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A PROPERTY FOR BOCHNER-ORLICZ
SEQUENCE SPACES WITH ORLICZ NORM

Zhongrui Shi and Linsen Xie

Abstract. We give the sufficient and necessary conditions of Bochner-Orlicz
sequence spaces equipped with Orlicz norm that have the A property and
uniform A property, respectively. The results show that the A\ property can not
be lifted from X to {,, (X).

1. INTRODUCTION

Let X be a Banach space and let S(X) and B(X) be the unit sphere and the
unit ball of X, and let ExtB(X) be the set of all extreme points of B(X). For
x € B(X), we associate the number A(z) = sup{A € [0,1] : 2 = de+(1=-A)y,y €
B(X),e € ExtB(X)}. We call x a A point if A(z) > 0; we say that X has A
property if A(xz) > 0 for all x € B(X); we say that X has uniform \ property if
A(X) > 0 where A(X) = inf{A(x) : x € B(X)}. Banach spaces with these types
of X\ property were studied in [1], and ones of Orlicz spaces were studied in [2-4].
For Bochner-Orlicz sequence space with Luxemburg norm, the criterion of uniform
A property was given in [10]. But until now, it has not seen for the A property and
uniform A property of Bochner-Orlicz sequence space with Orlicz norm. In this
paper, we investigate them and give their criteria. The results says that it is not as
usual as X need only have the corresponding one, which shows that A property can
not be lifted from X to [, (X).

In the sequel, let R be the set of all real numbers. A function M : & — R, is

M(u) _
uu =0

= oo. And its complementary function is defined in Young’s

called a N-function if M is convex and even, M (u) > 0 asu > 0, lim,_o
M (u)
u

and lim,_.
sense
N(v) = maz{ulv| — M(u) : u € R}
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which is also a N-function [8, 5]. We use p and ¢ stand for the right derivatives of
M and N, respectively. An interval [a, b] is called a structural affine interval (SAI)of
M provided that M is affine on [a, b] and it is not affine on [a—¢, b] or [a b+el, for

all e > 0. Let {[a,,b,]}52; be all SAI of M and denote Sp; = R\ [ U (a,,b,)].
=1

For z = (x(1),z(2),...), (i) € X, its modular is defined by pm(x) =
Yooy M(||z(é)]|). The Orlicz sequence space I(X) is generated as follows

I (X)={x:3X >0, py(Az) < 0},
endowed with the Orlicz norm
1
= inf —{1 k
Il = inf 2 {1+ par(k)),

I (X) is a Banach space if X is a Banach space and we assume that ExtB(X) # ()
in this paper.

2. MAIN RESULTS

Lemma 1. ([10]) There exist e € ExtB(X) such that for all A\ < \(x) we
have y € B(X) such that x = Ae + (1 — \)y.

Proof. Please refer the proof of [10]. ]

Lemma 2. ([5]) Let ExtB(X) # 0. If x = ay+ (1 — a)z for y,z
B(X),a € (0,1), then A(z) > a)(y). Consequently, \() = % and ()
maxc{ 75 A () [l

IV m

Lemma 3. ([10]) Either X or 1,y is isometric to a subspace of | ,,(X).

Lemma 4. ([6]) In [p(X), for x = (z(1),x(2)...), we have
lolar = 40+ par(a)} Vh € k(a) = (17, K

= sup{z ~(y) < 1y(i) € X}

= sup{ZHw My@1 = pn(y) < 1y(i) € X7}

where k* = inf{k > 0: pn(p(kz)) > 1}, k** =sup{k > 0 : py(p(kz)) < 1}.
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Proof. Please refer [4]. [

Lemma 5. ([6]) For x € I,y € Iy, where x = (xz(1),2(2)...),2(i) € R and
y = (y(1),9(2)-..), y(i) € Rowe have that ||z||nr = 3= x(i)y(i) if and only if
Sor all i, p_(|z(?)]) < |y(@)| < p(|=(3)|), x(i)y(i) > 0, where p_ is the left hand
derivative of M.

Lemma 6. ([9]) In iy (X), for x = (x(1),z(2)...), ||zl = 1. x € ExtB(ly
(X)) if and only if (1) (9 i - [2(3) [ x # 0} < 1 or (i) klla(i)|x € 5,V i € N
and vV k € K(z), (2) IIm(()I)\x € ExtB(X) (V| z(i)||x #0).

Lemma 7. [, (X) has X property if X has uniform \ property.

Proof. For z € S(z (X)). If o € ExtB(lM(X)>, then A(z) = 1. For
e B( (X ))\EmtB(lM( )), and k € k(z), set

a; + by .ay +b

=) =i

Split the set of all positive integers into parts:

I(i") = {i: ay <kl < ) <kllz@)] < bi}.

o0

I(z, k) = U I(i/)v J(x, k) = U J(i/)v 5(1‘, k) ={i:kllz(i)[| € Sy},

i'=1 i'=1

we discuss in several steps.

A pdi: HgéEth(X)} 0.

A-1. u{z kllx(9)|| € S,,} > 0, for some k € k(z) = [k*, k**].
Define

i Hw((i))H o
(1) kyi) =4, =)
e €7

k(i) i€ Sy
then k(y) = {k}. In fact for all € > 0, we have

pn(p((L+e)ky)) = Y Np((1+<)ar) + Y N(p((1+e)bs))
i€l icJ

+ D N +ekl@])

ieS
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> > Nkle@))+ Y Npklz@)]))

el i€J
+ N(p((L+e)kl|z(@)]1))
i€S
= > Nk|z@)h)+ > Neklz@))+ > Npk|z@)]))
iel ieJ i€S
+ Np((L+e)kllz()]) = D N(pklz(@)]))
i€S ies
> > ON(klz@) D))+ Y N@Ele@)]) + Y Npklz@)])
iel i€ i€S
=1 i
and
oy (1 —e)ky)) ZN ((1—=¢e)ay)) —i—ZN (1—¢e)b
el i€
+_ N(p((1 = e)kl|z(@)]1))
€S
< D O NE(Rlz@))) + > Nkl (i)
el i€
+_ N(p((1 = e)kl|z(@)]1))
icS
= > N.(klz@))+ Y N(p (k| (i)
el i€J
—|—ZN (K||lx(3)
€S
+> N1 = e)klz@))) = > N(p(kll(i)
i€S icS
< Y N (Klz@)) + > N(p(kl(i)
el i€J
—|—ZN (k||lx(3)
icS
= 1.

Hence, from k(1) = [|y/|k(y) = {k]ly||} and Lemma 6, we have 2 € ExtB(lM(X)>.
Set
z=2x —y.
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Then, if i € S, we have y(i) = x(i), moreover z(i) = y(i) = z(i).
If if i € I, we have ay < k||z(i)|| < %% moreover

ap < kllz(@)|| < k2@ = [2k2(i) — ky(@)]

: (i)
= 12k (i) — a7 |
(@)
= 2kl|lz(@)| = ai|
< gt
2
g b~/
_x(i) a/—l—b/

If if i € J, we have k||y(i)|| = by =7 T SO < k||lz(i)|| < by. Moreover

kllz()l = (12ka(i) = ky(d)]l

(i)
= [12kz(i) - |
" Tl
= [2k[lz(D)[| — by|
> o2 TV by —b;
= Gy,

and k||z(i)|| = 2k||z(i)|| — bir < 2by — by = by. Summarily, we know that
Ellz(2)|,k||ly(7)|| and k||z(4)|| are in the same SAI of M.
On the other hand

1= llally = {1+ par(he))
y—i—z)}

1
= Lo Do + Loy
~ % 2PM Y 2PM Z

= S+ park) )]+ 5[+ par(h2))]

Y

1
5[”3/”1\4 + HZHIM]?

50 [lylly + [zl < 2. Since [[Z52],, [l = flzll,, = 1, we get lyll,, + ll2]l, >

ly+ =l =2 thus [lyll,, + 2], = Iy + =, = 2. Noticing

x:y+z _ y+z _ HyHM Y 4 HZHIW z
2 yllar + 0200 Nllar + 1200 Wl lyllar + 2000 1218

by Lemma 2, we have

> 0.

s iy Il

[l
Az) > e\ >
2 HyHM lyll,, 2
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A-2. ufi:k|z(d)| € S} =0, forall k € k(z) = [k*, k**].
In this case, p, (p_(kz)) = p, (p(kz)) = 1.

. by

A-2-1. lnfai/<k||a;(z‘)|\<bi/ EZ; = 1.

Without loss of generality, assume lim,, __ %/7 =1. Let I =J;2, I(2¢/ — 1),
J =72, I(24'), and define

@ hy(i) = it

Then k(y) = {k}, so HyTH € ExtB (lM(X)>. In fact, for all ¢ > 0, take 4, satisfying

b,/ 242¢ 2—¢ NG
a—; < 5 <39 for ¢ > ¢,, thus we have

Py (P((L+¢e)ky))

- ;N(p((l +£)ay)) +;N(p((1 +e)bir))
;I\I%:/ I)N(p((l—i-e)zai/))—i- AEI(; I)N(p((lJr%)bzzg—l))
+;J\Of(p((1+€)bw)) O
\(Z ) N (p((kz(i))) + (Z ) N(p((1+ 5)bai, 1)
+Z;Jsf(p((kx(i))) O
_ ;EN(p((kw(i))) + ; N (p((kz(i)))
; EI(; 1)[N(p((l + %)bzzg—l)) — N(p(kz(2i; — 1)))]
> ;N(;((lﬂw(i))H;N(p((kw(i)))
=1

A\

A\

and

Py (P((1—e)ky))
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:ZN(p (1 —¢)ai)) —i—ZN (I—¢)bi))

el ieJ
< Y Np((1—gan)+ Y. N(p((1—e)b))
iel i€ J\J(2i!)
+ > N )azz )
i€J(2i)
< S N@((ke()) + S N + Y NG - S)axy)
€l ieJ i€J(2i])

N(p (kx(%')))]
< > N )+ > N(p(

el ieJ
= 1.

Set
z=2r—y.
Similarly as A-1, we have ||y|,, + I|z]l,, = ||y + 2|, = 2 and

x:y+z _ y+z _ HyHM Y HZHIW z

= -
2yl + Mzl Nyl 0200l 9l + 1121 1201

and

oy 2 e o

A-2-2. infy, ck)a(i)|<by Z—“/ =a > 144, for some § > 0.
A-2-2-1. k* =k

Claim. ¢l > 1 and puJ > 1.
If suppose ul = 0. Noticing
a;r + b’i/ . % b

a; 0
= 2(1+5)> “(1+1 = (14 2)ay
5 2(+ai/)>2(+ +9) (—1—2)0,2,

so for all 4, k[|z(i)|| > 3% > (1+ $)ay, thus

1= py(p(ke)) = ZN(p(az ) < ZN é k(i) < py (p(ka)) =1,

hence li 5k € k(x), a contradiction with that k* = k**.
2
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If suppose uJ = 0. Noticing

a; + bz‘/ bz‘/ a;r b 1 246
— = —(1+ — 1+——)=by ,
2 7 1+5) <70+ ) (1 +0)

, +b , 2(1+5 ,
solljorallz, ap < kllz(i)|| < % < by 2(21165) thus ay < k|lz(i)|| < g—:(slka(z)H
< 0y

1= puloth) = 3 N) = 3N k) 9, 000 =

hence 2040 ¢ k(x), a contradiction with that k* = k**.

243
Define
a; - 1el
N |z (@)l
3) ky(i) = ()
bi/ - ieJ
|z (@)l

Then k(y) = {k}, so 14; € ExtB (lM(X)>. In fact, for all ¢ > 0, we have

P (p((1+€)ky))
=Y Np((1+e)ay)) + > N(p(1+e)by))
>§N (ka(i +ZA;EJ’” D)+ D N(p((1+e)by))— > N(p(ka(i
>§N (kx(i +Z§:N (kx(i - -
and

Py (P((1—¢e)ky))

=Y N(p((1—e)ar)) + > N(p((1—e)b

el ieJ

> > N(p(kx(i))+ Y N(p(kx(i)+D>_ N(p((1—e)ai)) =Y N(p_(kx(i)))
icl icJ i€l el

< "N (ki) + > N(p.(kx()))

i€l ieJ
=1
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Set
z=2x—y.

Similarly as A-1, we have ||y|,, + ||z||l,, = ly + 2|,, = 2 and

x:y+z y+z HyHM Y HZHIW z

20l + 1zl 9l + 02l ol Tyl + 121 120

and

A-2-2-2. k* < k**
Denote

k, = sup{k € [k*, k] : pl(z, k) = 0}, kuw = inf{k € [K*, k™| : uJ(z, k) = 0}

then k, < ki Otherwise k, > ki, take ky > k > k, From k, > k, we get
pl(x, k) = 0. From k > ki, we get puJ(z, k) = 0. By {i : z(i) # 0} =
I(xz, k) U J(x, k) =0, it follows a contradiction with that ||z||,, = 1.

A-2-2-2-1. Ky < Ky
Take ky < k < ks From k., < k, we see ul > 1. From k < ki, we see
uJ > 1. Define y as in (3), by making that same argument, we can have that

k(y) = {k}, 1 € ExtB(lM(X)> and A(z) > s > o,

A-2-2-2—2. k* - k**.

Take k, = k = ki, then for all i € suppz, kl|lz(i)|| = “222. In factit is
enough to see that for such each ¢
-/ b~/ -/ b~/
Vh < ky = k, hl|2(0)]| > % so Kl|z(i)] = %
., bA/ -y b‘/
Vh > kew = k, hlje(i)| < & ‘; Y g0 Ez()] < & ‘; v

Noticing z ¢ ExtB (l u(X )) and 1S = 0, by Lemma 6, we get that there exist

hand j with h # j and h,j ¢ S. Let J = {h} and I = {i € suppzx : i # h}, and
define

) x(i) . 7
w oty — 1 T
O B
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then we have that k(y) = {k}, by Lemma 6, ol || € ExtB (lM(X)>. In fact

px(P((1+€)ky))
= N(p((1+e)bw)) + > _ N(p((1+¢€)ar))
i£h
> N(p((1+)bp)) + 3 N(p(ka(i)))
i£h

= N(p((kz(h))) + > N(p(k(i))) + N (p((1+ )bw))

i#h

> N(p )+ > N(p(ka(i
i#h

I
—_

and
Py (p((1—e)ky))
= N(p((1—2)bw)) + >_N(p((1—e)ay))

i£h
< N(p.(k(h) + >N (p. (ke (i) + S N (p((1 - £)ay)
i#h i#h
< N(p )+ Y _N(p
i#h
= 1.
Set
z=2r —y.
Then

kllz(W)| = [[2ka(h) = ky(h)]]

= k() — b 20

(Rl
= [2K||lz(h)|| — bw|
ap + bh/
= 2 — /
2 o
g ah/

fori # h

— N(p((kz(h)))

)= > N(p(

i#h
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kllz@) = 112k2(i) = ky(@)]]
= (1) — a; —x(l)
= [2k[[z(9)[ — ax|
Ay + by A
= 2 —ay
— by

thus for all 4,k||z(7)||,k|ly(7)|| and k||z(7)|| are in the same SAI of M. Similarly as
A-1, we have HyHM + H HM ”y + Z”M =2 and

_ y+=z y+z _ HyHM Y HZHIW z

= = -
2yl + Mzl Nl 0200l 9l + 1121 121

and
Aoy s Wl o g

B u{i: 153y H géExtB( )b > 1.

From in f{\(758r) : (i) # 0} > A(X) > 0, for all 0 < A < inf{\(754r) :
2(i) # 0}, by Lemma 1, take ¢, € ExtB(X), z, € B(X) with t2ie = Ae, + (1 -
M)z, for all i € suppzr. Then

(i)

(i) = [lz(@)| = [lz@(he; + (1 =XN)z) i=1,2,---.

[l ()]
Set
y(@) = ll=(@)]e; 2(i) = [lz(i)]lz i=1,2,--
then
HyHM - ”x”A4 =1 HZHIW - ”x”A4 =1
By A, we get A\(y) > 0. By Lemma 2, we get A(z) > A(X)A(y) > 0. [ |

Theorem 1. [,,(X) has X property if and only if X has uniform X\ property.

Proof. Sufficiency. It follows by Lemma 7. Necessity. Otherwise, suppose
that X fails to have the uniform X\ property, then there exist z, € S(X) so that
1 .
)\(‘T’.i)<_~7 1:1727"'
i
Since M is a N-function there exist positive numbers ¢, € S,, so that ¢, \, O(see
[8]). If necessary passing to a subsequence, assume

0< N(p(t) < 5
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Since 0 < N(p(t,)) <
Since 0 < N(p ( b)) <
m,N(p(t,)) < 5+ 7.
integer m,, such that

n—1 1 n n 1
Do <2 mN@E) <Y 5 n=12
i=1 i=1 i=1

hence Y .2, m;N(p(t,)) = 1. Define

%, take positive integer m, such that 0 < m, N (p(t,)) < %
take positive integer m, such that 3 < m, N(p(t,)) +

n such a way, since 0 < N(p(t,)) < =L, take positive

1
4>
I 2”3

x:(vtzx 7t2xi7"')7

)
then

pN(p(w)):ZN p(l(7) ZmN (]l 1) =

Hence 1 € k(x) and ||z|,, € ||z|,,k(z) = k(;=f—). Since [,,(X) has X property

=l

we have )\(H " ) > 0. For M " ) > A > 0, there exist y € ExtB(lM(X)> and
M
z € B( ) satisfying
T =Ay+ (1= A)z.
[Py
By [8], we have
()]
= I{ Hia

1] 5

= i @)

= Z(!My(i) + (1 =)@ Np(ll=@)])

o0

< Z(M!y(i)H + (1 =@ De(lz@)])

SAZHy )pdlz@1) + ZH p([[z(@)])

=1

HwHM

g I



A Property for Bochner-Orlicz Sequence Spaces with Orlicz Norm

thus

o
D ly@llp(lz@I) =1 = [yl Z Iz@1Dp(llz(0)]) =
i=1

By Lemma 5, we have for all ¢

p-(Wly@I) < p(llz@) < p(hlly@I)  Vh € k(y)
p(kllz(@)) < p(llz@))) < p(k[2@)]) k€ k(2).

Since ||z(i)|| = t, € S,,, we have for all i

Mly@| = llz@)] = k=]l

Moreover
[z (@)l
1= 1 = I{ Hi =l {y @I
H [ [E|P B4 HM
h
Iy = 57—
I HM [E (P
we have h = ||z||,,. Similarly k£ = ||z||,,. Thus we have for all i
, lz@)|l ,
ly(@) = = [|2(@)]]-
[E|P
From ()
(1 ) )
izl = Ay(i) + (1 = N)z(3),
M
we have
ti/xi/
iz = Ay(3) + (1 = N)z(3),
M
= by Lyl
h

ROl w6 kO] 26)
=4 ol T o

-2

tl
(i)
[y @)l

)
)l

1143

- HZHIW
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By Lemma 6 and y € ExtB(lM(X)), we have that for all ¢, % € ExtB(X),

hence
Az,) > A,

a contradiction with that A(z,) < 1, i=1,2,---. -

Theorem 2. [,,(X) has uniform X\ property if and only if ()X has uniform \
property and (i) Supgy, <1 g~ < 0.

Proof. Necessity. By Theorem 1, (i) follows. By Lemma 3 and [5], similarly
to [10], (ii) follows.

Sufficiency. For z € S(lM(X)>. If z € ExtB(lM(X)>, then A(z) = 1. For
x € B(lM(X)>\ExtB (lM(X)>, by the proof of Lemma 7, we have

where y is defined (in the formula (1) in Lemma 7) by

i Hw(i))H o
ky(l) = , (1 i
e €7

k(i) i€ Sy
Since a; < k||z(i)]| < by, we have
N(p(ai)) = N(p(Kz(@)]))) < px(p.(kz)) <1

s0 ay < q(N "' (1). Since p(s) — 0o (s — o0), we get by < ¢ for some ¢ > 0.
Set ¢,, = sup{% :0< b, <c}, then ¢,, < co. In fact

b, b,
cy < sup{j:0<bi < 1}—|—sup{a—" :1<b, <c}

7 7

b,
Ssup{a—’:0<bi§1}+§

< oQ.

Hence if i € Sy, y(i) = (i), so ||ly(i)|| = ||z (). Ifi € J, ky(i) = b, IIm(Z:)H’ S0

)
klly(@)l = b, > El|2(@)[|, moreover [[y(i)[| > [lx(i)[|. If i € I, ky(i) = a;7
kly(@)ll = a, = 320, > gkl ()| = 7=kl (i)l moreover (i)l > [l (i)]).
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1

M

Since
C

ly

< 1, we have for all i, ||y(i)| > %Hx(z)H By Lemma 4, we have

1

M=o Hence

w2t

ly

M) 2 HRAX) > ——A(X). .

2¢c,,
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