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ON P,-DECOMPOSITION OF GRAPHS

C. Sunil Kumar

Abstract. A graph G is decomposable into subgraphs G, Gs, ..., G, of
G ifno G; (i = 1,2,...,n) has isolated vertices and the edge set E(G)
can be partitioned into the subsets E(G1), E(Gs2), ..., E(G,). If G; & P,
for all 7, then G is called Ps-decomposable. In this paper, we show the
P4-decomposability of some classes of graphs, and prove in particular that a
complete r-partite graph is P,-decomposable if and only if its size is a multiple
of 3. We also give an example of a 2-connected graph of size 3k which is not
P4-decomposable, disproving a conjecture of Chartrand.

1. INTRODUCTION

In this paper we only consider simple graphs. A graph G is said to be H-
decomposable, denoted by H|G, if E(G) can be partitioned into subgraphs such
that each subgraph is isomorphic to H. Such a factorization is called an isomorphic
factorization. The concept of isomorphic factorization was studied by F. Harary
et al. [4]. In this paper we consider a conjecture of Chartrand et al. [3] that a
2-connected graph of order p > 4 and size ¢ = 0 (mod 3) is Ps-decomposable. We
prove the conjecture for certain 2-connected graphs. We also show by an example
that it is not true in general.

We follow standard notations in graph theory. The cardinality of the vertex set
of a graph G, the order of G is denoted by p(G); and the cardinality of the edge
set of G, the size of G is denoted by ¢(G).

Theorem 1. K., , is Ps-decomposable if and only if m > 2, n > 2 and
mn =0 (mod 3).
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Proof. As the conditions are clearly necessary, we only need to prove the
sufficiency. Without loss of generality, we may assume that m = 3r. Write n =
2s+3t with s > 0 and ¢t > 0. Then K, ,, can be decomposed into rs copies of K3 3
and 7t copies of K3 3. It is easily verified that K 3 and K3 3 are P4-decomposable.
Hence K,y is P;-decomposable.

Theorem 2. If G, G2 and K, m, are H-decomposable, where m = p(Gh)
and my = p(Ga), then G1 + G is H-decomposable.

Proof. As E(G1 + G2) is equal to the edge-disjoint union E(G1)|J E(G2) U
E(Km, m,), we have that G1 + Go is H-decomposable.

Theorem 3. [ G1 and Gy are Py-decomposable graphs and p(G1) or p(Gs)
is a multiple of 3, then G1 + G2 is Py-decomposable.

Proof. Let p(G1) = m and p(G2) = n. Then K,,,, is Ps-decomposable by
Theorem 1. By Theorem 2, G; + G2 is Py-decomposable.

Theorem 4. If G, Ga,... G, are Py-decomposable graphs and p(G;) =0
(mod 3) for i =1,2,... ,n, then G1 + G2 + ...+ Gy, is Py-decomposable.

Proof. The theorem holds for the case n = 2 by Theorem 3. The general case
follows from an induction on n, as G1 + Go + ... + G, = (G1+ G2) + ... + G,.

Lemma 5. If K, and K, , are H-decomposable, then K, is H-decomposable
for any positive integer n.

Proof. We prove the lemma by induction on n. When n = 1, K, is H-
decomposable by the assumption. Assume the lemma is true forn = m — 1 > 1.
We prove that the lemma is true for n = m. Notice that Ky = K(—1)r4r
and E(Ku—1)r4r) = E(K@m-1)r) UE(K:) U E(K@n-1),,). By the induction
hypothesis, K(,,_1), is H-decomposable. As K(,,_1),, can be decomposed into
m — 1 copies of K,.,, we have that K(m_l)m is H-decomposable. Thus K,,, is
H-decomposable. These prove the lemma.

Using Theorems 1 and 2 and Lemma 5, we have the following propositions.
Proposition 6. When n > 2 and m > 1, K3, + P31 is Py-decomposable.
Proposition 7. When n > 2 and m > 2, K3, 4+ Csy, is Py-decomposable.

Proposition 8. When n > 2 and m > 2, Csy,, + Csy, is Py-decomposable.
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Theorem 9. K, is Py-decomposable if and only if n > 3 and n # 2 (mod 3).

Proof. Clearly K,, is not Py-decomposable for n < 3. Also, if n = 2 (mod 3),
then ¢(K,,) = M is not divisible by 3 and hence K, is not Ps-decomposable.

It can be easily verified that K, is Ps-decomposable. So, let n be an integer
such that n # 2 (mod 3) and n > 6.

Case 1. n =0 (mod 3).

When n is odd, K, is decomposable into "T_l Hamiltonian cycles each of which
is Py-decomposable. It is also easily verified that Kg is Py-decomposable. Notice
that E(Ke,) = E(Kg(r—1)) U E(Ks) U E(Kg(r—1),6)- It follows from an induction
on r that Kg, is P4-decomposable.

Case 2. n =1 (mod 3), say n = 3k + 1.

We first show that K is Py-decomposable. Let the vertices of K7 be vy, vy, va,
v3, V4, Us, V. Then K7 can be decomposed into 3 Hamiltonian cycles as follows:

1. .
c: Vo, V1, V2, Vg, U3, Us, V4, V0;
2. .
C* : v, v, v3, V1, V4, V6, Vs, Vo;

3.
(Ghgs Vo, U3, V4, V2, Us, V1, V6, V0-

The edges {v4, v} from C1, {vg,v2} from C? and {vo,v5} from C? form a path
P,. The other edges of C!, C?, C3 form 2 paths P, each. Hence K7 is P4-
decomposable. Notice that E(K3x11) = E(K3x—1)) U E(K4s) U E(K3(k—1),4) and
each of the graphs on the right is Pj-decomposable if k¥ > 3. Hence K3p 1 is Py-
decomposable for all integers k£ > 1.

These complete the proof of the theorem.

Theorem 10. If'n =2 (mod 3) and n > 4, then K,, — e is Py-decomposable.

Proof. 1t can be easily verified that K5 — e is P4-decomposable. For n > 5,
we have E(K, —e) = E(K2n—2)|JE(Kp—2). Since n —2 =0 (mod 3), K3 ,,—2
is Py-decomposable by Theorem 1, and K,,_» is P4-decomposable by Theorem 9.
The theorem then follows.

Proposition 11. [fn = 0 (mod 3), then Ko, — F is Py-decomposable, where
F is a 1-factor of Koy,

Proof. The proposition follows from the fact that K5, — F' can be decomposed
into n — 1 Hamiltonian cycles, each of which is P4-decomposable.
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Proposition 12. 4 wheel W, is Py-decomposable if and only if n = 0 (mod
3).

Proof. The condition is clearly necessary.

Conversely, suppose that n = 0 (mod 3). It is clear that W,, = C,, + K7. Let
C,, be the cycle vy, v1,v2, ... ,v,—1,v9 and K7 = z. Notice that ¢(W,,) =2n =0
(mod 3). It is a routine to check that E(W),,) can be decomposed into %" Py's of
the form x vo43i, V1+3i, V2+3i, and V143, TV2+3i, V3+3i, Where 0 < i =<3 —1 and
Un = V9.

Theorem 13. Let G be a complete tripartite graph K, m,m,. Then G is
Py-decomposable if and only if ¢(G) = 0 (mod 3) and q(G) > 3.

Proof. We only need to prove the sufficiency. Since ¢(G) = 0 (mod 3), there
are three possibilities:

1. m; =1 (mod 3) for all i;

2. m; = 2 (mod 3) for all ¢;

3. m; = 0 (mod 3) for at least two .

Case 1. m; =1 (mod 3) fori =1, 2, 3.
Let mi =3a+ 1, my = 3b+ 1 and m3g = 3¢+ 1. Notice that

E(K3a+1,30+1,3¢+1) = E(K3a3b+143¢+1) U E(K13p41,3¢+1),
E(K13p+1,3c+1) = E(Ksp143c+1) U E(K1,1,3041),
E(K113c+1) = B(K3(c—1)2) U E(K1,1,4)-

By Theorem 1, K34 3p+1+3¢c+1> K3b1+3c+1 and K3(._1) 2 are Py-decomposable. [If

¢ =1, K3_1),2 is a null graph.]
A Pj-decomposition of K7 1 4 is shown below.
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u
| I:
\'
(1,u,v,4), (1,v,2,u), (v,3,u,4) is a P;-decomposition of K1 1 4. Thus Ky, 1y ms

is P4-decomposable when m; = 1 (mod 3) for i = 1, 2, 3.

Case 2. m; =2 (mod 3) fori =1, 2, 3.
Let m1 = 3a + 2, mo = 3b+ 2 and ms = 3¢ + 2. Notice that

E(K30+2,30423c+2) = E(K3q,30+243c4+2) U B (K2 3042,3¢42),
E(Kj3p12,30+2) = E(K3pa43c+2) U E(K223042),
E(K223c42) = E(Ksc2+2) U E(K2,22).

By Theorem 1, K34 3p42+3c+2, K3p243c+2 and K3.4 are Pj-decomposable. A
Py-decomposition of K> 22 is shown below.

a az

W
0
2

Ci1 C2

a1 bz az by; by c2 by c1; a2 c2 a1 c1; a1 by ¢ ag is a Py-decomposition of K3 2.
Thus K, ms,ms 18 Ps-decomposable when m; = 2 (mod 3) for ¢ = 1, 2, 3.
Case 3. m; = 0 (mod 3) for at least two .

Subcase 3.1. mq, mo =0 (mod 3) and mg # 1.
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Notice that E(Km,,msms) = E(Kmymat+ms) U E(Kmgms). Ky mg+ms and
Kn,.m, are complete bipartite graphs of size a multiple of 3 and hence they are
P,-decomposable. Thus K, m, ms 15 Pi-decomposable.

Subcase 3.2. my, ms =0 (mod 3) and mz = 1.

Let my1 = 3a and ms = 3b. Notice that
E(K134,30) = E(K3(a-1),14+36) U E(K1,3,3),
E(K1330) = E(K3p-1),1+3) U E(K1,33)-

By Theoreml, K3(q_1),1435 and K3(;_1),143 are Py-decomposable. A P;-decomposition
of K133 1s shown below.

V2 ¥ V3

K133 can be decomposed into 3 paths Py: vy, u, v2, 1; 1, u, 2, vo; vo, 3, u, v3;
and the remaining edges form K73 > which is P;-decomposable.
Thus K, ms,ms 18 Py-decomposable.

Observation 14. Let G = K3y, 41, 3no4r9,... 3ng+ry, Where ri,7o, ... , 13 are
positive integers and nj,ng,...,n; are non-negative integers. Then E(G) =
E(K3n173(n2+...+nk)+(r2+...+rk)) U E(KT173n2+7'2,~~’3nk+7'k)' A similar argument as
in Case 2 of Theorem 13 shows that G is P;-decomposable if K., , . .. i8S Ps-
decomposable. This observation is repeatedly used in the proof of the next theorem.

Theorem 15. Let G be the graph Ky, m,,.. m, With v > 4. Then G is
Py-decomposable if and only if ¢(G) = 0 (mod 3).

Proof. 1t is enough to prove the sufficiency of the condition. We prove the
result by induction on ¢ = ¢(G). When ¢ = 6, G = K, is Pj-decomposable.
When ¢ =9, G = K 11,1 is also P;-decomposable.
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Case 1. At least one m; = 0 (mod 3).

Let m; = 0 (mod 3). Then E(G) = E(Km, motmst...4mr) UE (Ko ma,... m,)-
Let G be the graph K, mo+tms+..+m, and Ga be the graph Koy s ... G1
is Pj-decomposable by Theorem 1. If r > 4, Go is P4-decomposable by the
induction hypothesis. If » = 4, except in the case ms = mg = my = 1, it
follows by Theorem 13 that Go is Ps-decomposable. So, let us assume r = 4,
mg = m3 = my = 1. It is easily verified that K311, is Ps-decomposable. If
n>1, E(K3n1,11) = E(K311,1) UE(K3(,—1),3) and it can be proved by induc-

tion on n that K3, 1,11 is P4-decomposable for all n > 4. Thus G2 and hence G
is P4-decomposable in this case.

Case 2. At least three of the m;'s = 2 (mod 3).

Let m1 = mo = mg = 2 (mod 3). Hence my + mo + m3 = 0 (mod 3) and
E(G) = E(Kmi moms) U E(Km+motms,mams,.. m.)- By Theorem 13, the first
graph on the right side is Ps-decomposable. Again, as in Case 1, if either » > 5, or
if r =4, my > 1, the second graph on the right side is P4-decomposable. Hence we
may assume r = 4 and my = 1. K321 is easily verified to be P;-decomposable.
Hence, by Observation 14, G is Py-decomposable.

Case 3. Exactly two m;'s = 2 (mod 3).
In this case, it can be verified that ¢(G) Z 0 (mod 3).
Case 4. Exactly one m; =2 (mod 3).

In this case » = 1 (mod 3). Ka11,.1 = K,11 — e is Py-decomposable

s 1,4,

when 7 + 1 = 2 (mod 3), by Theorem 10. Hence by Observation 14, G is Py-
decomposable.

Case 5. No m; =2 (mod 3). That is, all m;'s =1 (mod 3).

In this case 7 = 0 or 1 (mod 3). K 1,1,....1 is P4-decomposable, by Theorem 9.

byt

Hence by Observation 14, GG is P4-decomposable.
These complete the proof of the theorem.

Conjecture (Chartrand et al. [3]). If G is a 2-connected graph of order p > 4
and size ¢ = 0 (mod 3), then G is P4-decomposable.

The following example shows that this conjecture is not true.
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It is easy to see that every P, must contain at least one of the edges b, e and h.
Since the graph is of size 12, it cannot be decomposed into 4 edge-disjoint paths
Py.

Conjecture. Every 3-connected graph of size ¢ = 0 (mod 3), is P4-decomposable.
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