−1
∗ zl1zl2 · · · zli)zkj − (zk1zk2 · · · zkj−1

∗ zl1zl2 · · · zli−1
)zkj+li ]

× (zkj+1
· · · zkm ∗ zli+1

· · · zln).

(1.6)

Here by convention, we let zki · · · zki−1
= 1 and zki · · · zki−2

= 0 for any integer i.

Applying the recursive formulas to zkz
m
p ∗ zlznp and zkz

m
p ∗ zlznp , we get the following

stuffle product formulas.

Corollary 1.3. Let k, l, p be positive integers and let m, n be nonnegative integers. Then

we have

zkz
m
p ∗ zlznp =

m∑
i=1

zk(z
i
pzl + zi−1

p zp+l)(z
m−i
p ∗ znp )

+
n∑
i=1

zl(z
i
pzk + zi−1

p zp+k)(z
n−i
p ∗ zmp ) + (zkzl + zlzk + zk+l)(z

m
p ∗ znp )

(1.7)

and

zkz
m
p ∗ zlznp =

m∑
i=1

zk(z
i
pzl − zi−1

p zp+l)(z
m−i
p ∗ znp )

+

n∑
i=1

zl(z
i
pzk − zi−1

p zp+k)(z
n−i
p ∗ zmp ) + (zkzl + zlzk − zk+l)(z

m
p ∗ znp ).

(1.8)

Note that formula (1.7) is just [1, Theorem 3]. Applying the recursive formulas to

zkz
m
p ∗ zl1zn1

p zl2z
n2
p and zkz

m
p ∗ zl1zn1

p zl2z
n2
p , we get the following stuffle product formulas.

Corollary 1.4. Let k, l1, l2, p be positive integers and let m, n1, n2 be nonnegative

integers. Then we have

zkz
m
p ∗ zl1zn1

p zl2z
n2
p

=
∑

0≤i1≤i2≤m

zk(zi1p zl1 + zi1−1
p zp+l1)[(zi2−i1

p ∗ zn1
p )zl2 + (zi2−i1−1

p ∗ zn1
p )zp+l2 ](zm−i2

p ∗ zn2
p )

+
∑

0≤i1≤n1
0≤i2≤m

zl1(zi1p zk + zi1−1
p zp+k)[(zi2p ∗ zn1−i1

p )zl2 + (zi2−1
p ∗ zn1−i1

p )zp+l2 ](zm−i2
p ∗ zn2

p )

+ zl1z
n1
p zk+l2(zmp ∗ zn2

p ) +
∑

0≤i≤n2

zl1z
n1
p zl2(zipzk + zi−1

p zp+k)(zmp ∗ zn2−i
p )

+
∑

0≤i≤m

zk+l1 [(zip ∗ zn1
p )zl2 + (zi−1

p ∗ zn1
p )zp+l2 ](zm−i

p ∗ zn2
p )

(1.9)
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and

zkz
m
p ∗ zl1zn1

p zl2z
n2
p

=
∑

0≤i1≤i2≤m

zk(zi1p zl1 − zi1−1
p zp+l1)[(zi2−i1

p ∗ zn1
p )zl2 − (zi2−i1−1

p ∗ zn1
p )zp+l2 ](zm−i2

p ∗ zn2
p )

+
∑

0≤i1≤n1
0≤i2≤m

zl1(zi1p zk − zi1−1
p zp+k)[(zi2p ∗ zn1−i1

p )zl2 − (zi2−1
p ∗ zn1−i1

p )zp+l2 ](zm−i2
p ∗ zn2

p )

− zl1zn1
p zk+l2(zmp ∗ zn2

p ) +
∑

0≤i≤n2

zl1z
n1
p zl2(zipzk − zi−1

p zp+k)(zmp ∗ zn2−i
p )

−
∑

0≤i≤m

zk+l1 [(zip ∗ zn1
p )zl2 − (zi−1

p ∗ zn1
p )zp+l2 ](zm−i

p ∗ zn2
p ).

(1.10)

Here we set z−1
p = 0.

Similarly, one can use the recursive formula (1.5) to the general product (1.1) and

formula (1.6) to the general product (1.2). We find that all these type products can be

expressed by simple products of the forms zip∗z
j
p for the ∗ product, and by simple products

of the forms zip ∗ z
j
p for the ∗ product. However the complexity of the formula increases

quickly when m+ n is larger. Hence we do not write the explicit formulas here.

After getting the formula of the product (1.1), one can apply the map Z to get a

formula of the stuffle product

ζ(k1, {p}m1 , . . . , kr, {p}mr)ζ(l1, {p}n1 , . . . , ls, {p}ns),

where k1, l1 ≥ 2 and {p}m stands for a string of m p’s. Similarly, from the formula of the

product (1.2), one can obtain a corresponding formula of the stuffle product of multiple

zeta-star values. For example, from Theorem 1.1, Corollaries 1.3 and 1.4, we immediately

get the following corollary. Note that (1.11) is just [1, Theorem 1].

Corollary 1.5. Let p be a positive integer. For nonnegative integers a, b, let Aab be the

set of all strings containing a times p and b times 2p. Then for any positive integers k, l,

l1, l2 with k, l, l1 ≥ 2 and any nonnegative integers m, n, n1, n2, we have

ζ(k, {p}m)ζ(l, {p}n)

=
∑

1≤i≤m
0≤j≤min{m−i,n}
k∈Am+n−i−2j

j

(
m+ n− i− 2j

n− j

)[
ζ(k, {p}i, l,k) + ζ(k, {p}i−1, p+ l,k)

]

+
∑

1≤i≤n
0≤j≤min{m,n−i}
k∈Am+n−i−2j

j

(
m+ n− i− 2j

m− j

)[
ζ(l, {p}i, k,k) + ζ(l, {p}i−1, p+ k,k)

]
(1.11)
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+
∑

0≤j≤min{m,n}
k∈Am+n−2j

j

(
m+ n− 2j

m− j

)
[ζ(k, l,k) + ζ(l, k,k) + ζ(k + l,k)] ,

ζ?(k, {p}m)ζ?(l, {p}n)

=
∑

1≤i≤m
0≤j≤min{m−i,n}
k∈Am+n−i−2j

j

(−1)j
(
m+ n− i− 2j

n− j

)[
ζ?(k, {p}i, l,k)− ζ?(k, {p}i−1, p+ l,k)

]

+
∑

1≤i≤n
0≤j≤min{m,n−i}
k∈Am+n−i−2j

j

(−1)j
(
m+ n− i− 2j

m− j

)[
ζ?(l, {p}i, k,k)− ζ?(l, {p}i−1, p+ k,k)

]

+
∑

0≤j≤min{m,n}
k∈Am+n−2j

j

(−1)j
(
m+ n− 2j

m− j

)
[ζ?(k, l,k) + ζ?(l, k,k)− ζ?(k + l,k)]

and

ζ(k, {p}m)ζ(l1, {p}n1 , l2, {p}n2)

=
∑

0≤i1≤i2≤m
0≤j1≤min{i2−i1,n1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1

j1

l∈Am+n2−i2−2j2
j2

(
n1 + i2 − i1 − 2j1

n1 − j1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ(k, {p}i1 , l1,k, l2, l) + ζ(k, {p}i1−1, p+ l1,k, l2, l)

]
+

∑
0≤i1≤i2≤m

0≤j1≤min{i2−i1−1,n1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1−1

j1

l∈Am+n2−i2−2j2
j2

(
n1 + i2 − i1 − 2j1 − 1

n1 − j1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ(k, {p}i1 , l1,k, p+ l2, l) + ζ(k, {p}i1−1, p+ l1,k, p+ l2, l)

]
+

∑
0≤i1≤n1, 0≤i2≤m

0≤j1≤min{i2,n1−i1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1

j1

l∈Am+n2−i2−2j2
j2

(
n1 + i2 − i1 − 2j1

i2 − j1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ(l1, {p}i1 , k,k, l2, l) + ζ(l1, {p}i1−1, p+ k,k, l2, l)

]
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+
∑

0≤i1≤n1, 0≤i2≤m
0≤j1≤min{i2−1,n1−i1}

0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1−1

j1

l∈Am+n2−i2−2j2
j2

(
n1 + i2 − i1 − 2j1 − 1

i2 − j1 − 1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ(l1, {p}i1 , k,k, p+ l2, l) + ζ(l1, {p}i1−1, p+ k,k, p+ l2, l)

]
+

∑
0≤j≤min{m,n2}
k∈Am+n2−2j

j

(
m+ n2 − 2j

m− j

)
ζ(l1, {p}n1 , k + l2,k)

+
∑

0≤i≤n2
0≤j≤min{m,n2−i}
k∈Am+n2−i−2j

j

(
m+ n2 − i− 2j

m− j

)

×
[
ζ(l1, {p}n1 , l2, {p}i, k,k) + ζ(l1, {p}n1 , l2, {p}i−1, p+ k,k)

]
+

∑
0≤i≤m

0≤j1≤min{i,n1}
0≤j2≤min{m−i,n2}

k∈An1+i−2j1
j1

l∈Am+n2−i−2j2
j2

(
n1 + i− 2j1
n1 − j1

)(
m+ n2 − i− 2j2

n2 − j2

)
ζ(k + l1,k, l2, l)

+
∑

0≤i≤m
0≤j1≤min{i−1,n1}
0≤j2≤min{m−i,n2}
k∈An1+i−2j1−1

j1

l∈Am+n2−i−2j2
j2

(
n1 + i− 2j1 − 1

n1 − j1

)(
m+ n2 − i− 2j2

n2 − j2

)
ζ(k + l1,k, p+ l2, l),

ζ?(k, {p}m)ζ?(l1, {p}n1 , l2, {p}n2)

=
∑

0≤i1≤i2≤m
0≤j1≤min{i2−i1,n1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1

j1

l∈Am+n2−i2−2j2
j2

(−1)j1+j2

(
n1 + i2 − i1 − 2j1

n1 − j1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ?(k, {p}i1 , l1,k, l2, l)− ζ?(k, {p}i1−1, p+ l1,k, l2, l)

]
−

∑
0≤i1≤i2≤m

0≤j1≤min{i2−i1−1,n1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1−1

j1

l∈Am+n2−i2−2j2
j2

(−1)j1+j2

(
n1 + i2 − i1 − 2j1 − 1

n1 − j1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ?(k, {p}i1 , l1,k, p+ l2, l)− ζ?(k, {p}i1−1, p+ l1,k, p+ l2, l)

]
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+
∑

0≤i1≤n1, 0≤i2≤m
0≤j1≤min{i2,n1−i1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1

j1

l∈Am+n2−i2−2j2
j2

(−1)j1+j2

(
n1 + i2 − i1 − 2j1

i2 − j1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ?(l1, {p}i1 , k,k, l2, l)− ζ?(l1, {p}i1−1, p+ k,k, l2, l)

]
−

∑
0≤i1≤n1, 0≤i2≤m

0≤j1≤min{i2−1,n1−i1}
0≤j2≤min{m−i2,n2}
k∈An1+i2−i1−2j1−1

j1

l∈Am+n2−i2−2j2
j2

(−1)j1+j2

(
n1 + i2 − i1 − 2j1 − 1

i2 − j1 − 1

)(
m+ n2 − i2 − 2j2

n2 − j2

)

×
[
ζ?(l1, {p}i1 , k,k, p+ l2, l)− ζ?(l1, {p}i1−1, p+ k,k, p+ l2, l)

]
−

∑
0≤j≤min{m,n2}
k∈Am+n2−2j

j

(−1)j
(
m+ n2 − 2j

m− j

)
ζ?(l1, {p}n1 , k + l2,k)

+
∑

0≤i≤n2
0≤j≤min{m,n2−i}
k∈Am+n2−i−2j

j

(−1)j
(
m+ n2 − i− 2j

m− j

)

×
[
ζ?(l1, {p}n1 , l2, {p}i, k,k)− ζ?(l1, {p}n1 , l2, {p}i−1, p+ k,k)

]
−

∑
0≤i≤m

0≤j1≤min{i,n1}
0≤j2≤min{m−i,n2}

k∈An1+i−2j1
j1

l∈Am+n2−i−2j2
j2

(−1)j1+j2

(
n1 + i− 2j1
n1 − j1

)(
m+ n2 − i− 2j2

n2 − j2

)
ζ?(k + l1,k, l2, l)

+
∑

0≤i≤m
0≤j1≤min{i−1,n1}
0≤j2≤min{m−i,n2}
k∈An1+i−2j1−1

j1

l∈Am+n2−i−2j2
j2

(−1)j1+j2

(
n1 + i− 2j1 − 1

n1 − j1

)(
m+ n2 − i− 2j2

n2 − j2

)
ζ?(k + l1,k, p+ l2, l).

Also, if we combine the stuffle product formulas obtained here together with shuffle

product formulas obtained in [2, 5], we can get some double shuffle relations of multiple

zeta values for some special types. Here we leave the explicit formulas to the reader.

Section 2 contains proofs of Theorems 1.1, 1.2, Corollaries 1.3 and 1.4. In Section 3,

we describe how to apply our recursive formulas to express the products (1.1) and (1.2)

by simple products, and take the cases r = s = 2 as an example.
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2. Proofs

In this section, we give proofs of the results mentioned in Section 1.

2.1. Proof of Theorem 1.1

For the simple product zmp ∗znp , Chen used induction on m+n to prove formula (1.3) in [1].

Here we give another proof, which seems simple and intuitive. We use the combinatorial

description of stuffle product ∗. By the definition of stuffle product ∗, we have

zk1 · · · zkn ∗ zkn+1 · · · zkn+m =

min{n,m}∑
i=0

∑
σ∈Sn,m,i

zσ−1(1)zσ−1(2) · · · zσ−1(n+m−i),

where Sn,m,i is the set of all surjections σ : {1, 2, . . . , n+m}� {1, 2, . . . , n+m− i} with

conditions

σ(1) < σ(2) < · · · < σ(n), σ(n+ 1) < σ(n+ 2) < · · · < σ(n+m),

and for any σ ∈ Sn,m,i and any j ∈ {1, 2, . . . , n+m− i},

zσ−1(j) =

zk if σ−1(j) = {k},

zk+l if σ−1(j) = {k, l}.

Now if we write

zmp ∗ znp =
∑
w∈Y ∗

cww,

then we only need to determine the coefficients cw. By the combinatorial description of

the product ∗ described above, it is easy to see that if cw 6= 0, then all the letters in the

word w must be zp or z2p, and the number of z2p’s is less than or equal to min{m,n}.
Hence we can write

zmp ∗ znp =

min{m,n}∑
i=0

∑
w∈Gm+n−2i

i

cwi w.

For any w ∈ Gm+n−2i
i , we look for the possibility to get w. There are m+n− 2i times

zp in w, in which m− i times zp are from zmp and others are from znp . Hence the possibility

is
(
m+n−2i
m−i

)
. In other words, for any w ∈ Gm+n−2i

i , we have

cwi =

(
m+ n− 2i

m− i

)
.

Then we get (1.3).
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Similarly, to prove formula (1.4) for the simple product zmp ∗ znp , we use the combina-

torial description of stuffle product ∗. We have

zk1 · · · zkn ∗ zkn+1 · · · zkn+m =

min{n,m}∑
i=0

∑
σ∈Sn,m,i

z?σ−1(1)z
?
σ−1(2) · · · z

?
σ−1(n+m−i),

where for any σ ∈ Sn,m,i and any j ∈ {1, 2, . . . , n+m− i},

z?σ−1(j) =

zk if σ−1(j) = {k},

−zk+l if σ−1(j) = {k, l}.

By the combinatorial description, we can write

zmp ∗ znp =

min{m,n}∑
i=0

∑
w∈Gm+n−2i

i

dwi w.

In this case, for any w ∈ Gm+n−2i
i , the possibility to get w is also

(
m+n−2i
m−i

)
. While every

letter z2p in w will bring a negative sign. Hence for any w ∈ Gm+n−2i
i , we have

dwi = (−1)i
(
m+ n− 2i

m− i

)
.

Then we get (1.4).

For more details, see [5], which uses the same idea to deal with shuffle products.

2.2. Proof of Theorem 1.2

We only prove the recursive formula (1.5). The recursive formula (1.6) can be proven in

a similar way. To get the result, one can use induction on m + n, while here we use the

combinatorial description of the stuffle product.

The left-hand side of (1.5) is a sum over surjections

σ : {1, 2, . . . ,m+ n}� {1, 2, . . . ,m+ n− p},

which are strictly increasing on {1, . . . ,m} and on {m+ 1, . . . ,m+n} separately, and p is

an integer with the condition 0 ≤ p ≤ min{m,n}. Now for a fixed j ∈ {1, 2, . . . ,m}, there

are two different types of such σ’s, one satisfies the condition σ(i) < σ(j) < σ(i + 1) for

some i ∈ {m,m+ 1, . . . ,m+ n}, and the other one satisfies the condition σ(j) = σ(i) for

some i ∈ {m+ 1,m+ 2, . . . ,m+ n}. Summing over the first type of σ’s we get the term

n∑
i=0

(zk1zk2 · · · zkj−1
∗ zl1zl2 · · · zli)zkj (zkj+1

· · · zkm ∗ zli+1
· · · zln).
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And summing over the second type of σ’s we obtain the term

n∑
i=1

(zk1zk2 · · · zkj−1
∗ zl1zl2 · · · zli−1

)zkj+li(zkj+1
· · · zkm ∗ zli+1

· · · zln).

Then we get the recursive formula (1.5).

2.3. Proof of Corollary 1.3

Here we prove formula (1.7), and one can prove formula (1.8) in a similar way. We remark

that the strategy of our proof is slightly different from that of [1, Theorem 3]. We apply

the recursive formula (1.5) with j = 1 to get

zkz
m
p ∗ zlznp = zkzl(z

m
p ∗ znp ) + zk+l(z

m
p ∗ znp ) +

n∑
i=0

(zlz
i
pzk + zlz

i−1
p zp+k)(z

m
p ∗ zn−ip ),

which is just (1.7).

2.4. Proof of Corollary 1.4

Here we prove formula (1.9), and one can prove formula (1.10) in a similar way. Applying

the recursive formula (1.5) with j = 1, we get

zkz
m
p ∗ zl1zn1

p zl2z
n2
p

= zk(z
m
p ∗ zl1zn1

p zl2z
n2
p ) + zk+l1(zmp ∗ zn1

p zl2z
n2
p )

+

n1∑
i=0

(zl1z
i
pzk + zl1z

i−1
p zp+k)(z

m
p ∗ zn1−i

p zl2z
n2
p ) + zl1z

n1
p zk+l2(zmp ∗ zn2

p )

+

n2∑
i=0

(zl1z
n1
p zl2z

i
pzk + zl1z

n1
p zl2z

i−1
p zp+k)(z

m
p ∗ zn2−i

p ).

(2.1)

Then we have to compute the products zmp ∗ zl1zn1
p zl2z

n2
p and zmp ∗ zn1−i

p zl2z
n2
p . For the

second one, we have the following general result.

Lemma 2.1. For positive integers l, p and nonnegative integers m, n1, n2, we have

(2.2) zmp ∗ zn1
p zlz

n2
p =

m∑
i=0

[(zip ∗ zn1
p )zl + (zi−1

p ∗ zn1
p )zp+l](z

m−i
p ∗ zn2

p ).

Proof. We get (2.2) by applying the recursive formula (1.5) with j = n1 + 1.

And for the first one, we have the following result.
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Lemma 2.2. For positive integers p, l1, l2 and nonnegative integers m, n1, n2, we have

zmp ∗ zl1zn1
p zl2z

n2
p

=
∑

0≤i1≤i2≤m
(zi1p zl1 + zi1−1

p zp+l1)[(zi2−i1p ∗ zn1
p )zl2 + (zi2−i1−1

p ∗ zn1
p )zp+l2 ](zm−i2p ∗ zn2

p ).

(2.3)

Proof. Applying the recursive formula (1.5) with j = 1, we get

zmp ∗ zl1zn1
p zl2z

n2
p =

m∑
i=0

(zipzl1 + zi−1
p zp+l1)(zm−ip ∗ zn1

p zl2z
n2
p ).

Then using (2.2), we have

zmp ∗ zl1zn1
p zl2z

n2
p

=

m∑
i=0

m−i∑
t=0

(zipzl1 + zi−1
p zp+l1)[(ztp ∗ zn1

p )zl2 + (zt−1
p ∗ zn1

p )zp+l2 ](zm−i−tp ∗ zn2
p ).

Let i1 = i and i2 = i + t in the summation of the right-hand side of the above equation,

we get the result.

Now formula (1.9) follows from (2.1), (2.2) and (2.3). We then finish the proof of

Corollary 1.4.

2.5. Remark

In fact, one can get Corollaries 1.3 and 1.4 in the same way as the proofs of Theorems 1.1

and 1.2 given above. For example, zkz
m
p ∗ zlznp is a sum over surjections

σ : {1, 2, . . . ,m+ n+ 2}� {1, 2, . . . ,m+ n+ 2− j},

which are strictly increasing on {1, . . . ,m+ 1} and on {m+ 2, . . . ,m+n+ 2} respectively.

We can separate such σ’s into three different types according to

σ(1) < σ(m+ 2), σ(m+ 2) < σ(1) or σ(1) = σ(m+ 2),

which correspond to the three sums in the right-hand side of (1.7). Then we get for-

mula (1.7).

But as r+s increases in (1.1), the possibilities of different types of σ’s similar to above

will increase rapidly. Hence in the following section we discuss the general products by

using the recursive formulas.
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3. The general products

In this section, we discuss the general products (1.1) and (1.2). Here we only treat the ∗
product. Let r, s, k1, . . . , kr, l1, . . . , ls, p be positive integers and let m1, . . . ,mr, n1, . . . , ns

be nonnegative integers. Applying the recursive formula (1.5) with j = 1 to the product

(1.1), we find (1.1) can be expressed by products

(T1) zm1
p zk2z

m2
p · · · zkrzmr

p ∗ zl1zn1
p zl2z

n2
p · · · zlszns

p ,

(T2) zm1
p zk2z

m2
p · · · zkrzmr

p ∗ zi1p zl2zn2
p · · · zlszns

p , 0 ≤ i1 ≤ n1,

(T3) zm1
p zk2z

m2
p · · · zkrzmr

p ∗ zi2p zl3 · · · zlszns
p , 0 ≤ i2 ≤ n2,

...

(Ts) zm1
p zk2z

m2
p · · · zkrzmr

p ∗ zis−1
p zlsz

ns
p , 0 ≤ is−1 ≤ ns−1,

(Ts+1) zm1
p zk2z

m2
p · · · zkrzmr

p ∗ zisp , 0 ≤ is ≤ ns.

We may assume that r > 1. For i = 1, 2, . . . , s, using the recursive formula (1.5) with

j = m1 + 1 to the product (Ti), we find that (Ti) can be expressed by products of forms

(Ti+1), . . . , (Ts+1). For the product (Ts+1), we also apply the recursive formula (1.5) with

j = m1 + 1 to get

zm1
p zk2z

m2
p · · · zkrzmr

p ∗ zisp

=

is∑
i=0

[(zm1
p ∗ zip)zk2 + (zm1

p ∗ zi−1
p )zp+k2 ](zm2

p zk3 · · · zkrzmr
p ∗ zis−ip ).

Hence (Ts+1) can be expressed by products of forms (Ts+1) with smaller r. Then we see

that we can express the product (1.1) by simple products of the form zip ∗ z
j
p.

Let’s take the case r = s = 2, that is zk1z
m1
p zk2z

m2
p ∗ zl1zn1

p zl2z
n2
p , as an example.

Applying the recursive formula (1.5) with j = 1, we get

zk1z
m1
p zk2z

m2
p ∗ zl1zn1

p zl2z
n2
p

= zk1(zm1
p zk2z

m2
p ∗ zl1zn1

p zl2z
n2
p ) + zk1+l1(zm1

p zk2z
m2
p ∗ zn1

p zl2z
n2
p )

+

n1∑
i=0

(zl1z
i
pzk1 + zl1z

i−1
p zp+k1)(zm1

p zk2z
m2
p ∗ zn1−i

p zl2z
n2
p )

+ zl1z
n1
p zk1+l2(zm1

p zk2z
m2
p ∗ zn2

p )

+

n2∑
i=0

(zl1z
n1
p zl2z

i
pzk1 + zl1z

n1
p zl2z

i−1
p zp+k1)(zm1

p zk2z
m2
p ∗ zn2−i

p ).

(3.1)

Hence we need to compute products of the forms

(i) zm1
p zkz

m2
p ∗ zl1zn1

p zl2z
n2
p ,
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(ii) zm1
p zkz

m2
p ∗ zn1

p zlz
n2
p ,

(iii) zm1
p zkz

m2
p ∗ znp .

Applying the recursive formula (1.5) with j = 1 to the product (i), we get

zm1
p zkz

m2
p ∗ zl1zn1

p zl2z
n2
p

=

m1∑
i=0

(zipzl1 + zi−1
p zp+l1)(zm1−i

p zkz
m2
p ∗ zn1

p zl2z
n2
p ) + zm1

p zk+l1(zm2
p ∗ zn1

p zl2z
n2
p )

+

m2∑
i=0

(zm1
p zkz

i
pzl1 + zm1

p zkz
i−1
p zp+l1)(zm2−i

p ∗ zn1
p zl2z

n2
p ).

Hence the product (i) can be expressed by products of the forms (ii) and (iii). For the

product (ii), applying the recursive formula (1.5) with j = m1 + 1, we get

zm1
p zkz

m2
p ∗ zn1

p zlz
n2
p

=

n1∑
i=0

[(zm1
p ∗ zip)zk + (zm1

p ∗ zi−1
p )zp+k](z

m2
p ∗ zn1−i

p zlz
n2
p )

+ (zm1
p ∗ zn1

p )zk+l(z
m2
p ∗ zn2

p )

+

n2∑
i=0

[(zm1
p ∗ zn1

p zlz
i
p)zk + (zm1

p ∗ zn1
p zlz

i−1
p )zp+k](z

m2
p ∗ zn2−i

p ).

Then the product (ii) can be expressed by products of the form (iii). Finally, applying

the recursive formula (1.5) with j = m1 + 1 to the product (iii), we get

zm1
p zkz

m2
p ∗ znp =

n∑
i=0

[(zm1
p ∗ zip)zk + (zm1

p ∗ zi−1
p )zp+k](z

m2
p ∗ zn−ip ),

which is expressed by simple products.

Putting all these results into (3.1), we can finally obtain a formula which writes the

product zk1z
m1
p zk2z

m2
p ∗ zl1zn1

p zl2z
n2
p by simple products of the form zip ∗ z

j
p. While there

are too many terms to write, so we omit this formula.

Acknowledgments

The authors would like to thank the referee for helpful suggestions, which improve the

paper greatly.

References

[1] K.-W. Chen, Applications of stuffle product of multiple zeta values, J. Number Theory

153 (2015), 107–116.



Stuffle Product Formulas of Multiple Zeta Values 543

[2] M. Eie and C.-S. Wei, Generalizations of Euler decomposition and their applications,

J. Number Theory 133 (2013), no. 8, 2475–2495.

[3] M. E. Hoffman, The algebra of multiple harmonic series, J. Algebra 194 (1997), no. 2,

477–495.

[4] P. Lei, L. Guo and B. Ma, Applications of shuffle product to restricted decomposition

formulas for multiple zeta values, J. Number Theory 144 (2014), 219–233.

[5] Z. Li and C. Qin, Shuffle product formulas of multiple zeta values, J. Number Theory

171 (2017), 79–111.

[6] S. Muneta, Algebraic setup of non-strict multiple zeta values, Acta Arith. 136 (2009),

no. 1, 7–18.

[7] D. Zagier, Values of zeta functions and their applications, in First European Congress

of Mathematics, Vol. II (Paris, 1992), 497–512, Progr. Math. 120, Birkhäuser, Basel,
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