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SIGN-CHANGING SOLUTIONS FOR A CLASS OF DAMPED VIBRATION
PROBLEMS WITH IMPULSIVE EFFECTS

Jianwen Zhou, Yongkun Li* and Yanning Wang

Abstract. In this paper, some sufficient conditions are obtained for the existence
and multiplicity of sign-changing solutions for the damped vibration problem with
impulsive effects

—u"(t) + g(O)u'(t) = f(t, u(t)), ae. t €0,T];

u(0) =u(T) =0,

A/ (ty) =o' (t]) —u'(t7) = L(u(ty), j=1,2,...,p,
where tg = 0 < t; <ty < ...<t, <tp1 =T,g € L'0,T;R),I; : R —

R,j5=1,2,...,p are continuous, f : [0,7] x R — R is a Carathéodory function
with subcritical growth condition:

(A) |f(t,w)| < CA+|ul*~1),Vt € [0,T],u € R, s € [2,+0).

The sign-changing solutions are sought by means of some sign-changing critical
point theorems and two examples are presented to illustrate the feasibility and
effectiveness of our results.

1. INTRODUCTION

Consider the damped vibration problem with impulse
—u"(t) + g(t)u'(t) = f(t,u(t)), ae. tel0,T];
(1.2 u(0) =u(T) =0,
Adl(ty) =/ (E) = /(1) = L (u(ty), 5=1,2,....p,

~— T

where tg = 0 < t1 < to < ... <ty < tyy1 = T,g € L'(0,T;R),I; : R —
R,7=1,2,...,pare continuous, f :[0,7] x R — R is a Carathéodory function with
subcritical growth condition:
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(A) |f(t,u)] <CA+ |uls~1),Vt € [0,T],u € R, s € [2, +00).

Impulsive effects exist widely in many evolution processes in which their states
are changed abruptly at certain moments of time. The theory of impulsive differential
systems has been developed by numerous mathematicians (see [1-4]). Applications
of impulsive differential equations with or without delays occur in biology, medicine,
mechanics, engineering, chaos theory and so on (see [5-7]).

For a second order differential equation v’ = f(t,u,w’), one usually considers
impulses in the position « and the velocity »’. However, in the motion of spacecraft
one has to consider instantaneous impulses depending on the position that result in jump
discontinuities in velocity, but with no changes in position (see [8,9]). The impulse
only on the velocity occurs also in impulsive mechanics (see [10]).

In recent years, impulsive and periodic boundary value problems have been studied
extensively in the literature. There have been many approaches to study periodic solu-
tions of differential equations, such as method of lower and upper solutions, fixed-point
theory, coincidence degree theory and so on. In [11], authors used the method of lower
and upper solutions with monotone iterative technique to study impulsive differential
equations. In [12], authors used the Krasnoselskii< s fixed point theorem in a cone
to impulsive differential equations and obtained the existence of positive solutions.
However, the study of solutions for impulsive differential equations using variational
methods has received considerably less attention (see, for example [9,13-15]).

Especially, when ¢(t) = 0, authors in [13-15] used variational methods to study the
existence and multiplicity of solutions for problems (1.1). But, to the best of authors’
knowledge, when ¢(t) # 0, the existence and multiplicity of sign-changing solutions
for problem (1.1) have not been studied yet. Our purpose of this paper is to study
the sign-changing solutions of problem (1.1) in an appropriate space of functions and
the existence and multiplicity of sign-changing solutions for problem (1.1) by some
sign-changing critical point theorems.

2. PRELIMINARIES

In this section, we recall some basic facts which will be used in the proofs of our
main results. In order to apply the critical point theory, we make a variational structure.
From this variational structure, we can reduce the problem of finding solutions of
problem (1.1) to the one of seeking the critical points of a corresponding functional.

In the Sobolev space H{ (0, T), consider the inner product

T
)y, = [ 00O

lull 20,7y = </OT(u'(t))2dt) %.

inducing the norm
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LetG(t) = fgg(s)ds. Sinceg € L'(0,T;R), G : [0, T] — R is absolutely continuous.
Therefore,

a = min e > 0,
t€[0,T
(8 = max e“® >0

t€[0,T

We also consider the inner product
T
(u,v) :/ YOy (t)o' (t) dt, Yu,v € HE(0,T)
0

and the norm

1

| = (/OTeG<t> (u'<t>)2dt) * Vue HY0,T).

Then the norm || - || and the norm || - HHol(OvT) are equivalent and there exists C; > 0
such that
(2.1) lulloe < Cullull, Vu € Hg(0,T).

Let \x(k = 1,2,...) denote the eigenvalues and ¢ (k = 1,2,...) the corresponding
eigenfunctions of the problem

{ —u"(t) = Au(t)
u(0) = u(T)

, tel0,T]
0,

where each eigenvalue Ay is repeated as often as multiplicity recall that 0 < A\ <
Ao < A3 < ..., \r — oo. Then ¢y is positive (or negative) and the eigenfunction
associated to A;(¢ > 2) is sign-changing. Let X}, denote the eigenspace associated to
A, then H}(0,T) = € X;. We denote by || - ||, the norm in LP(0, T').

iEN

For u € H?(0,T), we have that « and «’ are both absolutely continuous, and
u" € L*(0,T). Hence, Au'(t) = u/(t+) —u'(t~) = 0 for any t € [0, T].

If w e HE(0,T), then u is absolutely continuous and «’ € L2(0,T). In this case,
Au/(t) = v/ (tT) —«/(t7) = 0 may not hold for some ¢ € (0, 7). It allows to consider
impulsive effects in the derivative.

Take v € H}(0,T) and multiply two sides of the equality

u’(t) + g(O)u'(t) + f(t,u(t) =0

by ¢“®)v and integrate from 0 to 7', we have
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/ ' O () (t) dt + / ' O gty (tyv(t) dt
(2.2) - 0
+/ eSO f(t, ut))v(t) dt = 0.
0
Moreover,
/ (SO W0(t) + O g (0 (1)o(1))
0
=> / o Jo(t) +e“Dg(t) (t)v(t)) dt
j=0"1i
_ J+1 ”
> / /(1)
p tj+1
= eClix Dot eG(tJ)u'tjvt;F - YO (10! (t) dt
3 ()~ D) - [ O]
= —Zp:eG(tf)Au( Yo(t;) — u' (0)v(0) + e >u'(T>v(T>—/TeG<t>u'(t>v'(t> dt
j=1 0
S CO L (e () — [ SO (e
X <ttty | oo ar

Combining (2.2), we have
T p T
/ S0 (1) () dt + 3 €SO L (ulty)u(t;) — / eSO £ (1, u()yo(t) dt = 0,
0 = 0

Considering the above, we introduce the following concept solution for problem (1.1).

Definition 2.1. We say that a function u € H{ (0, T) is a weak solution of problem
(1.1) if the identity

/ " SO (1! (1) i + Z S (ulty))u(ty) = / 0 (4, u(0)o(t)
0 j=1 0

holds for any v € H}(0,T).

Consider the functional ¢ : H(0,7) — R defined by
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o, ult;) T
olw) = Ll +ZeG<tf>/ Ij(t)dt—/ eSO (L, u(t)) dt
= 0 0

1 2

= Sllul® = ) = Ta(w)
1 2

= Sl = J(w),

where F(t,s) = [7 f(t,7)dr and
p u(t;)
Ji(w) = =3 6 / L) dt, Ja(u)
1 0

_ / "GO (e u(t)) b, T(u) = i () + Ja(u)
0

Using the subcritical growth condition (A) and the continuity of ;,j = 1,2,...,p,
one has that ¢ € C1(H}(0,T),R). For any v € H}(0,T), we have

o (w)v= /O SO (0 (6) At + Y SO (1) olt) — /O eSO £t u(t))o(t) dt.

Thus, the solutions of problem (1.1) are corresponding to the critical points of .
Lemma 2.1. Jj is continuous on HJ (0, T)).

Proof. Let {u;} C HE and uj, — u. By (2.1), |lux — ul|oc — 0. Thus, we have

11 (uk) = Ji(u)|| = sup  [(J{(uk) = Ji(u), )]
veHY(0.T) o<1
p
= sup > e [ (ur(ty) — I (u(ty))]v(ty)
veH(0,T),|vlI<11 55

p
< sup > B (un(ty)) = Liu(t)) o]l
UEHol (OvT)vH'UHSI j:l
p

< C1p sup D 1L (un(ty)) = I (u(t) |||

veH;(0,7),]|lv]|<1 5=

= Clﬁz |2 (un(t)) — L (u(t))]-

The continuity of 7; and this imply that J; (u;) — J;(u) in H}(0,T). The proof is
complete. -
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Lemma 2.2. J' is continuous on H}(0,T).

Proof. By condition (A) and [16, Lemma 2.3], J} is continuous on H}(0,T).
By Lemma 2.1 and J(u) = Ji(u) + Jo(u), we have J' is continuous on H}(0,T).
The proof is complete. ]

To prove our main results, we need the following definitions and theorems.

Definition 2.2. ([17], p. 81). Let X be a real Banach space and I € C*(X,R). I
is said to satisfy (PS) condition on X if any sequence {z,,} C X for which I(z,) is
bounded and I’(x,) — 0 as n — oo, possesses a convergent subsequence in X.

Definition 2.3. ([18]). Let E is Hilbert space, I € C*(E, R). We say that [
satisfies (w-PS) condition on E if {u,,} C E and I(u,) is bounded, I'(u,) — 0, we
have either {u,, } is bounded and has a convergent subsequence or || I’(w,)||||un| — oo.

Remark 2.1. It is clear that the (PS) condition implies the (w-PS) condition.

Theorem 2.1. ([19], Theorem 3.2). Assume that H is Hilbert space, f satisfies
(PS) condition on H and f’(u) has the expression f'(u) = u — Au. D; and Dy are
open convex subsets of H, Dy (D # 0, A(O0D1) C Dy, A(OD2) C Dy. If there
exists a path h : [0, 1] — H such that

h<0> € Dl\DQ, h(l) S D2\D1

and

inf  f(u) > sup f(h(t)).

u€D1 N Dy te[0,1]

Then f has at least four critical points: u; € D1 (| D2, ug € D1\Ds,u3 € D3\D1,uy €
H\(D1 D).

Theorem 2.2. ([18], Theorem 2.1). Let E be a Hilbert space with inner product
(,) and norm | - ||. Assume that E' has an orthogonal decomposition £ = N € M
with dimN < co. Let G € C'(E, R) and the gradient G’ be of the form

G'(u) = u— J (u),

where J' : E — E is a continuous operator. Let P denote a closed convex posi-
tive cone of F; D((f) be an open convex subset of E,i = 1,2, S = E\W, W =
Dél) U D((f). Assume

(Hy) J(D) c DI, i=1,2.

(Hy) If Dél) ﬂD((f) = (), then either Dél) =0Qor D(()Z) = 0.
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(Hs) There exista 6 > 0 and zp € N with ||zo|| = 1 such that
B:={ue M:|ul| >} | J{kzo+v:veMk>0,|kz+v| =6} CS.
Let G map bounded sets to bounded sets and satisfy (w-PS) condition and

bg = inf G # —o0, a9 = sup G # +oc.
M N
Then G has a critical point in S with critical value > i%f G.

3. MaIN REesuULTS

Our main results of this paper are as follows.
Theorem 3.1. Suppose that (A) and the following conditions are satisfied.
(f1) there exists n > 2 such that
0 <nF(t,u) < f(t,u)u, Vt €[0,T],Vu € R.
Moreover f(t,u) = o(|u|) as u — 0 uniformly in ¢ € [0, T'];
(f2) [y Li(r)dr > Ij(u)u Yu e R, j=1,2,...,p;
(f3) Ij(u) >0, YueR,j=1,2,...,p;

(fa) there exists a; > 0 such that

’/Ou1j<7>d7

Then problem (1.1) has four solutions: one zero solution, one positive solution, one
negative solution and one sign-changing solution.

<aj, VueR,j=1,2,...,p.

Theorem 3.2. Assume that (A), (f1), (f2), (f3), (f4) and the following condition
are satisfied.

(fs) Nu? —Wi(t) < 2eCOE(t,u) < \pu? + Wa(t), aet € [0,T],u€R,
where Wy, Wy € LY(0,7T),1 > 2.

Then problem (1.1) has at least one sign-changing solution.

4, ProoOFs OF THEOREMS

For oo, let
P ={uec HY0,T):u(t) >0 ae tecl0,T]},
Do(po) = {u € HE(0,T) : dist(u, P) < po},
—Do(po) = {u € H3(0,T) : dist(u, —P) < po}.
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Lemma 4.1. Assume that (A), (f1) and (f2) hold, then ¢ satisfies (PS) condition.

Proof.  Assume that {u,} C HZ(0,T) is a (PS) sequence, that is, |¢(uy,)| <
Co, ¢'(un) — 0. By (f1) and (f2), we have

NC + [|¢" (un) ]| unl]

v

1 (ttn) = (¢ (1n). ) |
= T 2 Relthy n) B TeG’(t) "
D+ 0 / L0 dt=n [ COOF( (1) d

7=1
p

u Uu €Gt] (7 T€G(t) Uu (7
) =3 ualts) + [ 90 Flt a0 (1)

- ”Tuunu? - / O (N (t, un () — f(t, un(t))un(t)) dt
p OUn(tj)

+) et (n /0 I(t)dt - Ij<un<tj>>un<tj>)

> T2 |12

Thus {u,} is bounded in Hg(0,T). Hence there exists a subsequence of {u,} (for
simplicity denoted again by {u,}) such that

(4.1) U, —u in Hy(0,T),
(4.2) up — u uniformly in C([0,T7).
On the other hand, we have

un) = @' (1), un — v)

/ [ () — o (£) 2t

(4.3)
N Zecxm (L (un(t3)) = L (u(t;)) (walty) — ult;))

T
= [ O a0 = Ft () (0(0) — ().
From (A), (4.1), (4.2) and (4.3), it follows that u,, — u in HZ(0,T). Thus, ¢ satisfies
the (PS) condition. The proof is complete. ]

Lemma 4.2. Assume that (A), (f1) and (f3) hold, then there exists ¢y > 0 such
that
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(i) J'(0Dy(ep)) C Doleg), and if u € Dy(ep) is the solution of problem (1.1), then
u € P,

(ii) J'(O(—Do(eo))) € —Do(eo), and if u € —Dy(eg) is the solution of problem
(1.1), then u € —P.

Proof. Let u* = max{4u,0}. for all w € —P, we have w(t) < 0, so
—w(t) > 0. Hence, Vw € —P,r € [2, +00),

T
@4y | < / jut — w7t +/ |—u —w|"dt = / lu — w|"dt.
u(t)>0 u(t)<0 0

Therefore, (4.4) implies that ||u™ ||, < i?fp)
we(—

ding Theorem, when r € [2, 4+00), the embedding H{ (0, T) — L"(£) is continuous.
So there exists C,. > 0 such that for all u € H(0,T), if r € [2, +00),

lu—w||, . Moreover, by Sobolev embed-

(4.5) |lut], < inf |Ju—wl,<Cr inf |u—w| = C.dist(u, —P).
we(—P) we(—P)

By (A) and (f1): Ve > 0, there exists C. > 0 such that

(4.6) ft,u)u < eu® + Clul®, Vt€[0,T], VucR.

Assume v = J'(u). Then by (4.5), (4.6) and (f3), for € small enough,
dist(v, =P)o*]| < [lo*?

= <v,v+>

p T
< = I (u(ty)vt(t;) + / YW f(z, ut)ytde
j=1 0

T
< / eCW f(z, uM)otde
0

T
< [ Blelu™| + Celu T [ dt
0

1
< (§dist<u, _P) + Cydist(u, —P)5_1> o™ |,

where

That is,

@7)  dist(J'(u), —P) < %dist(u, —P) + Cy(dist(u, —P)* 1),
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So there exists €9 > 0 such that dist(J'(u), —P) < 3¢, for every u € 9(—Dy(eg)).
Thus J'(9(—Dy(ep))) € —Dg(ep). If u € Dy(ep) is the solution of problem (1.1),
then ¢'(u) = u — J'(u) =0, that is, J'(u) = u. By (4.7), w € —P, (ii) holds. (i) can
be proved analogously. The proof is complete. ]

Lemma 4.3. Assume that (f1) and (f4) hold, then

inf o(u) =dy > —o0.
Dy (€0) N —Do(eo)

Proof. By (f1), (f4), (4.6) and Holder inequality, we have that there exists C; > 0
such that

(4.8) > —fpa—— [ [t u®))u(t)dt

v
|
S
|
=
O

+ [ull5);

where a = max{a1, ag, ..., ap}. According to (4.5), for any u € Dy(eo) () —Do(eo),
one has

(4.9) |uT|s < Cydist(u, —P) < Cyeo, ||[u||s < Csdist(u, P) < Cyeq.
Thus, by (4.8) and (4.9), we get

inf o(u) =dy > —oo0. [
Do(€0) (N —Do(eo)

Now, we prove Theorem 3.1. Proof. By (f1), there are two positive constants
C5 and Cg such that Vu € R, Vt € [0, T] (see [13, p. 2863]),

F(t,u) > Cslul" — Cs.

For any finitely dimensional subspace V of H(0,T), by (f4), there exists a constant
C'7 > 0 such that for all w in V' it holds

1 2 4 G(t; u(t;) T G(t
pu) = 3 lul +) e (])/0 Ij(t)dt—/o SO (¢, u)dt
j=1
1
(4.10) < Sllul® + Bpa — aCs |lul[} + oCsT

1
< 5llull* + Bpa — aCrlu]|" + aCeT.
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Since n > 2, by (4.10), there are two positive numbers Cs and Cy such that
(4.11) p(u) < ~Cs|lul® + Co, Vu € V.
vr(k=1,2,...) is the eigenfunctions of the problem

{ —u"(t) = Au(t), te€][0,T];
u(0) = u(T) =0,

corresponding the eigenvalues Ax(k = 1,2,...) and X} is the eigenspace associated

to Ak, H3(0,T) = € X;, thus ¢; is positive (or negative) and the eigenfunction
ieN

associated to \;(i > 2) is sign-changing. Since ¢, € H2(0,T) is sign-changing, that

is pF # 0,05 # 0. Let Vo = span{p], 5}, then Vj is the finitely dimensional

subspace of H}(0,T). Define a path h : [0,1] — HZ(0,7),

VR VR, _
h(t) = o3 + (1 —t) 2=t (—p7),
sz 1% Iz |l
where Ro = max{%=C2=1 1}, then by (4.11)
VRg VR, _
P = (150t + (1= )2 ()
1o k& Iz |l
(4.12) < —CsRp + Cy
<dy—1.
Thus, by Lemma 4.3 and (4.12),
inf o(u) > sup @(h(t)).
UEDQ(EQ) m —Dyg (60) tE[O,l]

Obviously, h(0) € —Dq(eo),h(1) € Dg(ey), thus h(0) € —Dy(eg)\Do(ep). If
not, h(0) € —Dy(eg) N Do(ep), by Lemma 4.3, G(h(0)) > dy. This is a con-
tradiction. Analogously, h(1) € Dg(ep)\ — Do(eg). Moreover, 0 € —Dgy(ep) N
Dy(€p), by Lemma 4.1, Lemma 4.2 and Theorem 2.1, problem (1.1) has four solutions:
uy € D()(e()) m<—DO<€O>>,U2 € D0<60>\—D0<60>,U3 € (—D0<60>>\D0<60>,U4 €
HZ (0, T)\(Do(e0) U —Do(ep)). That is, up is a zero solution, uy is a positive so-
lution, ug is a negative solution and w4 is a sign-changing solution. The proof is
complete. [ |

To prove Theorem 3.2, we first let N = X1 P XoP---PX; (1 > 2), M =

o
@ X then H}(0,T) = N M. We take 2y € X, ||z0] = 1 and define
i=l+1

B={ueM:|lul| >} Jlu=kao+v:veMEk>0,|u| =0}

Then each element of B is sign-changing.
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Lemma 4.4. dist(B,—P|JP) =d; > 0.

Proof. B and —P|JP are two closed subsets of H}(0,T). Note that B ((—P
UP) =0 and H(0,T) is a normal space, the conclusion is readily to be shown. The
proof is complete. u

Lemma 4.5. Assume that (A), (f1) and (f3) hold, then there exists po € (0,d;)
such that J'(£Dq(uo)) C £Do (o).

Proof. Assume v = J'(u), by (4.7), there is o < d; (cf. Lemma 4.4) such that
dist(J'(u), —P) < 3pq for every u € —Dy (o). In a similar way, dist(.J'(u), P) <
311 for every u € Dy(y0). The conclusion follows. The proof is complete. [ ]

Now, we prove Theorem 3.2.

Proof. Assume
D" = Do(uo), DS = — Dy (o),

w =D JD§P, 5 = v\W.

By Lemma 4.4, B C S, that is, the condition (H3) of Theorem 2.2 holds. Lemma 4.5

says that condition (H;) of Theorem 2.2 is also satisfied. Since 0 € Dél) N D((f), then
(H2) holds automatically. By Lemma 4.1 and Remark 2.1, ¢ satisfies w-PS condition.
Moreover, note that ||v]|? < sljv||3 for all v € N and gy |w|3 < |lw|/?® for all
w € M. Combine (f4) and (f5), we have that for any v € N, w € M,

1 p v(t;) T
@(v) = _HUH2 + Z eG(tj) 7 Ij(t) dt — eG(t)F<t, ’U) dt
2 j=1 0 0

Jo Wi(t) dt

1 i
< §HUHQ+5PG—§HUH%+ 5

ST wa(t) dt

<
Bpa + 5

and

1 p w(tj) T
p(w) = Sllew] + Y ) / I() dt — / GO (1, w) dt
j=1 0 0

T
L2 pic1 o Jo Walt)dt
> _ _ _
> Ll - gpa - B2 oy - 22
T
Wo(t) dt
> —fpa — Jo Welt) dt

2
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Therefore, we have ,
sup G = ag < 00, 1]r\}[f:b0> —00.
N

Since (A) holds, ¢ maps bounded sets to bounded sets. By Theorem 2.2, ¢ has a
critical point in S. Therefore, problem (1.1) has a sign-changing solution. The proof
is complete. ]

5. EXAMPLES

Example 5.1. LetT = T,t; = %, ty = % Consider the damped vibration problem
with impulse

—u"(t) + g()u'(t) = f(t,u(t)), ae. tel0,5];
(5.1) u(0) = u(§) =0,
Aul(t;) =/ (t]) — ' () = Li(ulty), j=1,2,
where
B B —(u—5)2+25, ue€l0,10];
h(w) = D{u) = { 0, w € (—50,0) (10, +50)
and f(t,u) = tj%lu%g(t) = —1 — t. All conditions of Theorem 3.1 hold because

of s = 3,7 = 3,a1 = a2 = 250. According to Theorem 3.1, problem (5.1) has
four solutions: one zero solution, one positive solution, one negative solution and one
sign-changing solution.

Example 5.2. Let T = 1,t; = % Consider the damped vibration problem with
impulse

—u"(t) + g(t)u'(t) = f(t,u(t)), ae. te|0,1];
u(0) = u(1) = 0,
Au'(ty) = () —'(ty) = I (u(t)),
where
0, u € (—00,0) J(100, +00),
(5.2) Li(u) =4 —u+100, ue [50,100],
u, u € [0,50),

Ao = 472 and A3 = 972 are the eigenvalue the problem

{ —u"(t) = Au(t), te][0,1];
u(()) = u(l) = 0.
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and
hold
3.2,

ft,u) = 22Fday — 137, g(1) = sint + cost. All conditions of Theorem 3.2
because of s = 2,7 = 2,a; = 2500, W;(t) = Wa(t) = 0. According to Theorem
problem (5.2) has at least one sign-changing solution.
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