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ON A RELATION BETWEEN CARLEMAN’S INEQUALITY AND VAN
DER CORPUT’S INEQUALITY

Bicheng Yang
Abstract. By introducing a parameter A € [0,1], we give an inequality
relating Carleman’s inequality with Van der Corput’s inequality. In particular,

a generalization of Carleman’s inequality with a best constant factor eTx JAE
[0, 1) is considered.

1. INTRODUCTION

If a, > 0(n € N) with 0 < > °  a, < oo, then the famous Carleman’s
inequality is:

(1.1) i(ﬁak)l/n<e§:an,
n=1 k=1 n=1

where the constant factor e is the best possible (see [1]). On the other hand, if
Sp=3p_1% anday, >0(n€N) with0 <Y > (n+1)a, < oo, then we have
the following Van der Corput’s inequality:

(1.2) Z (Ha,lﬁ/k)l/sn < el Z(n—i— anp,
n=1 k=1 n=1

where the constant factor e!™ (v is Euler constant) is the best possible (see [5]).
Recently, Yang et al. [8] gave a strengthened version of (1.1) as follows.

(1.3) S ([Len)" <e> [1- ﬁ}an.
n=1 k=1 n=1
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Some other strengthened version of (1.1) were given by [6,9]. Hu [3] gave an
improvement of (1.2):

(1.4) Z( l/k L/ < I‘WZ n— —lnn
n=1 k=1

The main objective of this paper is to establish a relation between (1.1) and
(1.2) with a parameter A € [0, 1] and a series as

n

(1.5) ;(Hai/k%)l/é‘n(k) (Sn(N) :Zk%)

k=1 k=1

For this, we need the following Euler-Maclaurin’s formula:
n n 1 n
(16) S sw) = [ e+ 50+ )+ [ p@)f @
k=1

where p;(2) = x—[z]+3 is Bernoulli’s function, and f € C[1, 00). If (—1)"f)(z) >
0 (x € [n,00)), and f@(c0) =0 (i =1,2,3), we still have (see [7, (1.7)-(1.9)]):

(1.7) /noo p1(x) f'(z)dx = —%f’(n)g (0<e<1).

2. SOME LEMMAS

Lemma 2.1. If' X € (0,1), setting Sp(\) =>4 % then we have

(2.1) Zlnk————i—lnn—i—an( 0 =0(1) (n — o).

Proof.  Setting f(z) = % (z € [1,00)), we have f(1) =0, f(n) = 1;1—1’, and

nl— ’\lnn ni—A 1
(2.2) / f(z Y (1_)\)2—1—(1_)\)2.

For z > el/A, f/(z) = —2822L < 0, and by induction, we obtain

(1) @) = AOFD D QEIZ D0y ),
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where ¢;(\) (i = 1,2, --) are positive constants. It follows that there exists ng >
e!/* such that for x € [ng, 00) f(x) possesses the condition of (1.7). Hence for
n > ng, we find

OO Alnn —
0< /n p1(z) f'(x)dx < —%f’(n) = ﬁkﬂl, and
(2.3) b= = [ pr(@)f @) = o(1) (0 — <),
By (1.6), we have
(2.4) f )dx —|— — —|— /n p1(z) f'(x)dx, and
1

Or = Jim 32709~ [ s@is] = [ gt f (@i

(2.5) - / " pr(@) () da + / " (@) f'(@)da.

Setting C' = = /\)2 + C), by (2.2), (2.3), and (2.5), we reduce (2.4) as

1-X

Ink 1AMn n
(2.6) Z = 1 +C + Bn (B = 0(1) (n — 0)).

1- )2

For A € (0,1), by (1.6) and (1.7), we have
A

n 1 noq 1-X
< Z > < —dx = , and
k=1
"1 nl=A
(2.7) > 5 =1 00— ).
k=1

Hence by (2.6) and (2.7), we have

n

Ink

—Inn+
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ni=Ann ni—A
1—A (1—N)2 O+ b
=—Inn+ —
”1_/\ +0(1)
n1—>\
—InnO(1) — 1= +C+ By
- T—\
? < +0(1)
Inn 1 1
T o1—X 0(1) (1 _ A)2 + 11—\ (C +/8TL) -1
ﬁ+ 1_)\0(1)

It follows that (2.1) is valid. The lemma is proved.

Lemma 2.2. If o, = o(1) (n — o0), then we have

—_

(2.8) "=l = (1) (N — o).

1
20
n=1

Proof. For any € > 0, there exists Ny > 1, such that for any n > Ny

lon| < e/2. Setting M = max{]o1|, |o2|,- - ,|on,|}, since we find
No 1
n
lim =L — =0,
N—o0 1
n=1 "

Then for any N > Ny,
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‘nzl ‘<n:1 n
N - N
>y
nzln n:ln
NOM € N 1 NOM
S NI
nzln Qn* +1n 71n
—0 <= +-<e¢
N o N o
0 >
n=1 n=1

Hence we have (2.8). The lemma is proved.

3. MAIN RESULTS

147

Theorem 3.1. If X\ € [0,1], S,(A) =>4 k% and a, > 0 (n € N), then
we have

(3.1)

0 n
Z( 1/k’\ 1/5n(X) <ez Ant— 1Sn(>\
n=1 k=1

Proof. Setting c,, > 0, such that

(3.2)

QI R —

a (n+ DS ()’

then we find [[}_; ¢ 1”“ = [(n+1)*S, +1()\)}5"(/\) ol 1/k* —[n ,\Sn()\)}sn_l(/\)’

and

(3.3)

Ck

n A n*Sn(N)
.- U [;1; iﬁﬂ-” (n€ N, So(\) = 0).

By using the arithmetic-geometric average inequality (see [2, Th. 9], we have

(3.4)

- 1//& 1/Sn(\) 1
H crag) < Z g, (}\) Crag.

Since we have (see [6, (5)])

(3.5)

1

(1+%)$<e[1—m]

<e (forz>D0),
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then by (3.4), (3.2), (3.3) and (3.5), we find

(3.6)

o0 n N (%) n n L

Z (H a/llg/k )I/Sn()\) — Z [H(Cka/k)l/k)\]l/sn()\)( cllc/k ) 1/8n(N)

neb ks n=l k=1 k=1

- nz=:1 = kS (A) o (”+1)A3n+1()\):k2=:1 N nz::k (n+1)ASp11(A)Sn(N)
> oo 1 1 x4 .

= kglk—)\ckakngk [Sn )\) - Sn+1()\)] - I;kj—)‘ck kS ()\)

_ i [(k + 1))\Sk+1()\)]k*sk()\)
Pt EASE(N)

- 1 g . A’
= Z [+ _)k])\kx e 1+ 7](“1)*5*(” ar

Pt k (k’ + 1))‘Sk()\)
> 1 g1 a8k (0) Nt 1 MRS (N)
<ey [+ ) aw<ed e[l - grpl ax
k=1 k=1

Hence, we obtain (3.1). The theorem is proved.

Remark 1. For A = 1, by (1.6) and (1.7), we find the following Franel’s
inequality (see [4]):

n
1 1
(3.7) ZE <lnn+ o + v, and
k=1
n+1
1 1
Sp=Su(1) =S~ -
k:lk n+1
(3.8) <ln+1)— 4y <In(n+1)+
. n i a——— n .
" on+1) S 7

Hence, for A=1, by (3.8), inequality (3.1) reduces to (1.2). It is obvious that for A
=0, (3.1) reduces to (1.1). It follows that (3.1) is a relation between (1.1)and (1.2).

Theorem 3.2. [fa, >0 (n € N), such that 0 <> ° an, < 00, X € [0,1),
and S, (N) = >}, k% then we have

(3.9) ST/ ® <53 an,
n=1 k=1 n=1

where the constant factor e1=X is the best possible. We also have its strengthened
version as:



On a Relation Between Carleman’s Inequality and Van Der Corput’s Inequality 149

SN T 1N L/S0) L e 1
(3.10) nzl (I:cl_[lak ) < el nzl [1- m]l Xay,.

In particular, for X = 1/2, we have Sn(%) = p ﬁ and

o0 n o0
1

(3.11) ST a/ VR <23 1 - ST

n=1 k=1 n=1

Proof.  For A = 0, since S,,(0) = n, (3.9) reduces to (1.1). We only consider
A € (0,1) in the following. Since we have

A 1-
then by (3.1) and (3.6), we obtain (3.9) and (3.10).
Setting a,, (n € N) as:

noq nl—)x
Sp(N) < / —dx = Y for A € (0,1),
0

1
an, = —, forn < N;d, =0, forn > N,
n

then by (2.1), for n < N, since o, = 0(1) (n — o0), we find

( a,llﬁ/k*)l/sn(k) :eXp{ln[H(l)l/kk}l/sn(k)}

k=1 k=1 k
n n 1
:exp{—#(/\)zkzllk—f :exp{ﬁ—lnn—an}
1 1 1 1
(3.12) — ~exp{— }exp{ln(1 + on)} = ZO” exp{—

where o0, = 0(1) (n — ).

If there exists A € (0, 1), such that the constant factor eTX in (3.9) is not the
best possible, then there exists positive number K < eﬁ, such that (3.9) is still
valid if we replace eﬁ by K. In particular, we have

xD n xD
(3.13) SITa/™ )W < kY an.
n=1 k=1 n=1
Hence we find
N n

1 1
0 S em ([ TT]5)
Z 1 =1 k=1
n=1 n
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N
On
N D D
= Nllzl—l—On { }—el— [—f—anTll],
n=1
25 2

n=1

and K > eﬁ, for N — o0, by (2.8). This contradicts the face that K < eﬁ.
1
Hence the constant factor eT-X in (3.9) is the best possible. The theorem is proved.

Remark 2. For A =0, by (3.9) or (3.10), we have (1.1). Inequality (3.9) is a
1
generalization of Carleman’s inequality with a best constant factor eT=> (X € [0, 1]);
So is (3.10).
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