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ANTI-PERIODIC BOUNDARY VALUE PROBLEMS FOR NONLINEAR
HIGHER ORDER IMPULSIVE DIFFERENTIAL EQUATIONS

Yuji Liu and Zhanji Gui

Abstract. This paper is concerned with the anti-periodic boundary value
problems for nonlinear higher order impulsive differential equations

M) = f(t,x(t), 2" (t),- -, 2" V@), t €[0,T), t #ty, k=1,---,p,
Ax(t)(tk) :]’i,k(x(tk))xl(tk)a e ax(n_l)(tk))a k= 1) e apai = 0) e, n— 1;
2@ (0)=—z(T), i =0,---,n—1.

We obtain sufficient conditions for the existence of at least one solution. Ex-
amples are presented to illustrate the main results.

1. INTRODUCTION

There exist many papers concerned with the solvability of periodic boundary
value problems or the existence of periodic solutions for higher order ordinary dif-
ferential equations with or without impulses effects.

For examples, in [1,2], the existence of periodic solutions of the the equation

(1) x(n)(t) - f(tv x(t)v x/(t)v o 7x(n_1)(t))

has been studied by many authors [1-7] under a variety of conditions on f. The
authors proved that equation (1) has at least one periodic solution if some conditions
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imposed on f are satisfied. In [3-7], the authors studied the existence of periodic
solutions of the following differential equations

n—1

) (1) +> " aiw®)(t) + f(t2(t) =0, tER,
i=1

and

3) 2P () + 3 " ae®V() + f(t,2(t) =0, tE€R,
i=1

respectively. Equations (2) and (3) are special cases of equation (1).
In paper [12-15], the problems

2(t) = f(t,z(t), t€[0,T), t #tg, k=1,---,m,

4) Ax(ty) = Ix(z(tk)), k=1, ,m,
z(0) = 2(T),
and
2'(t) = f(t,x(t),2'(t)), t€[0,T), t #tg, k=1,---,m,
) Ax(ty) = Ie(z(te), 2'(t)), k=1, ,m,
Ax'(ty) = Ip(a(te), o'(te)), k=1,---,m,
2(0) = z(T), 2'(0) = 2/(T)

were studied. The existence results for these problems were established by using
lower and upper solutions methods. Some recent studies on the existence of periodic
solutions and their stability for functional or ordinary differential equations, which
are arise in many applications, with or without impulses effects can be found in
[34-44] and the references therein. The general theory of impulsive differential
equations (IDE) and systems can be found in [27, 31-33].

The existence of solutions for anti-periodic boundary value problems for first
order impulsive ordinary differential equations was studied in [8-11, 16, 21]. When
the impulses are absent, i.e., [ = 0 for £ = 1,---,m, anti-periodic boundary
value problems for first order ordinary differential equations were studied in [9-11],
anti-periodic problems for nonlinear differential equations in Hilbert spaces, and for
nonlinear evolution equations have been studied in papers [20,28-30]. Also, anti-
periodic boundary conditions for partial differential equations and abstract differ-
ential equations are considered in [17-19]. Anti-periodic boundary value problems
for higher order differential equations are studied in [22]. Notice that anti-periodic
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boundary value problems appear in physics in a variety of situations, see, for exam-
ple, [19-21, 24-26].
In paper [16], Luo, Shen and Nieto studied the problem

2(t) = f(t,x(t)), t€[0,T], t #tg, k=1,---,m,
(6) A(L‘(tk) - Ik(x(tk))v k=1,---,m,
2(0) = —x(T),

and the following results were obtained.

Theorem. Suppose \ > 0. Assume that there is function i : [0, +00) —
(0, +00) and a function p € L([0,T]) with

[f(t, ) + M| < p(t)(la]),

and there exist by, > 0 such that

[T (x)| < bi|x| and Zbk <14e T,
k=1

Furthermore, suppose

- wup 5 lelly

>0 ¥(e) ~ 1+e AT =370 by

Then (6) has at least one solution.
Under the assumptions

(8) f(t,u)—f(t,v)Z—)\(u—v)—i—M(u—v)

and that there are a pair of coupled lower and upper solutions for (4), and Iy
are nondecreasing, and other assumptions, the existence result was also proved by
authors in [8,10] using lower and upper solutions methods and monotone iterative
technique.

We note that equation (7) or (8) implies that f(¢,z) grows at most linearly in
x. So the problem have not been solved when f(t, x) is supper for z. Furthermore,
there exist no paper concerned with the solvability of anti-periodic problems for
higher order impulsive differential equations.

In this paper, we are concerned with the existence of solutions of the anti-periodic
boundary value problems for nonlinear impulsive functional differential equations
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2M(t) = [t a(t), 2/ (1), -, 2" D),
te[0,T), t#ty, k=1,---,p,

©) ArO(ty) = I (@ (ty), ' (), - 2" (tr),
k=1,---,p,2=0,---,n—1,

2®(0) = —2(T), i=0,---,n—1.

wheren > 2, T >0,0<t < -+ < t, < T are constants, f is an impulsive
Carathedeodory function, /; j, are continuous functions. The purpose is to establish
existence results for solutions of (9). We do not require the assumption that f is at
most linear nor J; ;, are nondecreasing. Finally, some examples illustrate the main
results.

2. MAIN RESULTS AND PROOFS

In this section, we establish the main results. To define solutions of (9), we
introduce the Banach space.

Letu:J =1[0T) - R,and 0 =ty < t; < -+ < tp < tpy1 = T, for
k =0,---,p, define the function ug : (t, tx+1) — R by ur(t) = u(t). We will
use the following Banach space

’U,J—>R,’U,§;) eLl(tkvtk+1)7k:07"'7p7’i:07"'7n_17

_ the limits exist lim xz(t) = z(tx),
X = t—t,
tli)r% x(t), tl_l)ro]%r z(t) = z(0), tgrj]g_ z(t) = —x(T)
and

Y ={ueX, ’U,kEWl’l(tk,tk+1),k=0,---,p}Xan

with the norms

||lu||x = max{ sup |ug(t)|, k=0, ---,p}
t€(trsthrt)

for u € X and

l|ylly = max {HukHWM(tk,tkH)v k=0,---,p, lg%);n{‘xk‘}}
fory = {u,z1, - ,2pn} €Y.
A function F' is an impulsive Carathedeodory function if
« (e, ug, uy, -+ ,uy) is measurable for each u € R;
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% F(t,e,---, ) is continuous for a.e. t € J\ {t1, -+, };
* for each r > 0 there is h, € L'(.J) so that

|F(t,uo, ut, -+, up)| < 1:(t), aet € J\{t1, - ,tp}

and every u satisfying ||(ug, w1, -, un)|| > 7;
* and for each (¢, ug,u1, -+, up) € (J\ {t1, - ,tp}) x R""L the limits exist

hH:_F(t,’U,Q,’U,l, T 7un) - F(O,’U,Q,’U,l, T 7un)7
t—0
lim F(tv g, Uy, - - 7un) = F(tk‘vu()vulv Tt 7un)
t—>t;

and
lim F(tvu()vulv"' 7un)7 kzlv y D,
t—t)f
lim+ F(t,ug,ut, - yun) = F(T,up,u, -+, up)
t—T

exist.

By a solution of (9) we mean a function u € X satisfying (9).

The following abstract existence theorem is also used in this paper, whose proof
can be see in [23].

Lemma 2.1. Let X and Y be Banach spaces. Suppose L : D(L) C X — Y
is a Fredholm operator of index zero with KerL = {0}, N : X — Y is L—compact
on any open bounded subset of X. If 0 € Q C X is a open bounded subset and
Lz # ANz for all v € D(L)N0Q and X\ € [0, 1], then there is at least one x € Q)
so that L = Nz.

Now, we define the linear operator L : D(L) C X — Y and the nonlinear
operator NV : X — Y by

(M (1)
Aw(tl)

Lz(t) = : for z € D(L)
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where D(L) = {u € X, uy € C"(tg,tg+1), k=0,1,---,m} and

f(tv x(t)v x/(t)v e 7x(n_1)(t))
IO,l(x(tk)v (L‘l(tk), o 71.(71—1) (tk))

Top((ti), 2/ (th), - oD (1))
Nz(t) = . for z € X.

Too1 1 (2(t), @' (t), -+, ™D (1)

In—l,p(x(tk)v x/(tlﬁi)v e 7x(n_1)(t/€))

It is easy to see that L is a Fredholm operator of index zero with KerL = {0}, N
is L—compact on any open bounded subset of X and that x € X is a solution of
problem (9) if and only if z is a solution of the operator equation Lz = Nz.

We set the following assumptions which should be used in Theorem 2.1.

(A) In1k(xo, -+ s xn—1)2Tn-1 + In—1%(z0,- -+ ,xp—1) > 0 for all x € R.

(B) There are numbers o, > 0 such that |I; i (zo, -, zp—1)] < aig|x;| for
all i = 0,---,n—2and k = 1,---,p with Zizlai,k < % for all ©+ =
0, ,n—2.

(C) There are functions h : [0,7] x R™ — R and g; : [0,7] x R — R such that

(i) f(t, o, -, xn_1) = ht, 20, - Tn 1)+ 1=y gi(t, x;) holds for all (t, zg, - - -
xn_l) S [O,T] X R™.

(ii) gi(t, x) satisfies that g;(e,z) € X for every € R and g;(t, ®) is continuous
for every ¢ € [0, T7.

(iii) 7 satisfies that h(e,zg,- - -, x,_1) € Cp for every (o, ,zn—1) € R" and
gi(t,e, - e)is continuous for every ¢ € [0, T].

(iv) There are constants m > 0 and § > 0 so that

h(tv Zo, - 7xn—1)xn—1 Z /B‘xn—l‘m+1

holds for all (¢, zg, -, zp—1) € [0,T] x R™

(V) limjg| 00 SUPse[0,7] |9|i£'|f;ff)| =r; €[0,+00) fori=0,---,n—1.
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Theorem 2.1. Suppose (B), (A) and (C) hold. Then problem (9) has at least

one solution if

n—1 3 m(n—k—2) n—2 1 m
(10) ro+ ) Tk (—) ( ) < B.
; 2 (7= ST ik

i=k

Proof. Let A € (0,1). Suppose x is a solution of the system

2() = M(t (), (1), -, 2" (),
t e [O,T], t£ty, k=1,--- p,

(11) Az () = M p(x(ty), -, 2D (1)),
k=1,---,p,i=0,--- ,n—1,

2M(0) = —2(T), i=0,---,n—1.

Fori=0,---,n—2, from 29 (0) = —z()(T), we get

(L‘(Z)(O) _ _% </0 (H—l dS + ZIZk‘ .. 7‘,L.(Tb—l)(t))) .

Then
i 1 z+1 (”_1
29(0)] < 5(/0 \x< \ds+2m ><t>>\>
1 T p A
<3 / 2D (s)|ds + > apple@ (1) ] -
2 \Jo k=1
So,
t
l20@)] < /x(”l)(s)ds + Z | L ((tr), -+, 2 D(1))
0 0<tp<t
1 T p A
_|_§ / \x(”l)(s)\ds‘f'Zaz‘,k\w(Z)(tk)‘
0 k=1
3 T
< 5/0 2+ \ds—i—QZak\x ()]

k=1
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We get

A 3 r
1296 < 71;/ |21 (s)|ds for i =0, ,n — 2.

24> aig
k=1

Hence we get

(i) 3\ 1 ! (n—1) :
HIL' HooS = Hip ‘{L‘ (3)‘d3f0r1:07...7n_2_
2 k=i 0
1=2 o
k=1

We divide the remainder of the proof into two steps.

Step 1. Prove that there is a constant M > 0 so that [ |#("~D)(s)[™*1ds <
M.
Transforming the first equation of (9) to

(12) 2™ @)V () = Mt 2(t), 2/(8), - -+, 2PV @) 2D (@),

Integrating it from 0 to 7', we get

S [y - ()]

= / f(s,x(t),2'(t), -, 2 D))z D (s)ds

= s,x(t), 2/ (1), -, 2Dz D (s)ds s,x(s))x(s)ds
—AQQNAW(W V@) D s)ds+ [ gl s))a(s)a

0
+7§/OT gi(s,x(i)(s))x(”—l)(s)ds N /OT r(s)x(n_l)(s)ds> '
It follows from (A) that
)
— (x(n—l)(ﬁ (=1 )( (n—1) t+ 4 (- 1)(%))
= Az~ 1)( )(21.(71 1( )—i—Ax(” 1( )>
)

= I(w(ty),- o™ 0)) (2007007) + a(tg), - D))
> 0.
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So

/ h(s,x(t),2'(t), -, 2 D)z D (s)ds + / go(s, z(s))z" "V (s)ds
0 0

n—1 T T
—1—2/ gi(37x(i)($) (n— 1)( )ds+/ r(s)x(”_l)(s)ds <0.
i=1 "0 0
It follows from (C') that

T
ﬁ/ ‘x(n—l)(s)‘m—klds
0

< —/O go(s,w(s))x(”_l)(s)ds—i/o gi(s,w(i)(s))x(”_l)(s)ds
—/ r(s)x(”_l)(s)ds
0
< [ ot o)l \ds+2 [ s Ol

Trs 2D (s)|ds.
+/0\<>H (5)/d

Let € > 0 satisfy that

n 3 m(n—k—2) n—2 1 m
(13) (ro—l—e)—i-Z(rk—i-e) (5) H <1_2221a“§> < B.

k=1 i=k
For such € > 0, there is § > 0 so that for every ¢ =0,1,--- ,n,
(14) lgi(t, )| < (r; + €)|z|™ uniformly for ¢ € [0, T] and |z| > 0.

Let, for i = 1,---,m, Ay = {2 ¢ € [0,T], [2@(as(t))] < 8}, Aoy = {t:
€ [0, 7], [«D(ai(t))| > 8}, gsi = maxye(o1),jo<s|gi(t, )], and Ay = {t €
[0, 7], [z(t)] < 6}, Ag = {t € [0, T, |2(t)| > 6}. Then we get

T
ﬁ/ ‘x(n—l)(s)‘m—klds
0

T n—1 T
< (ro+¢) / 2 ()" ds + 3 (e + €) /0 12 ® ()2 ()] ds
0 k=1

T
b I + gso [ 100 \ds+2m [ tas
0
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T
< (ro+e) / 2= (s)m 1 ds
0

T m/(m+1) T
i+ ( / |x<’f><s>>|m+1ds> ( / |x<"-1><s>|m+1ds>
0 0
. m/(mt1) ;o 1/(m+1)
/ |r<s>|ds> (/ |x<"-1><s>|m+lds>
0 0

T
3 g5 / D) (5)]ds
0

1/(m+1)
+

x>
-
3

+

7N

i
L

=~
Il
=]

T
= (o) [ 1205
0
T m/(m+1) T
Z Tk + € (/ |x(i)(u)|m+1du> (/ |x("_1)(s)|m+1ds>
0

. m/(m+1) ;o 1/(m+1)
+ (/ |7°(5)|ds> (/ |x("_1)(s)|m+1ds>

0 0

et - 1/(m+1)
LT/ § g /mlﬂn—n@”m+%%
" \Jo

k=0

1/(m+1)

IN

T
(rote) [ e D) ds
0

n—1 T m/(m+1) T 1/(m+1)
+D (rk+e) ( / |x<“<u>|l+m|du> ( / |x<"—1><s>|m+1ds>
0 0

k=1

. m/(m+1) ;o 1/(m+1)
+ (/ |7°(5)|ds> (/ |x("_1)(s)|m+1ds>
0 0

et . 1/(m-+1)
e G [
m(n—k— 2)n 2 1 m T ( N
= ((ro+e)+ ) (ri+e) o z"=(s)| " ds
(vr0+Sonr 0 )" (o) ) e

- mmm+n 1/(m+1)
+</‘V ) ( z(m=( W“d%
0

—1
+Tm/(m+1)M1/(m+1) Z sk
k=0

It follows from (14) that there is a constant M > 0 so that [;| [z("~1(s)|"+1ds <
M.



Nonlinear Higher Order Impulsive Differential Equations 411

Step 2. Prove that there is a constant M; > 0 so that ||z("~ ||, < M;.
It follows from Step 1 that there is £ € [0, T so that |z~ (&)| < (M/T)l/(m+1).

Case 1. If t < ¢, integrating it from ¢ to &, we get, using (A), that

(x(”—l)(t))Z _ (x(”_l)(f))Q o % Z [(QC(n—l)(tZ))2 _ (x(n_l)(t/;)>2]

t

< (M/T)2/(m+1) —A </§ h(s,x(s), -, 2V (s))x™D(s)ds
3
+ /t go(s, 2(s))x" " (s)ds

n—1 I3 A I3
—|—Z;/t gi(s,x(z)(s))x(”_l)(s)ds+/t r(s)x(”_l)(s)ds>

IN

3
(M/T)2/(m+1) —/ go(s,x(s))x(”_l)(s)ds

t

n—1 13 A £
—Z/t gi(s,x(z)(s))x(”_l)(s)ds—/t r(s)x(”_l)(s)ds

IN

(M/T)2/(m+1) +/ ‘90(8,.T(S))Hx(n_l)(s)‘ds
0
+Z/o |gi(s, 2D ()] |V (s)|ds
' r(s)| |z (s)|ds
= [ @l ol
n—1 m(n—k—2)
((ro +e)+ Z(rk +¢€) <g)

k=1
n—2 1 m
X
in <1 - 22£:1 O‘Z‘Jf)

T T m/(m+1) , .p 1/(m+1
/ \x(”_l)(s)\mﬂds—i—(/ \r(s)\ds> (/ \x(”_l)(s)\m+1ds>
0 0 0

IN

(M/T)2/(m+1) +
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n1 T 1/ (m+1)
+ Z gé,kTm/(m—H) </ ‘x(n—l)(s)‘m—I—ldS)

k=0 0
n—1 3 m(n—k—2)
< (M) 4 ((ro +6)+ l;m +e) (5)
n—2 m
1
M
H <1 — 22%11 Oéz"k) )
T m/(m+1) n—1
N (/ \r(s)\ds) MUEmAD) |/ n) g/ mt) § g
0 k=0

= : Ms.
Hence one sees that
[V (1)]2 < My, for t € [0,&].
This implies [z(™1(0)]2 < Ms. So [z(""D(T)]?2 = [z(»~D(0)]? < Ms. For
t € [¢,T], we have

(x(”_l)(t)>2 _ (x(n_l)(T))2_% Z [(QC(n—l)(tZ))2 _ (x(n_l)(t/;)>2]

E<tp<t
T
A Hsale) a6 ) ds.
t

Similar to above discussion, we get that there is My > 0 so that [z("~1(¢)]? <
M, for t € [£,T]. All above discussion implies that there is M; > 0 so that
|z~ (t)| < M. Thus ||z Y| < M. So

¥ 3\ ! R A
()] < (2) le <1 “o5 7 ai,k) /0 |z (s)|ds
3\ m(n—k—2) n=2 1 m

= <§) 211 (1 —230 Oéz‘,k> M
Hence there is My > 0 so that
[l2|| < max{]|z]|oo, - -, [ V|oc} < Mo.

It follows from Lemma 2.1 that equation Lx = Nz has at least one solution, which
is a solution of problem (9). The proof is complete.
We now set the following assumptions which will be used in Theorem 2.2.
(A In—ik(zo, - s xn—1)2xn—1+ Li—1k(x0, -+ ,xp—1) <0 for all z € R.
(C"). There are functions h : [0,7] x R — R and g; : [0,7] x R — R such
that
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(i) f(t,xo, 1) = h(t, @0, 1)+ 1y gi(t, z;) holds for all (£, z,
, Tp_1) € [0,T] x R™*1L,
(ii) gi(t, x) satisfies that g;(e,z) € X for every x € R and g;(¢, ) is continuous
for every t € [0, T7.

(iii) h satisfies that h(e,zq, - ,z,—1) € X for every (xg,- - ,zp—1) € R™ and
h(t,e,---,e) is continuous for every ¢t € [0, T).
(iv) There are constants m > 0 and § > 0 such that
h(t,zo, - s Tp1)Tn_1 < —O|n_1|™"
holds for all (¢, zg, - ,zn—1) € [0,T] x R™.
(V) Himjg) 4 o0 SUDsefo, 7] |g|i§|f;ff)| =7; €10,400) fori=0,---,n— 1.

Theorem 2.2. Suppose (B), (A’) and (C') hold. Then problem (9) has at
least one solution if

n 3 m(n—k—2) n—2 1 m
15 + = < B.
as ;rk@ H(l_QZJZIW) 5

i=k

Proof. The proof is similar to that of Theorem 2.1. We consider system (10),
from assumption (A’), it is easy to get

/ h(s,z(s),- -, 2" V()" (s)ds + / go(s, 2(s))x™ Y (s)ds
0 0

n T T
—1—2/ gi(s, 29 (s))z™ D (s)ds + / r(s)z" Y (s)ds > 0.
i=1 70 0
The remainder of the proof is similar to that of Theorem 2.1 and is omitted.

3. EXAMPLES

In this section, we give two examples, which can not be solved by the results
in previous papers, to illustrate the main results.

Example 3.1. Consider the problem

x(n)(t) [ (n—1) 2m+1+zpk 2m+1 —l—?“(t),

(16) t €[0,T], t#tk,k—l

A(I,'(Z)(tk) == a’i,k‘x(i)(tk‘)v k:177p71:07 7n_17
29D0) = —2(T), i=0,---,n—1,
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then (16) has at least one solution if

a > 0,

P 1
Za’i,k‘<§7 ’L.ZO,"',TL—Q,
k=1

an—l,k(Q + an—l,k) >0, k=1,---,p

= < a.
i+ (3) I (roayray) ol

i=k

Example 3.2. Consider the problem

2™ (t) = afz™D 2m+1+z Pt PP (),

(17) te[0,T], t # tg, k—l

Ax(Z)(tk) = Oéz"kfI,'(i)(tk;), kzlv 7p7i:07"'7n_1
2®(0) = —2(T), i=0,---,n—1.

Then (17) has at least one solution if
a <0,

& 1
E ai,k<§7i:07“'7n_27
k=1

A1 k(24 an_1k) <0, k=1,---,p

n—1 3 m(n—k—2) n—2 m
polloe + (—) ( ) el oo < —a.
;; : 11 22 A

i=k
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