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WEIGHTED COMPOSITION OPERATORS BETWEEN H*
AND THE BLOCH SPACE

Shtichi Ohno

Dedicated to Professor Ko6z06 Yabuta on his sixtieth birthday

Abstract. We study bounded and compact weighted composition operators,
induced by a fixed analytic function and an analytic self-map of the open unit
disk, between H° and the Bloch space.

1. INTRODUCTION

Let D be the open unit disk in the complex plane. Let v be a fixed analytic
function on D and ¢ an analytic self-map of ID. We can define a linear operator uC,
on the space of analytic functions on I, called a weighted composition operator,
by

uCpf:=u-(foyp)

for a function f analytic on ID. We can regard this operator as a generalization
of a multiplication operator and a composition operator. Each operator has been
investigated on various Banach spaces of analytic functions on ID. See [6] and [2]
for information on composition operators. In this paper we study the boundedness
and the compactness of weighted composition operators between the classical Hardy
space and the Bloch space.

We recall that the Hardy space H° is the algebra of bounded analytic functions
on D. We also recall that the Bloch space B consists of all analytic functions f on
D satisfying

sup(1 — [2[*)[ f'(2)] < oc.
zeD
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Let B, denote the subspace of B consisting of those f € B for which (1 —
|2|2)f'(2) — 0 as |z| — 1. This space is called a little Bloch space.
Under the norm

1£1l5 = 1f(0)] +sup(L — [2/})| f'(2)],
z€D

the Bloch space B becomes a Banach space and H°° C B. For more information
on Hardy spaces and the Bloch space, see [3] and [7, Chap. 5] respectively.

To characterize the compactness of weighted composition operators between
H®° and B, we will need the following result, whose proof is an easy modification
of that of Proposition 3.11 in [2].

Proposition 1. Let X and Y be H* or B. Then uC,, is compact from X to'Y
if and only if whenever {f,} is bounded in X and f, — 0 uniformly on compact
subsets of I, then uCy f, — 0inY.

The author would like to thank the referee for his careful reading, comments
and suggestions that led to many improvements in the final version.

2. THE casE uCy, : B — H™

In this section we characterize bounded and compact weighted composition
operators in the case uCy, : B — H®. The following theorem describes such
properties, including the case that uC, is acting on the little Bloch space B,.

Theorem 1. Let u be an analytic function on the unit disk D and ¢ an analytic
self-map of D. Then the following are equivalent:

(1) uCy : B — H® is bounded,
(i) uCy, : B— H* is compact,
(iii) uCy : B, — H is bounded,
(iv) uCy : B, — H™ is compact;

(v) w € H*® and for a sequence {z,} in D such that |p(zy)| tends to 1 as
n — oo, u(zy,) goes to 0;

(vi) uCy, : H* — H® is compact.

Proof. The equivalence of (v) and (vi) is known (see [1, Proposition 2.3]). The
implications (ii)=-(i), (i)=-(iii) and (ii)=-(iv)=-(iii) are clear.
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(iii)=-(v). It is clear that u € H*>. For A € D, let f(2) = —log(1 — ¢(N)z).
Then f € B, and || f||g < 2. So

2[[uCell = [[uC floo

1
= sup |u(z) log ————
2€D 1= o(A)ep(z)
1
> |u(N)|log —————— > 0.
OB TR

Thus if there is a sequence {\,} in D such that |¢()\,;,)| tends to 1, the inequality
above implies u(A,) — 0.

(v)=>(ii). Suppose that uCy, : B — H° is not compact. Then, by Proposition 1,
there exists a bounded sequence { f,,} in B such that f,, — 0 uniformly on compacts
but ||uC, frlle 7 0, i.e., there exist a 6 > 0 such that

|uCy frlloe > 6  for all n.

Then we can choose a sequence {z,} in D such that

(1) |u(2n)Cop fr(2n)| > 6/2.
If ¢(zy,) tends to a point ¢, then ¢ is in OD. By (v), u(z,) — 0. This contradicts
(D). ]

3. THE casE uC,, : H® — B
At first we will characterize the boundedness.

Theorem 2. Let u be an analytic function on the unit disk D and ¢ an analytic
self-map of D. Then uC, : H* — B is bounded if and only if the following (i)
and (i1) are satisfied:

(1) u € B;
2
(i) sup T lul2)¢/ ()] < o

Proof. Suppose that uCy, : H*® — B is bounded. Then it is evident that

() uehB

and

3) sup(1 — [2]*)u(2)¢'(2)] < oo.
zeD
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For A € D, let f(2) = (1 — |o(A\)|2)/(1 — ¢(N)2). Then f € H> and ||f]|c < 2.

So
2[[uCy| = [[uCy flln

> ﬁ\u(AM( ) (M| = (1= [AP) | (A)]-
Since u € B,
@ sup L)) < .

xeb 1 — [p(N)[?
Thus, for a fixed §, 0 < § < 1, by (4),
5) sup {;W\u()\)ap'()\)\ X eD,|p(N)| > 5} < 0.
L—Jp(N)?

For A € D such that [¢(\)| < 0, we have

PR 0 )] < (1= B
=R P I= 105 4
and so, by (3),

1— |\
© s {Eae]A e Bl < o) <
Consequently, by (5) and (6),

1- ‘)“2 /
D T ] <o

Conversely, suppose that conditions (i) and (ii) hold. For a function f € H°,
we have the following inequality:

(L= [z (uCpf) (2)
= (1= [z (2) f ((2) + u(2) f'(0(2))¢'(2))]
(

< (1= =)' (2) f(#(2)]

1 - ‘2‘2 / N
)‘z\u(zﬁﬁ (2)|(X = [e(2)[7)f (¢(2))]

1—[p(z
< sl loe + T )
< |lullg ————|u(2)¢'(z B
- e(2))?
By the definition of || - |5 and the Schwarz lemma, we have ||f||g < 2] f|| for
f € H*. So the conditions imply that the right-hand side above is bounded by
some constant times || f||. Consequently, uCy, : H* — B is bounded. |
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Next we will consider the compactness.

Theorem 3. Let u be an analytic function on the unit disk D and ¢ an analytic
self-map of D. Suppose that uCy, : H* — B is bounded. Then uCy is compact if
and only if the following (1) and (ii) are satisfied:

i) i 1— |z|2)/(2)] = 0;
(i) |¢<i>n|11( |2[%) |/ (2)]

(i) lim 1_7‘2‘2\74/2) '(z) =0
@1 T [P 7 '

Proof. Suppose uC, : H* — B is compact. Let {2,} be a sequence in I
such that |¢(z,)| — 1 as n — oo. Let fn(2) = (1—|p(2n)|2)/(1 — ©(2,)z). Then
fn € H®, || fulloo < 2 and f,, converges to 0 uniformly on compact subsets of D.

Since uC, is compact, we have

|uCufnlls — 0 as n — oo.

Thus
[uCs frllB > igg(l — |21 [(uCp f)'(2)]
_ 2
> (1 202 o(50) + ) S ) )
2 / 1-— ‘zn‘2 /
> ‘(1 — |znl?) W (2n) | = 7 ‘(P(zn)‘Q‘u(zn)‘P(zn)‘P (2n)]
So we get
im — lznP) I = lim el 71 [zl
DB T Dl G)l= B TG (Gl
Next let 12
on(2) = L—lp(za)* (1= lp(za)l?
" 1—¢(z)z 1—o(zn)z

for a sequence {z,} in D such that |p(z,)| — 1 as n — oo. Then {g,} is a
bounded sequence in H* and g, (z) — 0 uniformly on every compact subset of D.
Moreover, we notice that g, (©(2,)) = 0 and

/ ‘P(zn)
In(p(2n)) = m
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By the similar method as above,

0 [[uCyugnllB
1— |zp)|?

3T p(e)P)

Thus we can get condition (ii) and so, by (7),

[u(zn) (20" (20)-

lim 1—zn2 u'(z,)| = 0.
|w(zn)|a1( [2n|%) |0 (20)]

Conversely, suppose that conditions (i) and (ii) hold. We will use Proposition 1.
Let {f,,} be a sequence in H* with || f,,||coc < 1 and f,, — 0 uniformly on compact
subsets of D, By the assumption, for any £ > 0, there is a constant §, 0 < § < 1,
such that § < |p(2)| < 1 implies

(1= P)(=)] < 5

and

Let K = {w € D: |w| < d}. Note that K is a compact subset of . Then

[uCy frllB
= sup(1— |=[2)| (uC, ) (=)
< ?25(1 — 2P/ (2) fulp(2))]
s %\ugwwu — e )| fale(2))]

< sup (1= [2P)(2) fule(2))]
{z€D:p(2)EK}

1— [z

+  sup z [u(2)¢(2)| (1 = lo(2) ) fnl(2))] + €

{z€D:p(2)EK} 1- ‘QO(Z)

< lulls sup | fa(w)] + M sup (1 — |[w|?)| f},(w)| + ¢,
weK weK

where M = up{(1 = |z u(2)¢ )/ (L~ [o(2)) s = € D)
’ JuCy fulls <.

Consequently, uC, is compact. ]
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Next we will characterize bounded and compact weighted composition operators
in the case uC, : H* — B,

Theorem 4. Let u be an analytic function on the unit disk D and ¢ an analytic
self-map of D. Then the following are equivalent:

(1) uCy : H* — B, is bounded,
(ii) uC, : H* — B, is compact;
(iil) u € B, and
) 1— |22
lim ————|u(2)¢'(2)| = 0.
j7l—1 1 — \LP(Z)\Q‘ S

Proof. The implication (ii)=-(i) is clear.
(i)=(iii). Suppose that uC,, : H>* — B, is bounded. Then it is evident that

®) u € B,
and
©) Jim, (1= [z u(2)¢'(2)] = 0.

In the case that ||¢||c < 1, (8) and (9) give (iii). And so we suppose ||¢]|oc = 1. Let
{¢(z,)} be a sequence in D such that |p(z,)| — 1 asn — oco. Of course, |z,| — 1.
We can take a subsequence (we denote by the same {¢(z,)}) of {¢(z,)} that is
an interpolating sequence in . A sequence {(,} in D is called an interpolating
sequence if they are “hyperbolically apart”, i.e., there exists a § > 0 so that

m#n ‘1 - Can‘
It is known that {(,,} is an interpolating sequence in D) if and only if the infinite
Blaschke product

) Z_Cn
Hl—C_nz

n=1

converges uniformly on compacts to a f € H™ with || f|lcc = 1, and evidently
f(¢n) = 0 for all n (the readers can find a detailed treatment on the subject of
interpolating sequences in, for example, [3]). Let b be an interpolating Blaschke
product with zeros {¢(zy,)}. Then

P2n) = 9lm)
1= (o (o)

(1= ez P () = T]

m¥#n

>0
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for some § > 0.
By (i), uC,b € B,. Then

(1= [2[A)|(uCub) ()]
> (1= |2[)|u(2)@' ()6 (9(2))] = (1 = [2[*)['(2)b((2))]-
So

(1= [ u(2)¢ () (p(2)] < (1= 2] (Cb) (2)| + (1 = [2[*) | (2)]-

As |z| — 1,
(1= [z)u(2)¢ ()b (¢(2))] — 0.

Here
(1 = [2n]?)[u(z0) @ (22)V (9(20))]

I |2n|? / ,
= TR e (1 = e (IE (o(en)

2
> Tl )l
Consequently,
im e = 0.
jenl—1 1 = Jg(zn) 277
The implication (iii)=-(ii) would be proved by using Lemma 1 in [5]. ]

Remark. The author and Zhao studied the boundedness and the compactness
of uC, on the Bloch and the little Bloch spaces in [4] and obtained the following
result [4, Theorem 2]: Let u be an analytic function on the unit disk ID and ¢ an
analytic self-map of ID. Suppose that uC, is bounded on B. Then uC, is compact
on B if and only if the following (i) and (ii) are satisfied:

2
i lim (1—|z|®)|d/(2)|log ————
(i) |W)l_)l( |2|%) |’ (2)] BT o)

) tm —— e =0
lp(x)|—1 1 — |p(2)]2 '

By this result and Theorem 3 above, we get that if uC, : B — B is bounded
(resp. compact), then uC, : H> — B is bounded (resp. compact).
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