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OPERATOR INEQUALITY AND ITS APPLICATION TO
CAPACITY
OF GAUSSIAN CHANNEL*

Kenjiro Yanagi, Han Wu Chen and Ji Wen Yu

Abstract. We give some inequalities of capacity in Gaussian channel
with or without feedback. The nonfeedback capacity C, z(P) and the
feedback capacity Cy, rp,z(P) are both concave functions of P. Though
it is shown that C), z(P) is a convex function of Z in some sense, Cy, rp,z(P)
is a convex-like function of Z.

1. INTRODUCTION

The following model for the discrete time Gaussian channel with feedback
is considered:

Yy =Sn+Zn, n=12,...,

where Z = {Z,;;n =1,2,...} is a nondegenerate, zero-mean Gaussian process
representing the noise and S = {S;;n=1,2,...} and Y ={Y;;n=1,2,...}
are stochastic processes representing input signals and output signals, respec-
tively. The channel is with noiseless feedback, so 5, is a function of a message
to be transmitted and the output signals Yi,...,Y,_1. For a code of rate R
and length n, with code words (W, Y™ 1), W € {1,...,2"F} and a decod-
ing function g, : R” — {1,...,2"%} the probability of error is

Pe™ = Pr{g,(Y™) £ W;Y" = 2™(W,Y" 1) + 2"},
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where W is uniformly distributed over {1,...,2"%} and independent of Z".
The signal is subject to an expected power constraint

LS psy<p,
n =1

and the feedback is causal, i.e., S; is dependent of Zy,...,Z;_1 for i =
1,2,... ,n. Similarly, when there is no feedback, S; is independent of Z".
We denote by Rg?), R(Zn) the covariance matrices of X, 7, respectively. It is
well-known that a finite block length capacity is given by

() | pm)

Co 1 7 (P) = max —— 1 BxX_ T Bz'|
) ’ 2n R(n)
Ry

)

)

where the maximum is on Rg?
lower triangular, such that

symmetric, nonnegative definite and B strictly

Te[(I + B)RP(I + B') + BRYB' < nP.

Similarly, let C, z(P) be the maximal value when B = 0, i.e., when there is
no feedback. Under these conditions, Cover and Pombra proved the following.

Proposition 1 (Cover and Pombra [5]). For every € > 0 there exist
codes, with block length n and 2MCn.r5.z2(P)=€) codewords, n = 1,2, ..., such
that Pe(™ — 0, as n — oo. Conversely, for every e > 0 and any sequence
of codes with 2MCn.r5.2(P)+e) codewords and block length n, Pe™ is bounded
away from zero for all n. The same theorem holds in the special case without
feedback upon replacing C,, pp.z(P) by Cp z(P).

When the block length n is fixed, C,, z(P) is given exactly.

Proposition 2 (Gallager [9]).

k

nnp+7"1+"'+’l“k
kr; ’

where 0 < r; < 1o < --- <1y, are eigenvalues of R(Zn) and k (< n) is the largest
integer satisfying nP + 11 + -+ + 1 > krg.

We can also represent Cy, pp,z(P) by a different formula.
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Proposition 3. Let D = R(Zn) > 0. Then

1 T+ BD + DBt + D
(1) CnrB,z(P) = max% log | D |,

where the mazimum is on T > 0 and B strictly lower triangular, such that

T - BDB">0, and Tr(T)<nP.

Proof. By definition, there is A > 0 and strictly lower trianglar B such
that

(2) Tr[(I + B)A(I + B") + BDB'] < nP
and
1 |A+ D|
(3) Cn,rB,z(P) = %log D]
Let

T = (I+ B)A(I + BY) + BDB".
Then by (2) we have Tr(T") < nP and
T — BDB' = (I + B)A(I + B*) > 0.

Since
I+ B|=|I+B'[=1,

we have
|A+D|=|(I+ B)A(I + B")+ (I + B)D(I + B")| = |T + BD + DB" + D|.
This consideration shows, by (3),
Ch.rp.2(P) < RHS of (1).

Conversely, there is T' > 0 and strictly lower triangular B such that T —
BDB! > 0 and

|T + BD + DB' + D|
|D|

1
(4) RHS of (1) = - log

Let
A= (I+B)YT-BDB")(I+ B
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Then since T'— BDB? > 0, we have A > 0 and
(I+B)A(I + B+ BDB' =T

so that
Tr[(I + B)A(I + B") + BDB'] < nP.

Just as in the foregoing arguments,
T+ BD+ DB'+ D|=|A+ D|.
By (4), this consideration shows
RHS of (1) < C), pB,z(P).
This completes the proof. [

In this paper, we first show that the Gaussian feedback capacity C, rp,z(P)
is a concave function of P. And we also show that C), pp z(P) is a convex-like
function of Z by using the operator convexity of log(1+t~1). At last, we have
an open problem about the convexity of Cy, pp .(P).

2. Concavity of Cy, rp z()

Before proving the concavity of Cy, pp z(P) as the function of P, we need
two lemmas.

Lemma 1. For D >0, and B1,By and o, 3> 0 witha + 3 =1,

aB1DB. + 3BaDB% > (aBy + 3B2)D(aB! + 3BY).

Proof. This is known and easy to prove. In fact,
{aB1DB! + 3B3DBL} — (aBy + 3B2)D(aBt + 3BY)
= aﬂ(Bl — BQ)D(B% — Bé) > 0. |

Lemma 2. The function logt is operator concave on (0,00), that is, for
T1,T, >0 and o, 8 > 0 with a + 3 = 1,

log(aTy + B12) > alog(Ty) + Blog(13).

Proof. This is a well-known fact. By Lemma 1, we have first

(aTy + BT3) > (OZT11/2 + 5T21/2)2,
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which implies by Lowner theorem
(T} + BTo)2 > oT)/* + BTy,

Repeating this argument we can conclude

(aTy + BT)Y®) > or/®) 4 g1l (k=1,2...).
Now the operator concavity of the function logt can be derived as
log(aTy + BTy) = gggﬂﬁﬂ1+ﬁnﬂﬂﬂt—n
> akli_)rgo Qk(Tll/(zk) —-I)+ Bklin;o 2k(T21/(2k) -1
= alog(Ty) + Blog(Th).
Now we can prove the concavity of Cn7FB7Z(‘).

Theorem 1. Fiz Z. Then Cy, pp,z(P) is a concave function of P, that is,
for any Py, P» > 0 and for any o, 8 > 0 with a + 3 =1,

Chn,rB,z(0P1 + BP2) > aCp pp z(P1) + BCh.rB,z(P2).

Proof. By Proposition 3, there are T7,7T» > 0 and strictly lower triangular
B, By such that

1 |T; + B;D + DB! + D| .
C P)=—1 J =1,2
nrpz(F) = 5 log D) (i=1,2),
and
T, — B;DB! >0, and Tr(T;) <nP; (i=1,2).
Let

T =al1 4+ (1>, and B = aB;+ (3Bs.

Then clearly Tr(7T") < n(aP; 4+ fP>) and B is strictly lower triangular.
Since, by Lemma 1,

BDB' = (aB; + 3B2)D(aB! + 3BL) < aB1 DB} + 3By DB},
we have

T — BDB' > (T, — BiDBY) + 3(Ty — ByDB}) > 0.
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Then again by Proposition 2 we have

|T + BD + DB" + D|
D]

1
Cn,rB,z(P + BP) > on log

Since
T+ BD + DB"+ D = o(Ty + B1D + DB + D) + 3(Ts + BoD + DB} + D),
we have, by Lemma 2,

log(T + BD + DB + D) > alog(Ty + B1D + DB + D)
+Blog(Ty + BoD + DB + D),

which implies

Tr[log(T + BD + DB + D)| > aTr[log(Ty + B1D + DB} + D)]
—i—ﬁTr[log(Tg + By D + DB% + D)]

The inequality
Chn,rB,z(0P1 + P2) > aCp pp z(P1) + BCh.rB,z(P2)
follows from the relation
log |A| = Tr[log(A4)] (A >0).

This completes the proof. [

3. CoNVEXITY OF C,, .(P),Cy rp,.(P)

Before proving the convexity of Cy, z(P) and the convex-likeness of C,, pp 7 (P)
as the function of Z, we need the following lemma.

Lemma 3. The function
f(t) =log(1+t1) =log(1+1t) —logt

is operator convex on (0,00), that is, for any o, 3 > 0 with a4+ 5 =1 and for
Ty, Ty > 0,

(5) log(I + (aTy + BT2)™Y) < alog(I + 17 1) + Blog(I + Ty ).
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Proof. Tt is well-known that for any A > 0 the function

1

a(t) = i

is operator convex on (0,00), that is, for o, > 0 with o + 3 = 1 and for
T, T > 0,

(6) (M + (aTy + BT)} L < oM+ T1) 7t 4 BN+ To) 7L

Then, since

£(t) =log(1 + 1) — logt = /01 = /01 fr(B)dA,
(5) follows from (6). [
Now we can prove the convexity of C,, .(P).
Theorem 2. Given Z1,Zs and o, 3 > 0 with o+ 8 =1, define Z by
Ry = aRy + BRY).

Then
Cn,Z(P) < O‘Cn,Z1(P) + BCh,z, (P).

Proof. Let

K3

D; =R (i=1,2), and D = RY.

Then by definition
D =aD; + BD%

1 A+ D; ,
Ch,z,(P) = max {2n10g ‘—;%";A >0,Tr(A) < nP} (1=1,2)
and A
1 D
Ch,z(P) = max {2nlog | |_£| ’;A > 0,Tr(A) < nP} .

Note that A

D

log’ J)| | log |[AD™ + 1|

= log|AY2D"1AY2 4+ ]|
log|I + (A~1/2DA-1/2)~1.
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By Lemma 3,

)= Tellogl1 + (a(A™2Dy A7) 4 (A7 2D A7) )

< aTrllog{I + (A~'/2D; A=1/2)=1}]
+0Tr[log{I + (A=Y/2DyA=1/2)=1}]

|A+D2‘
|Do|

log

|A+D1’

+ Alo
Dy Blog

< alog

This completes the proof. [
Theorem 3. Given Zy,Zs and o, 3 > 0 with a4+ 8 =1, define Z by
Ry = aRY + BRY).
Then there exist Py, Py > 0 with aPy + 8P, = P such that

Cn,rB,z(P) < aCy rp .z, (P1) + BCh kB2, (P2)-
Proof. Let us use the notations in the proof of Theorem 3. Take A > 0
and strictly triangular B such that
Tr[(I + B)A(I + B") + BDB'| = nP
and

1 |A+D|
— =C P).
20 %8 D n.FB,7(P)

Since
Tr[(I + B)A(I + B') + BDB']
= oTr[(I + B)A(I + B") + BD1B*| + 8Tx[(I + B)A(I + B') + BDy,B'],
we have aP; + 8P, = P, where
P = LTy((I+ B)A(I + B') + BD,BY] (i = 1,2).
n

Since, as in the proof of Theorem 2,

|A+ D] |A+ D |A + Dy
log < alog—— + flog ————,
|D| | D1 | Da|
we can conclude
o |A+ Dy I} |A+ Do|
C P) < —log——— + —log————
nrpz(P) < 5 olog Dy 20 %% Dy

IN

aCh.rB,z,(P1) + BCh.FB,7,(P2).
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This completes the proof. [

Finally, we have the following open problem.

Open Problem. For any Z;, Zs, for any P > 0 and for any o, 5 > 0 (o +

8=

1),
Cn,rB,z(P) < aCy rB.z,(P) + BCh.rB,2,(P).
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