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UNIFORM CONVERGENCE IN THE DUAL OF A
VECTOR-VALUED SEQUENCE SPACE

Charles Swartz and Christopher Stuart

Abstract. In this note the authors establish several results concerning the
uniform convergence of series in vector-valued sequence spaces. Corollaries
include sufficient conditions for the weak sequential completeness of 3-duals
of sequence spaces, versions of the Uniform Boundedness Theorem and the
Banach-Steinhaus Theorem for elements of operator-valued 3-duals, and a
characterization of weakly convergent sequences in G-duals. A further appli-
cation establishes a vector-valued version of the Hahn-Schur Lemma.

1. INTRODUCTION

In [5] and [12] Li Ronglu and his collaborators established several interest-
ing results concerning the uniform convergence of series generated by elements of
vector-valued sequence spaces and their operator -duals. It was shown in [5] that
one of these uniform convergence results implies the Hahn-Schur Lemma on weakly
convergent sequences in /!. In this note we continue this theme on the uniform con-
vergence of series in vector-valued sequence spaces. As a consequence of our results
for B-duals, we establish a result of Stuart on the weak sequential completeness of
(-duals, versions of the Uniform Boundedness Principle and the Banach-Steinhaus
Theorem for elements of operator-valued (-duals, and give a characterization of
weakly convergent sequences in 3-duals. We also define another operator-valued
dual using unordered convergent series and establish results on uniform unordered
convergence in such duals. As an application of one of these uniform convergence
results, we establish a vector-valued version of the Hahn-Schur Lemma.

We begin by fixing the notation and terminology which will be used. Let X
and Y be Hausdorff topological vector spaces and let L(X,Y") be the space of all
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continuous linear operators from X into Y. Let E be a vector space of X-valued
sequences which contains the space cgo(X) of all X valued sequences which are
eventually zero. If x € E, the kth coordinate of z is denoted by =, so x = {x1}. The
3-dual of E with respect to Y, EAY | is defined to be all sequences {y;} C L(X,Y)
such that the series > - ; yrx), converges in Y for every {z;} € E; if Y is the
scalar field we write EAY = EP. If y = {yx} € EPY and = = {2} € E, we
write y - & = S 70 ykzk. If F C EPY we let w(F, E) be the weakest topology
on F' such that each map y — y - = is continuous for each x € E. We consider the
uniform convergence of series generated by subsets of F and ESY .

An interval in N is a set of the form [m,n] = {k € N : m < k < n} where
m,n € N and m < n. If 0 C N, X, will denote the characteristic function of o,
and if x € E, X,z will denote the coordinatewise product of X, and x. A sequence
{I}} of finite subsets of N is increasing if max I, < min I, 1; {si} is a sequence
of signs if s = £1 for every k. The space E has the signed weak gliding hump
property (signed WGHP) if whenever € E and {I;} is an increasing sequence
of intervals, there exist a sequence of signs {sx} and an increasing sequence {ny}
such that the coordinatewise sum of the series Y -, spX I, % belongs to E ([7],
[8]). E has the weak gliding hump property (WGHP) if the signs above are all
equal to 1 ([6], [10]). Any monotone space has WGHP and bs, the sequence space
of bounded series, is an example of a space with signed WGHP but not WGHP
([71, [8]). One of the important consequences of the weak gliding hump properties
is the weak sequential completeness of (-duals ([6], [7], [8], [10]). We show that
our first uniform convergence theorem implies this weak sequential completeness
result as a corollary.

Theorem 1. Assume that E has the signed WGHP. If {y} is w(ESY | E)
Cauchy and x € E, then the series Z;’il yfzj converge uniformly for k € N.

Proof. If the conclusion fails,

() there exists a neighborhood, U, of 0 in Y such that for every n there exist
En, vy > my, > n such that > " yjf"a:j ¢ U.

j=mn
By (*), for n = 1 there exist k1, m1 < nq such that > %% y;“xj ¢ U. There
exists m’ > my such that Z’;:m y;?a:j ceUforn>m>m,1<k<k. By
(%) there exist ko, ng > mg > m’ such that Z?imQ y}“:pj ¢ U. Hence, ky > k.
Continuing this construction produces increasing sequences k;, m;, n; with m; <
n; < mi+1 and

(#) ¥ -Xpx ¢ U where I; = [my, n].

Define the matrix M = [y¥ - X; x]. We claim that M is a signed K-matrix
([71, [8], [10, 2.2.4]). First, the columns of M converge since {y*} is w(E?Y, E)
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Cauchy. Second, given any increasing sequence of integers, there is a subsequence
{pr} and a sequence of signs {s} such that z = >7° s;X;, @ € E. Then
ppay Yk X I, T = y¥ . z and lim; y* - z exists. Hence, M is a signed K-matrix
so the diagonal of M converges to 0 ([7], [8], [10, 2.2.4]), contradicting (#).

Example 2. Theorem 1 fails if the signed WGHP assumption is dropped.

Take E = ¢ so E? = [1. Let ¢* be the canonical unit vector with 1 in the kth
position and 0 otherwise. Then {e*} is w(I',c) Cauchy and if  is the constant

sequence {1}, the series > %, e?:cj do not converge uniformly.

We next observe that Theorem 1 implies the result in [7] and [8] on the weak
sequential completeness of (-duals. The pair (X,Y") is said to have the Banach-
Steinhaus property if whenever {7} C L(X,Y’) is pointwise convergent, lim T}z =
Tx exists for each z € X, then T' € L(X,Y). If X is barrelled or a complete metric
space, then (X,Y') has the Banach-Steinhaus property ([9], [11]).

Corollary 3. ([7], [8]) If E has the signed WGHP and (X,Y’) has the Banach-
Steinhaus property, then w(E®Y | E) is sequentially complete.

Proof. Let {y*} be w(EPY, E) Cauchy. For each j and 2 € X,

liin y" - (67 ® 2) = y;(2)exists,

where e/ ® z denotes the sequence with z in the j** position and 0 otherwise. By
the Banach-Steinhaus property, y; € L(X,Y); put y = {y;}.

We claim that y € ESY and y* — y in w(E®Y,E). Let U be a balanced
neighborhood of 0 in Y and pick a balanced neighborhood V' such that V+V +V C
U. By Theorem 1, there exists p such that Z;’;n y;?xj eV for k € N, n > p. Fix

n > p. Pick k, = k such that 3 7%, yf:rj —u€Vand 37, (y;g - yj> xzj V.

Then 77, yjaj—u = (Z;’;l y;?:cj — u) +> 0 (yj - yf) Tj—> 0t yf:rj €
V 4+ V +V and the result follows.

A subset F' of EBY is said to be conditionally w(E®Y, E) sequentially compact
if every sequence {y*} C F has a subsequence {y™} which is w(E®Y, E) Cauchy
([5]). From Theorem 1 we have an analogue of Theorem 2 of [12].

Corollary 4. Assume the E has signed WGHP. If F C EPY is conditionally
w(E®Y | E) sequentially compact and x € E, then the series Z;’il yj; converge
uniformly for y € F.

We next use Theorem 1 to give a characterization of w(E®Y, E) convergent
series in spaces with signed WGHP.

Proposition 5. Let {y*} c EAFY.
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() If y* — 0 w(EPY | E), then (a) lim, y;? = 0 pointwise on X for each j.

(2) If (a) holds and for every x € E the series Z;’;l y;-“xj converges uniformly
for k € N, then y* — 0 w(EPY, E).

(3) If E has signed WGHP, then the converse of (1) holds.

Proof. (1) follows by considering e/ ® z for z € X. For (2) let x € E and

consider
n oo
(+) v e=> e+ > by
Jj=1 Jj=n+1

By hypothesis there exists n such that the last term in (+) belongs to V' for all &,
where we continue the notation from Corollary 3. By (a) there exists p such that
the first term on the right hand side of (+) belongs to V' if £ > p. Hence, if & > p,
then y* -2 € V +V C U and (2) holds.

In Theorem 1 and Corollary 4 we considered the uniform convergence of series
generated by subsets of £ and a single element of E. We now consider uniform
convergence of series generated by subsets of both E°Y and E. For this we need an
additional assumption on E. Assume that £/ has a Hausdorff vector topology under
which E is a K-space, that is, the coordinate maps * — x; from E into X are
continuous for each k. F has the zero gliding hump property (0-GHP) if whenever
z¥ — 0 and {I,} is an increasing sequence of intervals, there exists a subsequence
{ny} such that the coordinatewise sum of the series > oo, X 1,, &"* belongs to E.
This property was introduced by Lee ([4]); examples of spaces with 0-GHP are
given in ([10], 12.5).

Lemma 6. Assume that E has 0-GHP. If y € EPY and z* — 0 in E, then
Z;’;l ijf converges uniformly for k € N.

See [12], Theorem 2.
Without the 0-GHP assumption the conclusion of Lemma 6 can fail.

Example 7. Let X = c¢gg be the space of all scalar sequences which are
eventually zero with the sup-norm. Then X? = s, the space of all scalar sequences.
S

X J
Let y be the constant sequence {1} and z* = %le Then z* — 0 but PR :r;?yj

does not converge uniformly for k£ € N.

Corollary 8. ([12] Corollary 4) Assume that E has 0-GHP. Each y € EPY is
sequentially continuous.

Theorem 9. Assume that E has signed WGHP and 0-GHP. If {y*} is w(E®Y | E)

Cauchy and x* — 0, then the series Z;; yfxé converge uniformly for k,l € N.

Proof. If the conclusion fails,
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(xx) there is a neighborhood U of 0 in Y such that for every n there exist k, I,
n, > my > n such that E] " y] l” ¢U.

By (#x) for n = 1 there exist ki1, I3, m1 > my such that ZJ L yfl b ¢ U.
By Theorem 1 and Lemma 6, there exist m’ > ny such that Z?:m yfxé € U for
p>m>m andforl<l<l1,k€Nor1<k<k:1,l€N By () there
exist ko, lo, no > mo > m’ such that Z] o yf 2 ¢ U. Hence, k2 > ki and
lo > . Continuing this construction produces increasing sequences k;, l;, m;, n;
with m; < n; < m;41 and

##) y* - Xliﬂfli ¢ U, where I; = [m;, nyl.

Define the matrix M = [y*i - X I 2%]. By an argument like that in Theorem 1 it
is easily checked that M is a K-matrix ([10], 2.2.2) so the diagonal of M should
converge to 0 ([10], 2.2.2). But this contradicts (##).

We next give examples which show that neither assumption on the space F can
be dropped from Theorem 9.

Example 10. Example 2 shows that signed WGHP cannot be dropped even
when 0-GHP holds.

Example 11. Let F be as in Example 7. Let y* = Zf 1€ in s = Cgo and

rl = 23:1 % so {y*} is w(s,coo) Cauchy and z' — 0. Then > Nyf é = #
if K > 1> N so the series do not converge uniformly for k£, € N.

Corollary 12. Assume that E has signed WGHP and 0-GHP. If F C EPY is
conditionally w(E®Y | E) sequentially compact and x' — 0 in E, then Z;; ijé
converges uniformly for y € F,l € N.

Remark 13. The conclusion in Corollary 12 is the same as in Theorem 4 of [5]
but their hypothesis is that E is an AK-space with 0-GHP. The following proposition
shows their hypothesis implies the hypothesis in Corollary 12.

Proposition 14. 0-GHP and AK imply WGHP.

Proof. Let x € E and {I};} be an increasing sequence of intervals. Since F has
AK, Xy, — 0. By 0-GHP there is a subsequence n;, such that ZZO:1 X I, € FE
so WGHP holds.

The following example shows that Corollary 12 is stronger than Theorem 4 of

[5].

Example 15. Let £ = [* with the sup-norm. Then £ has WGHP and 0-GHP
but not AK.
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We note that in general there is no comparison between WGHP and AK.

Eexample 16. Any scalar sequence space \ is AK for w(\, A?) so (¢, w(c, ')
has AK but does not have WGHP.

We next consider weakly convergent sequences in (-duals and show that such
sequences converge in a stronger topology if E has signed WGHP and 0-GHP.

Notation. 1f B is a subset of E or EPY, set B; = {z; : € B} for j € N.

Lemma 17. Let {y*} c EPY. If (I) Vj lim, y;?:c = 0 uniformly for x € B;j
and (1) Zj’;l y}“:rj converges uniformly for k € N, x € B, then lim, y* -z = 0
uniformly for x € B.

Proof. The proof uses (+) and proceeds as in the proof of (2) in Proposition 5.

Corollary 18. Assume that E has signed WGHP and 0-GHP and that X is
barrelled. If v* — 0 w(EPY, E) and 2 — 0 in E, then limy, y* - 2! = 0 uniformly
forl e N.

Proof. Put B = {z! : ] € N}. Since X is barrelled, limy, y* :zé = 0 uniformly
for [ € N ([9], [11]) so (I) of Lemma 17 holds by Theorem 9. The result then
follows from Lemma 17.

Garnir, DeWilde, and Schmets have compared uniform convergence on null
sequences as in Corollary 18 with uniform convergence on precompact subsets ([2]
IILIL.19). In particular, if E in Corollary 18 is a metrizable locally convex space,
then whenever y* — 0 in w(E®Y, E) y* — 0 uniformly on precompact subsets of
E ([2] TILIL. 19b).

We next consider uniform convergence on subsets of 3-duals for null sequences
in .

Lemma 19. If F C EPY is such that F} is sequentially equicontinuous for
every j, ' — 0 and the series Z]O’;l ijé converge uniformly for y € F, | € N,
then limy - ! = 0 uniformly for y € F.

Proof. Let U be a neighborhood of 0 in Y and pick a balanced neighborhood

of 0, V, such that V +V C U. There exists p such that Z;’ip 41 yj:cé- e V for
y € F, 1 € N. Since each Fj is sequentially equicontinuous, there exists ¢ such

that [ > ¢ implies E?Zl yj:ré- € V for y € F. Hence, if | > ¢, then y - 2! =

Syl + 3 yal VAV CU forally € F.
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Corollary 20. Assume that E has signed WGHP and 0-GHP and that X is
barrelled. If F C EPY is either conditionally w(EPY , E) sequentially compact or
the range of a w(EﬁY, E) Cauchy sequence and x* — 0 in E, then lim;y-z! = 0
uniformly for y € F.

Proof. Each F} is pointwise bounded on X and is, therefore, equicontinuous
since X is barrelled. The result now follows from Theorem 9 or Corollary 12 and
Lemma 19.

We can easily obtain a uniform boundedness result from the sequential conver-
gence result above.

Corollary 21. (Uniform Boundedness) Assume that E has signed WGHP and
0-GHP and X is barrelled. If B C EPY is w(EPY,E) bounded and A C E is
bounded, then {y-x :y € B, x € A} is bounded.

Proof. Let {y*} C B, {z*} C A. It suffices to show 33" - ¥ — 0. Since
\/Lzyk — 0 w(EPY, E) and \/LE:E’“ — 0 in F, this follows from Corollary 18.

We now show that the uniform convergence result of Theorem 9 can be strength-
ened if we make a stronger gliding hump assumption on F. If F is a K-space, then
E has the strong gliding hump property (SGHP) if {z*} is a bounded sequence in
E and {1} is an increasing sequence of intervals, then there is a subsequence {ny}
such that the coordinatewise sum of the series Y 7o ; X I, T belongs to E ([6]).
For example, [°° has SGHP; see [6] for other examples.

Lemma 22. Assume that E has SGHP. If y € E®Y and A C E is bounded,
then 372, yjx; converges uniformly for x € A.

Proof. If the conclusion fails,

(x * %) there is a neighborhood U of 0 such that for every n there exist
a™ € A,ny >my >n such that 3707 yal ¢ U

By (* # %) for n = 1, there exist z* € A, ny >m; such that 3371 y;z; ¢ U.
By (x **) .again, there e'xist :r2. € A, ng > my > n such that 3372 yj:r? ¢
U. Continuing produces increasing sequences ny, my, Ngi1 > Mpy1 > N and
{z¥} C A such that

) y- X]k:r’C ¢ U, where Ij = [my,ng|.

By SGHP, there exists {px} such that z = > 77, X, 2 € E. But (X) implies
that the series Z;’il yjr; does not converge or y ¢ EPY.



672 Charles Swartz and Christopher Stuart

Example 23. The SGHP assumption in Lemma 22 cannot be replaced by
WGHP. Let A be the unit ball of /' and let y € (I')® = [ be the constant
sequence {1}.

Example 24. The SGHP assumption in Lemma 22 is only a sufficient condition
for the uniform convergence conclusion of Lemma 22. If A C I? is bounded and

2
y € 12, then ‘E;‘;N yja:j‘ <> AN ly; |2 DN |z;|? so the conclusion of Lemma
22 holds but ? does not have SGHP.

Theorem 25. Assume that E has SGHP. If {y*} ¢ EPY is w(EPY | E) Cauchy
and A C E is bounded, then Z]Oi1 y;“xj converges uniformly for x € A, k € N.

Proof. Using Lemma 22 and Theorem 1, the proof proceeds as the proof of
Theorem 9 where SGHP is used to show that M is a K-matrix.

Corollary 26. ([5] Theorem 1) Assume that E has SGHP. If F C E®Y is condi-
tionally w(EPY , E) sequentially compact and A C E is bounded, then Z;’il YjT;
converges uniformly for y € F, x € A.

We next establish a stronger conclusion than that in Corollary 18 under the
stronger assumption of SGHP. The pair (X,Y) is said to have the strong Banach-
Steinhaus property if whenever {7}, } C L(X,Y) is such that limy, Tj,zz = Tz exists
for each z € X, then T' € L(X,Y) and the convergence is uniform for  belonging
to precompact subsets of X (i.e., the conclusion of the classical Banach-Steinhaus
Theorem holds ([9], [11]).

Corollary 27. ([10] 12.5.10) Assume that E has SGHP and (X,Y’) has the
strong Banach-Steinhaus property. If y* — 0 w(EPY | E) and A C E is bounded
with precompact coordinates, then limy, y* - x = 0 uniformly for x € A.

Proof. Let U be a neighborhood of 0 and pick a balanced neighborhood V'
such that V' + V C U. By Theorem 25 there exists p such that E;‘;p 11 yf:nj ev
for k € N, z € A. For each j limy, yé? = 0 pointwise on X so the convergence on
Aj; is uniform since (X,Y’) has the strong Banach-Steinhaus property. Therefore,
there exists ¢ such that k£ > ¢ implies Z§:1 y;“xj €V for x € A. Hence, if k > q,
yr e =30 b+ Y5 i eV V CU forz e A

Finally, we define a new dual for a vector-valued sequence space using unordered
convergent series, establish an analogue of Theorem 1 and show that the result has
as a corollary a vector version of the Hahn-Schur Lemma. Let F' be the finite
subsets of N. Then F is a net if F' is directed by set inclusion. A series ) y; in
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Y is unordered convergent if the net lim,cp ZjEU y; converges ([1]). We define
the unordered dual of E, E*Y | to be

{y;} 1 y; € L(X,Y) and the series }_; y;x; is unordered convergent
for every x € £ '

IfY is sequentially complete, then unordered convergence and subseries convergence
are equivalent ([1]) so in this case E*Y coincides with the o-dual, E°Y. ([10]).
Obviously, we have E*Y  EPY | but, in general, the containment is proper.

Example 28. Let Y be a non-trivial Banach space with ) y; convergent in Y’
but not subseries convergent [»_ (_]—.Wy, y # 0]. Set E = coo ® span{l}. Then
{y;} € EPY\E%Y.

Definition 29. FE has the signed F-weak gliding hump property (signed F'-
WGHP) if whenever z € E and {0y} is an increasing sequence of subsets of
F, there exist a sequence of signs {si} and a subsequence {ny} such that the
coordinatewise sum of the series > -, Sk X, T belongs to E. If all the signs s
are equal to 1, E is said to have the F'~-WGHP.

Of course, the difference between the signed WGHP and the property defined
above is the use of the increasing sequences of arbitrary finite subsets of IN instead
of intervals. Any monotone space obviously has signed F-WGHP. We give an
example of a non-monotone space with F'-WGHP.

Example 30. Haydon has shown the existence of an algebra of subsets of N,
H, which contains F' and has the properties that for every pairwise disjoint sequence
{A;j} C F there is a subsequence {n;} such that U3, A,,; € H and for no infinite
subset A € H do we have that {ANB : B € H} equals the power set A ([3]). Now
let S(H) be the vector space of all real-valued H simple functions. If ¢ € S(H),
then ¢ has a representation as >, apXa,, where a;, € R and {4y, : 1 <k <n}
is a pairwise disjoint collection from H. Let {o;} be an increasing sequence from
F. There is a subsequence {n;} such that By = U2, Ay Noy,; € H for every k.
Then » 22, Xow, = D b1 @k Do Xon,NAy = Y r_qiakxB, € S(H). Hence,
S(H) has F-WGHP. However, S(H) is not monotone by the second property of
the Haydon algebra H.

Obviously, signed F~-WGHP implies signed WGHP but the converse implication
does not hold.

Example 31. The space bs has signed WGHP ([7], [8]) but we show that
it does not have signed F~-WGHP. Let x = {(—1)k+1} € bs. Set o9 = {1},
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o1 =13,5,7}, ... where o}, consists of 3% consecutive odd integers. We show that

n

liTILn Zskaj =00

k=0 JjEo

for any choice of signs {sy}, which implies that > spX,, = ¢ bs. We have

n—1
Skg T, 23—23323—1_3:74_5,
0 7=0

JEok

n

k=

A similar argument shows > ;' sk >
bs does not have signed F~-WGHP

jco, Tj & bs for any subsequence {ny} so

We now establish the analogue of Theorem 1 for unordered convergent series.
A family of unordered convergent series » ;Y5 o € A, is uniformly unordered
convergent for a € A if for every neighborhood of 0, U, in Y there exists og € F
such that 3=, y$ — >22, y§ € U for 0 D og and a € A.

Ttheorem 32. Assume that E has signed F-WGHP. If {y*} is w (E*Y | E)
Cauchy and x € E, then the series E]Oil y}“:rj are uniformly unordered convergent
for k € N.

Proof. If the conclusion fails,

(* % xx) there exists a neighborhood of 0, U, such that for every n there exist
k=kn,0 =0, C[n,00),0 € F, such that > . y;?”a:j ¢ U.

By (# # *x) for k = 1, there exist k1, 01 € F such that ) . | y;-“xj ¢ U. There
exists m > max oy such that o € F, o C [m,00) implies ., y;?a:j eU for 1<
k < kj. There exist ko, 09 € F, 05 C [m, 00) such that Zon’g y;”q:j ¢ U. Therefore
ks > ki and max o1 < min oy. Continuing produces increasing sequences {k; } and
{o;} C F such that ys . Xo,; % ¢ U. Define the matrix M = [yki -nga:] . Using
the signed F-WGHP, it is easily checked as in the proof of Theorem 1 that M is a
signed K-matrix, and the desired contradiction is obtained.

We also have the analogue of Corollary 3 for unordered duals.

Corollary 33. Assume that E has signed F-WGHP and that (X,Y) is a
Banach-Steinhaus pair. Then w (E“Y, E) is sequentially complete.

Proof. Let {yk} be w (E*Y, E) Cauchy. For each j and z € X, limy, yf (2) =
limy, y* - (¢/ ® 2) = y; (2) exists and y; € L(X,Y) by the Banach-Steinhaus
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property. If x € E, then limy* -z = Z;”;l y;x; by Corollary 3. It suffices to show
that Z‘J’il y;x; is unordered convergent. Let U be a neighborhood of 0 and pick a
closed, balanced neighborhood V with V' +V C U. By Theorem 32 there exists o €
F' such that o O o¢ implies ;¢\, y;‘?:cj € V for all k. Hence, ;.\, ¥j%; €
V for 0 O og. Let p = maxog. By Corollary 3, there exists ¢ > p such that
> ienyiz; € V forn > q. If o O [1,q], we have D 72, yjzj — > i, yjz; =
(Ej@\[qu} yjasj> + E;.;q+1yj$j € V4V C U Hence, limycp Z]EU Yjxrj =
> YiTj

Corollary 34. Assume that E has signed WGHP and that (X,Y') is a Banach-
Steinhaus pair. If {y*} is w(EYY, E) Cauchy, then there exists y € E*Y such that

for all x € E limy, Zjeg y;-“xj = ZJEU y;x; uniformly for o € F.

Proof. By Corollary 33 we may assume that y* — 0 in w (EBY,E). By
Theorem 32 there exists p such that o C [p,c0) implies >, yij € V for all
k, where we continue the notation from Corollary 33. Since limy, y;“ (2) = 0 for
each j and z € X, there exists ¢ such that ZJEU y;?mj €V fork>gq,0oCILp|

Therefore, ., y;? = jeoniy] yij + 2 jeonp+1,00) yij ceV+Vcl

Remark 35. If Y is sequentially complete in Corollary 34, then unordered
convergent series are subseries convergent ([1]) so the conclusion in Corollary 34
can be improved to read: limy >, y;?mj =Y ico y;?:nj uniformly o C N.

We observe that Corollary 34 implies the scalar version of the classical Hahn-
Schur Lemma ([9] 16.14, [11], 1.3.2, 14.4.7) and can, therefore, be legitimately
viewed as a vector version of the lemma. Let mg be the space of all scalar-valued
sequences with finite range. Since mg is monotone, mg has F-WGHP and also
mg = m’g =%

Corollary 36. (Hahn-Schur) Let {y*} C I* be w(I',mo) Cauchy. Then there
exists y € 11 such that limy, Hyk — yHl =0.

Proof. Let = be the constant sequence {1} in my, and € > 0. From Corollary
34 there exist ko such that )Zjeg YF = Yo yj) < ¢ for k > ko. Then

3 (y;.f . yj‘ — ly* — yll1 < 4e for k > ko ([91,9.5.1).
j=1

Other versions of the classical Hahn-Schur Lemma can be found in ([10]).
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