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FU JEN LECTURES IN HARDY SPACES
Der-Chen Chang

Dedicated to Professor Fon-Che Liu on his 60th Birthday

Abstract. In this paper, we survey some multiplier theorems and their
applications to estimates for wave equation in Hardy spaces HP(R™). We
also prove HP? boundedness for Calderén-Zygmund operators of type o
which can be considered as a generalization of classical singular integral
operators. Using these results, we discuss some recent progress in H?
regularity properties of the solving operators for hyperbolic equations.

1. INTRODUCTION

Based on a series of lectures presented by the author during the 1999
annual meeting of the Mathematical Society of the Republic of China, held
at Fu Jen Catholic University from December 11 to December 16, 1999, this
article attempts to present some aspects of the recent progress in Hardy spaces
and the applications of Hardy spaces to partial differential equations. The
exposition is therefore divided into two concentrations: (1) Hardy space and
(2) estimates of Calderén-Zygmund operators in HP spaces.

It is well-known that the Lebesgue LP spaces play an important role in
Fourier analysis. However, many important classes of operators are not well-
behaved on L' and L™ spaces. Many of these operators are unbounded on L'
and so L' is too large to be the domain of such operators. By the same token,
the target space of many important operators exceeds L°°. Hence, L is too
small to be the range of such operators resulting in a duality between these
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two deficiencies. We are then motivated to find substitutes for the spaces of
L' and L™ to alleviate this dual deficiency.

The Hardy space H! (derived from complex function theoretic considera-
tions in the early part of the last century) and the space BMO of functions
of bounded mean oscillation (discovered in the 1960s in the context of partial
differential equations) turn out to be more appropriate spaces to study instead
of L', L™ respectively. In fact, many of the operators that we wish to study,
and which are ill-behaved on L' and L>, are bounded both on H' and on
BMO. These two new spaces lead to deep insights concerning complex anal-
ysis, singular integrals, Cauchy integrals on Lipschitz curves, weighted norm
inequalities, and partial differential equations.

The classical theory of Hardy spaces derives, as has already been noted,
from complex function theory. Let 0 < p < oco. The original definition for
HP(D), in the context of the unit disc D, is as follows:

2 ) :
{f holomorphic on D : sup </ \f(rele)|pd9> ’ < oo} .
0

0<r<1

On the upper half plane R%r C C, the definition becomes

+o0
{f holomorphic on Ri : sup </ |f(x+ iy)|pdaj> ’ < oo} .

y>0 —00

(Note that these two definitions give rise to isomorphic spaces of functions,
but not canonically so. The matter is treated in detail in Hoffman [22].)

Later, the theory of Hardy spaces was generalized to the upper half-space
R for (n — 1)/n < p < 1 by Stein and Weiss; see [37]. The methods
developed in that paper rely heavily on the harmonicity of functions and on
the Euclidean structure of R™. It was ten years before methods were developed
to free the Hardy space theory from specifics of Euclidean analysis.

In 1971, Burkholder, Gundy and Silverstein [4] discovered an important
fact: in order to show that a harmonic function u, defined on the unit disc, is
the real part of some holomorphic function in HP(D), it is both necessary and
sufficient to see that the auxiliary function

u () = sup |u(re?)]
0<r<1
lies in LP(9D). Notice that the Cauchy-Riemann equations no longer play any
role in this new characterization of HP. Not even the notion of the harmonic
conjugate function need be invoked. However, lurking in the background is
the fact that u(re') is the Poisson integral of its (putative) boundary function
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@(e’). Thus the Poisson kernel plays a tacit role in the characterization given
by Burkholder, Gundy and Silverstein.

Later, Fefferman and Stein [18] removed the maximal function character-
ization of the Hardy spaces from any dependence on the Poisson kernel. In
order to describe this development, we pass to the upper half plane Ri c C.
Let ¢ € C§° be a testing function, nonnegative, and with total mass 1. For
y > 0, we set o,(z) =y to(z/y). Now define, for u(z + iy) = f * ¢,(x) on
R2,

w*(x) = sup [u(z + iy)|.
y>0

The theorem of Fefferman and Stein is that f is the boundary value of the
real part of an HP function in Rﬁ_ if and only if u* lies in LP(R). As a result
of this new characterization, and accompanying theorems in their paper, the
theory of Hardy spaces is now a “real variable” theory.

Today, the real variable theory of Hardy spaces is well-developed. There
are now maximal function, area integral (in the sense of Lusin), “atomic de-
composition” and “molecular decomposition” characterizations of HP. We
refer the reader to the books of Stein [34], Garcia-Cuerva and Rubio de Fran-
cia [21], and, of course, Fefferman and Stein [18] for detailed treatment of these
ideas.

The second part of this article is concentrated on estimates of Calderén-
Zygmund operators in H? spaces. The theory of Calderén-Zygmund on singu-
lar integral operators has become extensively studied by many mathematicians
in the past 40 years. Since then, this theory became one of the most powerful
tools attacking problems in analysis, e.g., elliptic boundary value problems,
Cauchy integrals on Lipschitz curves, d-Neumann problem, Fourier integral op-
erators etc. Readers can refer to books and papers by, e.g., Chang-Nagel-Stein
[8], Chang-Krantz-Stein [9], Chang-Dafni-Stein [10], Chang-Li [11], Christ [13],
Coifman-Meyer [16], Journé [25], Sadosky [29], Stein [33, 34, 35] etc. and ref-
erences therein.

Let f € S(R") be a Schwartz function. It is well-known that the Fourier
transform

n

F(F)E) = f(6) = (2m)7% / e f(2)du

is also a Schwartz function (see Chapter 1 in Stein and Weiss [36]). Therefore,
we may define the inverse Fourier transform

F(f) () = (2m) / e f(¢)de

n
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of f . Moreover, for a partial differential operator with constant coefficients,

> o= 3
P(D) = akﬁ = akD N

we have

P(D)f(x) = (27) "% / e EP(ig) f(€)de = (2m) % / e E(E) f(€)de.

n n

In fact, we may treat P(D)f(z) as a multiplier operator, i.e.,

Ty(f) (@) = F (¢ f) ().

Let us first recall the famous Marcinkiewicz multiplier theorem (see Chapter
4 in Stein [33] and Chapter 6 in Stein [34]):

Theorem 1.1. Let 1 € L*(R") and v € C"T2(R™\ {0}). Suppose that
|DEw(e)| < Cil1 + 1)
for some X >0 and all k| <n+ 2. Then
1Tz, < Collf g

for all f € LA R™")NLP(R"), 1 < p < co. Here LE(R™) is the LP-Sobolev space
of order s.

Basically, the above theorem rounds out the picture of LP-estimates for
constant coefficient elliptic differential operators (see Hormander [23] and Stein
[33]). It is very interesting to generalize the above result to the case 0 < p < 1.
In order to do that, we have to consider Hardy spaces as our domain and target.
As we have mentioned in the beginning of this section, the Hardy space HP(R™)
is defined as the set of all distribution f whose maximal function

fr(@) = sup |fxepc(x)] € LP(R").
0<e<oo
Here ¢ € S(R™) with [, p(z)dz # 0 and ¢ (z) = e "p(z/c) (see Fefferman
and Stein [18]). One of the purposes of this article is to discuss H? estimates for
solving operators of hyperbolic equations, i.e., HP estimates for the operator

T(f)(x) = (27)" % / e (6) f(e)de.

n
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Roughly speaking, the above operator is very close to a multiplier operator,
ie., ®(x,&) = x-£. Before we go further, let us review some results of multiplier
theory on Hardy spaces. A function v is called a multiplier on H? space, i.e.,
Y € M(HP), if ¢ is a measurable function and for each f € HP(R"), we have
FL(4f) € HP(R™). Moreover,

f Tyf) =F 1)

is a bounded linear operator on HP(R™). In this case, the operator norm will
be called the norm of the multiplier %, i.e.,

T,
1| meey = 1 Tllop = sup T ()l e
remvf20 | fllae

Now the question is: does this operator make sense? Of course, we can treat
f as a tempered distribution, i.e., f € S'(R"). It follows that f € S'(R").
However, can we define Fourier transform on the product of a measurable
function with a tempered distribution? Therefore, we have to study Fourier
transform on HP spaces more carefully. Now let us consider HP space by using
atomic decomposition.

Definition 1.2. Let 0 < p < 1 < ¢ < oo with p # q. A (p,q,s)-atom
a(z) centered at the origin is a function in LI(R™) which is supported on a
ball B(0;r) for some r > 0, and satisfies

e (size condition):
11
lallze < |Bla"#;

/Ba(x)a:kdx =0

for all monomials z* with |k| < s with s > n, = [n (% - 1)]

e (moment condition):

A (p,q, s)-atom centered at xg € R" is defined to be a LI(R") function a
on R™ such that 7y, (a)(z) = a(x —x¢) is a (p, ¢, s)-atom centered at the origin.
Now we may give another definition of Hardy spaces as follows (see Coifman
[14] and Garnett-Latter [20]):

Hp

() ®")

= {f € L*R"): f= Z)\kak,where ay are (p, q, s)—atoms,z |AklP < oo} ,

k=1 k=1
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equipped with a “norm” as follows:
o0
115 =inf§ > AP e
(a) 1

where the infimum is taken over all possible (p, ¢, s)-atomic decompositions of
f. Let r < gq,r>1, ¢ > p; then (p, q, s)-atoms satisfy

(|;|/B\a(y)\7’dy>i < (@/Bla(y)lqdy); <|BJs"» < B

This implies that for 1 < r < ¢, every (p,q, s)-atom is also a (p,r, s)-atom.
Moreover, there exist two universal constants C7 and Cs such that

Cillflir < Wl < Callfllgn  forall f e HE,(R").

3=

3=

Hence, we may use HP(R™) to represent Hf’q) (R™) for all 1 < ¢ < co with p > ¢

(see Chang [7]). Now, with the help of the moment condition, we have the
following result:

Lemma 1.3. Let 0 < p < 1 and let a be a (p,2,s)-atom supported on a
ball B centered at the origin. Then

1.
ClefrHi=M
k~
‘D a(§)| S d<np+1+l)_la
lafls "
2. C
k~\2
||(D a) ||Lq/ < d(er;)_
[

for 0 < k| < 5. Here (1/g)+ (1/¢) = 1, 1 < ¢’ < o0, d = 1/[(1/p) — (1/2)
and C is a constant independent of a.

Proof. (1) By the size condition of a, we know that
—d
B[ < [lallzz-

Let P(x) be the Taylor polynomial expansion of e~ at ¢ = 0 of degree
n, — |k|. Then

ka(&)= (27)" 2 a(z)(—iz)ke @ ¢ dy
D¥a(€) = (2n) /B<>< Jeemire

=(2m)" 2 /Ba(x)(—z'a:)k et _ P(a;)] dzx.
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Therefore,
D*a(e)| < Clefret - / la()] - 2] dx
B

np+1

< Cleme =K BT+ 2 a2

np+1

—d
SCH%“*WWW("

+1)+1
(2) When ¢’ = 1, we have ¢ = 0o and

/ D*a(¢) P = C / () P
R™ B

2lk| ~2dk 4o
< CIB|™ [al2 < Cllall > ™

When ¢’ = oo, we have ¢ = 1 and

pRaoP=c ([ 1. |a<as>|d:c)2

20k —d( 2k 1) 42
S@m"+Wﬂ§§CMMJ >-

Now we may use results for ¢ = 1 and ¢’ = co to obtain estimates for 1 <
¢ < co. The proof of the lemma is complete. [ |

Remark 1. When B is centered at other point xg # 0, the above lemma is
still true since the difference of the Fourier transform of a between supp(a) C

B(0;r) and supp(a) C B(wo;r) is only a complex number with absolute value
1.

Using the atomic decomposition of HP(R"™), it is easy to obtain the follow-
ing result (see also Coifman [15] and Stein [34, p. 128]):

Proposition 1.4. Let f € HP(R™), 0 < p < 1. Then f is a continuous
function. Moreover,

FOl<C 1l - 16 G,

2. MULTIPLIER THEORY ON HP SPACES
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In order to study multiplier theory on HP(R™), we need to study atomic
decomposition for HP one step further. Roughly speaking, showing an operator
T is bounded from HP into LP, it is enough to show that the LP norm of T'(a)
is uniformly bounded for all (p, g, s)-atoms a. However, we cannot use this
method to show that 7" is bounded from HP into itself since T'(a) is, in general,
no longer a (p, q, s)-atom. This is because T'(a) does not necessarily satisfy
the size condition.

Let us start with a simple example. Suppose n = 1 and p = 1. It is
well-known that the Hilbert transform # is bounded from H'(R) into H'(R).
It is natural for us to see how the operator H acts on a l-atom.

Let a be a (1,2,0)-atom supported on an interval I which is centered at
the origin. Then we have

(2.1) I1(@)ll 2wy < Cllallzag) < C- 1172

H(a) ()] = [ -2~ 1] atia

1]
<o 2/|ya Ny < O

2
[ ePr@@Parse [ HE 40 < o111,
lz|>2|1] |z|

|z|> 1]

We also know that when |z| > 2|1,

[ 20,

and therefore,

On the other hand,
/ |z|*|H(a)(z)|’dz < C - I - |I|7" < C|I].
jel<2|1|
It follows that
(2.2) / (22 H(a)(z) Pdx < C|I].
R

Combining (2.1) and (2.2), we conclude that

(/m |dm> (/mm |dm> <c

We will use this property of H(a) to study molecular decomposition for HP(R™).
Inspired by the above discussion, we may define an H'(R) “molecule” m(x)
(centered at () as follows:
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(23) (/ |m<ar>!2dx)‘1‘ (f \m—xoﬁm(x)\?dx)‘l‘ <o,

/R m(x)dz = 0.

The number on the left-hand side of (2.3) is called the “norm” of the molecule
m(z), denoted as N'(m). Apparently, m € H'(R) and a (1,2,0)-atom is an
H' molecule. Therefore, we may conclude that f € H'(R) if and only if

f(z) = Z,ukmk(x), a.e. = €R.
k=1

Here my,(z) are H'-molecules for all k¥ € N with

ZN(mk)<oo and Z\,uk]<oo.

k=1 k=1

Moreover, from the above example, we know that the image of a 1-atom under
the action of Hilbert transform H is an H'-molecule.

Now we may extend the above discussion to general n and p. As we may
expect, this will be much more complicated than the case for n = p = 1.

Definition 2.1. Let 0 < p <1 < q < oo withp # q, s > ny, and € >
max{s/n,(1/p)—1}. Denote« = 1—(1/p)+¢c and f =1—(1/q)+e. An LY(R")
function m is called a (p, q, s, €)-molecule centered at xq if |x|"m(x) € LI(R™)
and

e (size condition) :

N = ([ rm<x>rqu);’ ([ e alm @) <o

e (moment condition):

Q=
gl

/ m(x)z¥dr = 0, 0< k| <s.

According to Definition 2.1, it is easy to see that the molecule we had
discussed at the beginning of this section is in fact a (1,2,0, 1/2)-molecule.

Remark 2. The conditions p < ¢ and £ > (1/p) — 1 guarantee a > 0 and
0 < a/f < 1 and ¢ is an index which shows how fast the decay of m(z) at
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infinity is. It is easy to show that if m(x) is a (p, g, s, €)-molecule, then it is a

(p,q, s,€’)-molecule whenever ¢ < ¢ with ¢/ > max{s/n, (1/p) — 1}.

We can define HP(R") as follows (see Taibleson and Weiss [28]): f €
HP(R™) if and only if
F=" Amy,
k=1

where my’s are (p, g, s, €)-molecules with N (my,) < C forall k and Y 72 | [Ag|P <

oo. Moreover,
Hf”zjqp(Rn) = inf {Z ‘)‘k|p} .

k=1

Here the infimum is taken over all possible molecular decompositions of f.

Proposition 2.2. Let ¢ be an HP(R™) multiplier, 0 < p < 1, with norm
A. Then there exists a constant C independent of ¥ such that

Y < CA
for all € #0. Moreover, 1 is a continuous function defined on R™ \ {0}.
Proof. Since ¥ € M(HP) with norm A, we have
(2.4) ITp (Nl = 1F @) lae < A- || fllav-

Let fi(x) = t™Pf(x/t),t > 0. Then f — f; is a bounded operator on
HP(R™) with

(2.5) [ fell e = 11 F Il e
This is because if a is a (p, 0o, s)-atom supported on the ball B, then
_n _n _1 _1
latllze <t 7 llallLee <t #[B| 7 =[By| 7,

where By = {z/t : x € B}. It follows that a; is also a (p, 00, s)-atom. By
Proposition 1.4, (2.4) and (2.5), we have

(2.6) GO )] < CA - | fllmsle ).

Notice that L
fi(e) = "7 fee).
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For & # 0, denote &' = £/|¢], t = |¢|~!. Then (2.6) implies that

(&) e ©)1 = [0 - "G feny < ca s 167G,

Hence, we have

1W(€)F(E)] < CA-||f||ze.

Pick ¢ € C*°(R) with supp(¢) C [27%,2%] and ¢ =1 on (27',2). Let fo(€) =
#(]€]). Then by Plancherel’s formula, it is easy to show that fj is a (p, 2, s, €)-
molecule. Therefore, fo € HP(R™). Moreover, fo(§') = 1. It follows that

W) < CA- |l follur = CA.

From the above discussion, we know that (&) is the Fourier transform of an
HP distribution when £ # 0. Hence, we may conclude that 1 is a continuous
function by Proposition 1.4. [

Lemma 2.3. Let N be an integer with N > n/2. Assume that
(2.7) R2lkl=n / |DXip(z)|2da < A2
R<|z|<2R

for all 0 < |k| < N and R > 0. Then there ezists a constant C independent
of ¥ such that

1. when ¢ =1 orn/q > 2(|k| — N) + n, we have

q
< C2A%R: 7K,

k 2q T
(2.8 [ /| CATCIR

2. when 2([k|—N)+n < 0, we have |z|¥l| DXy (z)| < CA. Moreover, DXy (x)
is a continuous function on R™\ {0}.

Remark 3. When |k| = 0, we have n — 2N < 0. By the above lemma,
we know that 1 is a bounded continuous function on R™ \ {0} with a bound
depending on A.

Proof. Pick a smooth, nonnegative cut-off function n with 0 <n <1,

§]x\§4} and n=1 on {xeR":1< |z <2}

1
supp(n) C {x eR": 3
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Let
T

fla) = Ry (5

) Du(a),

and
g9(z) = f(Rz) = RMy(z) D¥y(Rz).

By (2.7), we know that ||[D™g||;2 < C'A whenever 0 < lm| < k = N — |k|,
where C’ is a constant independent of ¢, m, N and R. It follows that g €
LZ(R™). By the Sobolev embedding theorem, we know that L2 (R"™) C Cy(R™)
if &k > n/2, ie., g is a continuous function which tends to zero whenever
|z| — co. When k > (n/2) — (n/r) > 0, L(R") C L"(R"). In particular,
llgllL- < C'A, where C' is a constant independent of ¢ and R. Denote 2q = r.
Then k > (n/2) — (n/r) can be rewritten as n/q > 2(|k| — N) + n. Now we

have
. 1
q
[ v < me ([ ropa)
1
— R ( / |g(:c)|2qu) '
= R M jg|3,, < C2A2Ra 7M.
This is (2.8) and the proof of the lemma is therefore complete. ]

Theorem 2.4 (H? multiplier theorem). Let 0 < p < 1 with (1/p)—(1/2) <
N/n and let A > 0. Assume the function i satisfies

RQ(/\+|k|)n/ |Dk’l/}($)|2dl’§A2
R<|z|<2R

whenver 0 < |k| < N. Then

IZs(Dllse,, < Cl sz

for all f € HY(R™). Here

1lly = || 771+ 1EPEE()©))]

Hp
is the Hardy-Sobolev space of order s. Moreover, ||Tyllop < CA.
Proof. Without loss of generality, we may assume that A = 0. For A > 0,

it can be proved by the result of A = 0 and Plancherel’s theorem. Let a be
a (p,2,s1)-atom with s < s1. Let € be a constant satisfying the condition of
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molecules. Then a will be a (p, 2, s,e) molecule with N'(a) < C. Here C is a
constant independent of a. In particular, if a is supported on a ball centered at
the origin and N = n[(1/2)+¢] = nf is a positive integer, then by Plancherel’s
theorem, we know that

LR

e T L
||a||L2 v 'HDmaHzg < C, where |m|=N.

Next, let a be a (p,2, N — 1)-atom. We want to show that F~!(ya) is a
(p,2, np, (N/n) — (1/2)) molecule supported on a ball centered at the origin.
Moreover,

N (F(ya)) < CA,

with C' a constant depending only on p, N and n. We first check the size
condition for F~1(¢pa). By Plancherel’s theorem, we just need to show that

+y

11 1_INTN
(2.9) (Hwauzzp Hcmwmuzx) < oA

whenever |[m| = N. Denote d = ((1/p)—(1/2))~!. Then (2.9) can be rewritten
as

A Nd, . .1-Nd
D™ (Ya)|lz < CA = [[vpall . ™ -

Since 1 — (Nd/n) < 0, by Lemma 2.3, |¢)(x)| < CA. Therefore, it reduces to
show that

my, - 12
D™ (a)ll 2 < CAllall . ™ -
By Leibniz formula, we just need to check
_Nd
(2.10)  [[(D™a)(D™2)]| 12 < CAH@H}.JQ m, forall |m;|+ |mg|=N.

In fact, if jmg| = 0 and |my| = N, then by Lemma 1.3 (2) (with ¢’ = 1), we
have result (2.10). If 0 < |mg| < N, by Lemma 1.3 (1), we have

I(D™a)(D™=2y)|7

- Z/w e [P TAOFIDT )t

=4
M 2(1-4d_4d)
<C D ally 22N | D™24)(&)|2dE
f=—c0 20<|z| <26+
1 1
& q’ q
(] pma) e ) ([ |D™24s(€)| e
=M 2t <|z| <20+ 2t <|z| <20+

=1+1I
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By the hypothesis of the theorem, we know that

Nd |1_Nd_d

M d
T < CA2 Z ||a||i(21777§)2£n < CA22nMHa||i(2 n E)‘

f=—00
Choosing M such that 2" M ~ [la]|4,, we have

1< ol
It remains to estimate II. Choose ¢ = 1 when |mg| > n/2 and ¢ = co when
0 < |mg| <n/2and 0 < lmz| < N —(n/2). When N — (n/2) < |mga| < n/2,
choose ¢ such that 1 < ¢ < oo with 0 < 2|ma| — (n/q) < 2N — n. Therefore,
we can always pick ¢ such that 2|my| — (n/q) > 0 and ¢, my satisfying the
hypotheses of Lemma 2.3. Tt follows that estimate (2.8) holds. Now we may
apply Lemma 1.4 (2) to obtain the following:

[my |
II< CA2 i ”a||7d(2 e +%)+22(%*2\m2\)f

L2
=M
2|m
< CAQHG,H; ( ‘n1‘+%)+22M<%*2\m2\)_

Since 2"M ~ ||a||¢., we may conclude that

T < ca?a V).
This completes the proof of (2.10) and hence (2.9).

Next, we want to show that F~!(1a) satisfies the moment condition. By
(2.9), it is easy to see that D™(wa) is a continuous function on R™ \ {0}
whenever |m| < n,. By Lemma 1.3 (1) and Lemma 2.3, we know that (&) is
bounded and a(¢) = O(|¢)V 1) when |¢| — 0. Therefore, (a)(0) = 0, i.e., Pa
satisfies the zero moment condition. In general, if 0 < |m| < n, < N —1, we
have

D™ () (0) = lim h~ AR () (0),

where A}? is the difference operator of order m. Therefore,
|AR ($a)(0)] < Cla[™.

It follows that D™ (va)(0) = 0, i.e., F~!(1a) satisfies the necessary moment
conditions. Since a +— F~!(1a) is translation invariant, the above result also
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holds for atoms which are supported on balls centered at arbitrary points in
R™. Finally, for general f € HP(R™), we know that

o0
[ = Z)\jaja
=1

where a;’s are (p,2,N — 1)-atoms and Z]Oil I\j[P < 2||f||%,- Then by the
above result, we have

Ff) =Y NF (@a).
=1
It follows that

IF2 @ H)ar < DI IFH@a) e < CY N N(FH(va)
j=1

J=1

S =

SCAY INISCAY INIP| < CA|flas.
j=1 J=1

The proof of this theorem is therefore complete. [

From the above theorem, we can conclude the following result immediately:

0’G
< f L k=1,...
Hax]aﬁk(f)HHf —CHfHHg? or 7, 3 , 1,

for all f € HP(R™), 0 <p <1 and s > 0. Here G is the Newtonian potential
for the Laplacian on R™. Here we would like to mention another application
of Theorem 2.4 (see Miyachi [26]).

Example. Consider the following multiplier:
BO) = L+ [eP) 2, cern
By Theorem 2.4, ¥ € M(HP) and

1

9] pmeaey < C(1+ yty)”(%*a)

when 0 < (1/p)—(1/2) < A/2n. This means that the solution u(t, z), (x € R",
t € R), of the Schrodinger equation

i% =Au in R*xR*
u(0,z) = f(z) on R"
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satisfies the estimates

hSAl

,1)
Il

for 0 < (1/p)—(1/2) < A\/2n, s € R. This extends the result given by Brenner
[2], where the estimate is restricted to the case:

D)l < €1+ 12"

1 1 A
0<-——=< — > 1.
p 2 2n’ p

The above estimate is sharp since it does not hold if (1/p) — (1/2) > \/2n as

shown by Brenner. The estimate above is sharp in another way: the factor
(1 + |t))((1/P=(1/2)) cannot be improved. More generally, in the estimates

<o+ G2,

2y 5 itlel”
Jarle e <

with 0 < (1/p) — (1/2) < A/nu, which can be shown by Theorem 2.4, the
factor (1 4 [¢|)™((1/P)=(/2)) cannot be improved if 4 > 1. In fact,

|F o (¢)r(l€]) explitv([€)](2)] > C

for t > 1 and |z| > Cyt, where r(z) = (1 4+ 222, v(z) = 2*, u > 1. Here
s = St 5 is the solution of the equation: tv"(s) — |z| = 0.

3. ESTIMATES OF CALSERON-ZYGMUND OPERATORS IN HP

In this section, we continue our discussion on estimates of Calderén-Zygmund
operators in Hardy spaces by using molecular decompositions. We are going
to deal with a slightly bigger class of standard singular integral operators. We
also replace the usual Lebesgue measure dz by measures w(z)dz, where w is
an Aj-weight, i.e., w € A; if and only if

Mw)(w) = s o [ wly)dy < A-w(o)
T€EB ’B ‘ B

for almost every = € B (see Stein [34, p. 197]). Here M (w) is the Hardy-

Littlewood maximal function of w. Following results of Coifman, Taibleson

and Weiss [17], we may define weighted Hardy spaces HP (w(x)dx) by weighted

atomic and molecular decompositions. We will not repeat similar definitions

here. Readers can consult a forthcoming work by the author.
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Definition 3.1. Let T : S(R") — S'(R™) be a linear operator and let
K(z,y) be the kernel of T, i.e.,

(3.1) TMWF=WmeﬂWM

for all f € CP(R™) and for almost all x ¢ supp(f). We assume that

1T z2@ny < Cullfllp2gny-

We also assume that the kernel K is smooth away from the diagonal A =
{(z,y) € R": x =y} and satisfies

(3.2) / (K (x.y) - K(z,2)| + | K(y,2) — K(z,2)[)dz < C
|z—y|>2|z—y|”

with 0 < o < 1. Then T is called a Calderon-Zygmund operator of type o.

Remark 4. Let T be an operator given by (3.1). Assume that 7" : S(R") —
S'(R™) can be extended as a bounded operator from L?(R™) into itself. We
assume further that the kernel K (x,y) satisfies the following condition:

K (,y) = K (@, 2)| + | K(y,2) = K(z,2) < C-© (";:Z") o=l
for |z —y| > 2|z —9y|?, 0 < 0 < 1. Here © : RT — R" is a nondecreasing
function such that ©(0) =0, ©(2t) < C - O(t), and

1
/ %dt< 0.
0 t

Then it is easy to see that T is a Calderén-Zygmund operator of type o. In
particular, if ¢ = 1 and ©(t) = t° with § > 0, then T is a standard Calderén-
Zygmund operator (see Chang [6] and Journé [25]). Therefore, all results in
this section will also hold for standard singular integral operators.

For 0 < o < 1, we denote B; either the set {z € R": 27|z —y|7 < |z—y| <
272 — 9|9} or the set {y € R" : 27|z — 2|7 < |y — x| < 27Tz — 2]°}. Now
we may state our results as follows.

Theorem 3.2. Let T be a Calderdn-Zygmund operator of type o which
satisfies the following conditions: there exists a convergent series Z?; C; with
positive terms such that

(3.3) ( |

J

Q=

_ L
IK(w,y)—K(ﬂﬁ,Z)lqdw) <Cj-|Bj[ 7



338 Der-Chen Chang

and

(3.4 ( /

where (1/q) + (1/¢') =1 with 1 < ¢’ < 2. We also assume further the reverse
Holder inequality holds for ¢, i

q

K (y,z) — K(z,:c)]qda:> < |B;| 7,

J

1
7

(3.5) <Kl?‘/ ()dm) gc-@/wadx

Then we have

(36) [ r@pras<c [ @)

R»

for1 <p< oo and
wle R T(N@)]| >N < § [ If@)fu(e)da.

Here

U=

M) = (g 7y )

From (3.6), we know that

L rn@ret dx<c/ D)Pw(e)ds

p
Iy

» <:ng |B\/ |f ()| dx) w(x)dx
< Cp,w /R” ’f( )‘ ( )d.%' - HfHLP(w(x)dz)

for ¢/ < p < oo with ¢ > 2. Hence we have the following corollary:

Corollary 3.3. Let ¢ <p < 00, ¢ > 2 and let T be a Calderén-Zygmund
operator of type o which satisfies the hypotheses in Theorem 3.2. Then T,
originally defined on C§°(R™), can be extended as a bounded operator from
LP(w(x)dx) into itself.

In order to prove the above theorem and Theorems 3.6 to 3.8 below, we
need two auxiliary lemmas.
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Lemma 3.4. Let T be a Calderdon-Zygmund operator of type o which sat-
sifies the hypotheses in Theorem 3.2. Then T can be extended as a bounded
operator from LP(R™) into LP(R™) for 1 < p < oo and of weak type (1,1).

The proof of Lemma 3.4 is standard. One may use Calderén-Zygmund
decomposition and the Marcinkiewicz interpolation theorem to conclude the
result. Readers can read Stein [34, Chapter 2] or Sadosky [29, Chapter 6] for
detailed discussions. The proof of the following lemma can be imitated line
by line of Stein [34, pp. 206-209] and so the details will not be explained here.

Lemma 3.5. Let w € Ay, and let T be a Calderén-Zygmund operator of
type o which satsifies the hypotheses in Theorem 3.2. Then there exist two
unwversal constants C' and ¢ such that for alln >0 and A > 0,

w{z € R" : |T(f)(x)] >4\, My (f)(z) < nA} < Cnw{z € R™ : |T(f)(z)] > A}
for all f € C3°(R™).
Now we may use Lemmas 3.4 and 3.5 to prove our main theorems.

Proof of Theorem 3.2. By Lemma 3.4, it is easy to prove

/ T(f) (@) Pw(z)de < C / My (f) (@) P(a)da.
R R7

We will not go through the details here. Now we turn to the proof of the
following:

wlz € R T(f)( \>/\}</n

In order to do that, we consider the Calderén-Zygmund decomposition of the
function f € C§°(R™) at level v > 0 and the Whitney decomposition of the
open set Q@ = {zx € R": M(f)(x) > ~}. We have the following:

e R" = QUF with QN F = (;

e |f(z)| <~ for almost every z € F;

© Q=U2,Qu 7 < g1 Jo, IFW)ldy < 2™y.

Let Q7 = interior of Q. It follows that Q7 N Q3 = () for £ # j. Denote

( ) { f(x)’ reF
T) =
? \Qild er !f(y)ldy, reQ LeN
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and
b(z) = f(z) — g(x).
It follows that g € L?(w(z)dz) and

o) 1 2
s)Puie= [ foPuwie+ Y [ (0 [ 1wlr) wwi
Rn F =1 7 Qe Qe Qe
AN L2 (w(z)dz) + 4™ /Q w(z)dr < (4" + DV fll 1 (w(2)da)-
By Lemma 3.4, we have
n ||g||L2 w(x)dx 2 C
wlo € B 7)) > ) < 0 () < Sy
It remains to prove
n C
w{r € R" : [T(b)(x)] >~} < ;Hf”Ll(w(:v)dx)'

Let Q; = 27\/nQ, and Q" = UX,Q;. Obviously, we know that w(Q*) <
C - w(Q). For any fixed z; € @y, we have

/( (K (2,y) — K (2, 2)[w(x)dz

1
gZ( / |K<x,y>—K<x,2g>\de) / w(x)q’dx>
7j=1 J J
> 1 R - 1 ,
< C; w(z)? dx < C; / w(z)? dx
2 J(\Bjr 5y ) 2 J(|Bj 5, )

Note that [, b(z)dz =0 for all £ € N. Thus, we have

/( | TO@t)i= /( .

o

3 / K (2,y) — K (2, 20)]b(y)dy| w(z)de

8
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By the Chebyshev inequality, we obtain

C
w {x eR": |[T(b)(x)| > g} < ;HfHLl(w(;t)dz)'

The proof of Theorem 3.2 is therefore complete. [

Theorem 3.6. Let T be a Calderdn-Zygmund operator of type o which
satsifies the hypotheses in Theorem 3.2 with C; < 2-in2=P)/P We assume
further that 0 < p < 1 with 1/p = ¢ satisfies (3.5). Then the operator T
can be extended as a bounded operator from HP(w(x)dx) into LP(w(x)dz) for
0<p<l.

Proof. In order to prove the operator is bounded from H'!(w(z)dz) into
LY (w(x)dx), we just need to show that ||T'(a)|l 11(w(x)az) < A for all weighted
(1,2,0)-atoms a(z). By Corollary 3.3, we know that

(3.7) Amexmm@mmsuTmmmm@my(/’w@mm)§SA.

2B

On the other hand, by the hypothesis of the theorem, we know that with zq
a fixed point in B,

/ IT(0) (@)l (z)de
(2B)c

</ la(y) (;/B K (2,y) — K (2, 20)|Pdz (/ij(g;)p dx) dy
s ) ) .

< B’a(y);cj <|Bj] 5, w(z) dx) dy
ad 1

< [ la(y)l ;Cj <|BJ] 5 w(x)d:n) dy

B
scLMMMWMM@céa@m@@

2
< Clall 2 (w(z)de) - (/ZBw(a:)dx> < A.
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Combining (3.7) and the above estimate, we conclude that ||T'(a)|| 11 (w(z)dz) <
A. Next, we show that T is bounded from HP(w(z)dx) into LP(w(x)dz) for
0 < p < 1. In order to do that, we just need to show that || T'(a)| Lr(w(z)de) < A
for all weighted (p, o0, s)-atoms a(z). Again, by Corollary 3.3 and the Holder
inequality, we know that

p

2

/QB Ty < Iz ey (/ZB w(x)d:r> |

P

1-3
< CHaH];g(w(m)dm) : </Bw($)d$)

< NallF oo gy (/Bw(ﬂc)dx>g (/Bw(x)da:)l < A.

On the other hand, we have

/ K (2,y) — K (2, 70)|w(z)7 de
B;

(/Bj |K(x,y) — K(l’,xo)’qdl) </Bj w(m)wdac>
| s\
< Cj (’Bj’/Bj w(x)pdzv>

< CC; <|Blj| /Bj w(x)d$>

< CCy(M(w)(y))? < CCyu(y)r.

IN

Since the atom a satisfies the moment condition, by the Holder inequality, we
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have
/ IT(a) () Pl de
(2B)e

< / | aw)K(.9) ~ Ko, a0)lay
(2B)°

< all e i | j ( /1K) <x,xo>|dy)pw<x>dx

c( [ wwyaz) Sis |1—p{ / | [ 1K) - Kl dx}p

j=1
p
/B‘ |K(z,y) — K(w,xo)!w(x)édx] dy}

o (f )" S} |
C< diﬁ) !Bj|1_p (/B Cjw(y)fl’dy)p

o [ wiws) Zcp 2|18y (13 [ o)

<0 orpnin < 4.

7j=1

w(x)dx

| /\

| /\

IN

IN

Apparently, we have || T'(a)||Lr@n) < A and the proof of the theorem is there-
fore complete. n

Theorem 3.7. Let w € Ay withw(z) > C > 0 for almost every x € R™ and
let T' be a Calderdn-Zygmund operator of type o which satsifies the hypotheses
in Theorem 3.2 with Cj < 272", We assume further that T*(1) = 0. Here
T* is the adjoint operator of T. Then the operator T can be extended as a
bounded operator from H'(w(x)dx) into H' (w(z)dz).

Proof. For the proof of this theorem, we just need to show that T'(a) is a
weighted (1,2, 0, 1/2n)-molecule with N5 ,,(T'(a)) < A for all (1,2,0)-atoms a.

By Corollary 3.3 and the assumption w(z) > C > 0 for almost every
x € R", we know that

|B\<C/ z)dr = Cw(B).
It follows that

/ IT(a) () Pl — wo|" M w(@)dz < CIBI 5 | T(a)l|2s (aydn) < Cw(B)7.
2B
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On the other hand, for xy € B fixed, notice that

/ @ — oYK (2, y) — K (2, 20) Pw(x)da:
|z—y[>2|z0—y|

< 02(2j+2|y — ao|)" ! (/ |K(z K(z, xo)\2qd:v> q (/B w(:c)q/da:> '

J=1 J
n x)dx n L w(z)dx
<CZC\B[ <|B’/ d) C;C’B| <‘ |/] ()d)
< OM(w Zc 27" B|w < Cw(y)w(B)s.
7j=1

Now, as we have done in the proof of Theorem 3.6, we have the following:

/ & — 20" T(a) () Pao) d
(2B)°

S/(QB — | (/ la(y) Y) — K(w,wo)!dy>2w(iv)d$

/ la(y)| (/ | — @o|" K (2, y) — K(ﬂfaxo)!%(w)diﬂ) dy
B |lz—y|>2|z0—y|

2
1 1 1 1
< Cw(B) ( /B |a<y>|w<y>zdy) < Cw(B)7 a2y Bl < Aw(B)*.

N

Therefore,

_1 n
Now(T(@)) = IT(@)]| 75 0y 1T(@) @) - |2 = 20l E || 7 1100y < A-

By the assumption 7%(1) = 0, we also know that T'(a) satisfies the moment
condition, i.e.,

/n T(a)(x)dz = 0.

This completes the proof. [

Theorem 3.8. Let w € Ay withw(z) > C > 0 for almost every x € R™ and
let T' be a Calderon-Zygmund operator of type o which satsifies the hypotheses
in Theorem 3.2 with C; < 272"%0+2) We assume further that T*(2%) = 0
with |k| < ny,. Here T* is the adjoint operator of T'. Then the operator T
can be extended as a bounded operator from HP(w(x)dx) into HP (w(x)dx) for
0<p<l
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Proof. In order to prove this theorem, we just need to show that T'(a)(z)
is a weighted (p, 2, n,, €)-molecule satisfying

a 1—a
(38)  MNow(T(@) = IT(@)] oy | T@ @7 = 201" |2y < 0

for all weighted (p,2,np)-atoms a(z). Here ¢ > max{s/n,(1/p) — 1}, and
a=1—(1/p)+e, f=(1/2)+e.
By Corollary 3.3, we have

o) / [T@)(@)Ple — 20 w(w)dr < CLB|T(@) gy oy

< Cw(B)*H 5.
On the other hand, we know that

/ |K(x,y) —K(x,xo)\Qla;—x()]Q”ﬁw(w)dx
|z—y|>2[|z0—y|

1

< CY @2y - gl < LR K(m,woﬂ%) q

J=1

1
o0 ‘ , a
< CZ22nﬁ(3+2)|B‘250j|Bj‘—1—§ </ w(z)? d:c)

] 1 J
< CZC 22n,@(]+2) jn|B|2,6 1 <’B | / HZ‘)
7=1
< CM ZC 22nﬂ(]+2 Jn‘BPﬂ 1 < Cw( ) (B)Qﬁfli

7=1

By Minkowski’s inequality for integrals, it follows that
/ T(a)(@) Pz — wow(z)de
(2B)c )
<[ lo—wo? ( [ Ky - K(x,xoﬂdy) w(e)da
(2B)e B

/ a(y)| ( / K(x,m—K(x,xo>|2\:c—xo\mwm)dx) dy
B |z—y|>2|z0—y|

< O|BJ2o-1 ( / la(y)| -w(y)édy)Q

14+28—2
< LBl Fau(eyar < Aw(B) 70,

N
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Combining (3.9) and the above estimate, we obtain (3.8). By the assumption
T*(2*) = 0 for all |k| < n,, we know that T'(a) satisfies the moment conditions.
The proof of the theorem is therefore complete. [

4. AprPLICATIONS TO HYPERBOLIC EQUATIONS

In this section, we will apply Theorems 2.4, 3.7 and 3.8 to hyperbolic
partial differential equations, mainly hyperbolic equations. Let us consider
the Cauchy problem for the wave equation:

%:Au, t>0,r e R",
U(O,.’L’) = f(x)v HS Rn,
%(O,x) = g(x), xz € R™.

This problem was studied by many mathematicians such as M. Beals [1],
Hirshmann [24], Fefferman-Stein [18], Miyachi [27], Seeger-Sogge-Stein [30],
Sjostrand [31] and Sugimoto [32].

We can write the solution u = u(t, z) of the above problem as

sin(t[¢])
€l

u(t, z) = F~H(cos(tlg)) F(f)(§))(x) + F (
= U@ )(z) + (V(t)g)(x).

In fact, the operators U(t) and V(¢) are multiplier operators:
U(t) =Ty, with (&) = cost[¢],

sint|¢]
€]

When n = 1, it is known that U(¢) and V(¢) are bounded operators in
LP(R), 1 < p < o0, i.e., the following inequalities hold for all p:

@41 U fllee < GONfllr and  [[V()glle < Cp(t)]gllze-

In fact, by Theorem 2.4, we know that U(t) and V(¢) are also bounded oper-
ators in HP(R), 0 < p < 1, i.e.,

4.2) U@ fller < Co@lfllr and  [[V()gllae < Cp(t)llgllme-

f<g><s>> (@)

V(t) =Ty, with 9s(§) =

The situation is quite different if n > 2:

U@ fllr < GO fllLr <= p=2;

1
n—1

11
IV(#)gllze < Co®)gllre = ‘p - 2’ <
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Instead of the simple inequalities (4.1) and (4.2), let us consider the fol-
lowing operators, for n > 2 and p # 2, if we take A and p sufficiently large:

f A /t(t — 52U (s) fds,
0

¢
LA _ Al
f— Xt /O(t s)" TV (s) fds,
T-A)f = U@/,

and )
I—A)2f — V(b)f.

Then these four operators are also Fourier multiplier operators with

(4.3) Vad© =2 [ (= P cos(sles
0
o [f asin(sle)
(4.4) (€)= M Au Pl
(4.5) Uaue(€) = (1 + [€%)7% cos(tle]),
and
(4.6) wwgazu+m%ﬁ“ﬁﬁf

We shall study the problems related to these multipliers. Let ® be a fixed
smooth function on the real line R such that

0 if =<1,

0< )<, M@:{lifx>2

It is easy to see that

A
D10l = ATOVHED > cos (1le] - 37 ) + Hc0)
where H () satisfies
[DRH ()| < Cdg M or [¢] > 1

and all |k| > 0. By Theorems 1.1 and 2.4, we know that H(t§) € M(HP)
for 0 < p < co. Therefore, H? estimates for the multiplier 1y ; is equivalent
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to the HP estimates for ®(|£])[¢]~* cos (|¢] — (A7/2)). Similar conclusions also
hold for 19 » ¢, 13 ¢ and 14,,,;. Immitating the arguments in Miyachi [27], we
obtain the following lemma:

Lemma 4.1. Let ¥, j = 1,2, be defined in (4.3), (4.4) and let 1 .,
Jj = 3,4, be defined in (4.5), (4.6), respectively. Then we have the following:

L. Y12 € M(HP) if and only if

B(elel oo (1€ - % ) € M)

Moreover, if Yy x; € M(HP), then |11 x+
variable t.

M(HP) does not depend on the

2. ot € M(HP) if and only if

B(eDlelsin (16l - 5 ) € M)

Moreover, if 1\ € M(HP), then |||l pm(rr)/t does not depend on
the variable t.

3. Y3t € M(HP) if and only if
D(I¢])Ig] 7" cos [¢] € M(HP).
Moreover, if 13,0 € M(HP), then [|¥3 il pmcary < C(1+£)F.
4. Yy € M(HP) if and only if
O([¢])[gl 7 sin €] € M(HP).
Moreover, if 1y, € M(HP) and p > 0, then |[Va il pcrey < CHA+HE)M.

Hence, Lemma 4.1 reduces the problem to studying multipliers of the fol-
lowing form:

B(&) = D(|E])]¢] P eF e,
ie.,

Ty()(a) = 2m)7F [ a(eple el fieyae

with A > 0. Now we may apply Theorem 2.4 to prove the following theorem:
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Theorem 4.2. Let n > 2 and A > 0. Then the operator Ty, is bounded on
HP(R™) into itself if and only if
1 1
(n—l)‘—' <A\
p 2
Applying the above theorem, we have the following corollary immediately.
Corollary 4.3. Let ¢ x+, j = 1,2, be defined in (4.3), (4.4) and let 1j 4,
Jj = 3,4, be defined in (4.5), (4.6), respectively. Then we have the following:

1.

1 1 A
1T (Ollze < CoO fllirr = |- = 5| = ——7
In this case, Cp(t) = Cp is a constant independent of the t-variable.
> 1 1] A+1
_l’_
T (Dl < GOl = |1 = 3] < 251
In this case, Cp(t) = Cpt.
3. L
5 7
Ty < GUONT= D) flar = | - 3 < 210
; _ (n=1)|5 =3l
In this case, Cp(t) = Cp(1 +1) TN
* 11 1
© o+
Tl < GO = )% s = |3 = 5 < 250

In this case, Cy(t) satisfies the following: when p > 0, Cp(t) = Cp(1 +
£)YP) with y(n,p) = max {(n —1)|(1/p) — (1/2)| — 1,0} ; when —1 <
p <0,
G, t>1,
Colt) = { Cpt! ™, 0<t<1.
If we look at the proof of Theorem 4.2 carefully, the crucial ingredient we
used there was the surface {€ € R™ : [¢{| = 1} has nonvanishing Gaussian

curvature everywhere. It is easy to generalize Theorem 4.2 to the following
theorem (see Miyachi [27]):

Theorem 4.4. Let ¢ be a positive homogeneous function of degree 1. As-
sume that ¢ is smooth and positive on R™\{0} and that the Gaussian curvature
of the surface

Y={{eR": ¢() =1}
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never vanishes on . Let a and b be positively homogeneous functions of degree
-\, A > 0. Suppose that a and b are smooth on R™\ {0}. Then the function

Ui (&) = ©(3(€))(a(€)e™®) + b(€)e 1))

is a Fourier multiplier on HP(R™) if and only if |(1/p) — (1/2)] < A\/(n —1).
Moreover, there exist positive constants C1 and Co such that fort > 1,

1

c I3 < el ey < Cot ™ V53]

Notice that the constants C)y(t)’s given in Corollary 4.3 are sharp. This
can be seen by Theorem 4.4 and the inequality

[¥llL~ < Cplldll pmeary, 0 <p < oo
A similar argument also allows us to obtain the following result:

Corollary 4.5 (Marcinkiewicz multiplier theorem). Let ¢ be as men-
tioned in Theorem 4.4, A > 0, n > 2, and

N:max{[nn_)\l] +1, [g] +1}.

Suppose that 1p € CN (R™\ {0}) and

RQ()\-HkD—TL/ |Dkw(£)|2d€ < A2 VY R>0
R<[¢|<2R

for all 0 < |k| < N. Then we have

| [ee@w@e @], <Al

whenever |(1/p) — (1/2)] < A/(n —1).

In fact, we may generalize the above results to the following operator: for
feSMR") and x € R,

T(f)(@) = / w0 ) F(E)de,

n

where the phase function ®(x,¢) and the amplitude function ¥ (z,§) satisfy
the following properties:

1. 1 € C®(R" x (R™\ {0}));
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2. for each £ € R™, supp(¢(+,§)) C K with K a compact subset in R";
3. ®:R" x (R"\ {0}) — R is smooth;

4. there exist C' > 0 and X > 0 such that

(3?(9?@[}(@5)‘ <C+[e)M forall z e K;

5. ® is homogeneous of degree 1 in the {-variable, i.e., ®(x, d§) = 6P(x, &),
forall § >0,z € K, and £ € R"\ {0};

6. the rotational curvature of ® never vanishes, ie.,
0*®(z, §)
det | ———~ 0
¢ ( 0,08 > a
forall x € K, € € R™\ {0}.

Under the above assumptions, Seeger, Sogge and Stein proved the following
celebrated result (see [30]):

Assume that n > 2 and 0 < X\ < (n —1)/2. The operator T is a bounded
operator from LP(R™) into itself, 1 < p < oo, if and only if
1 1 ‘ A
Z_ |« )

“n—1

In this talk, we want to apply the above theorem to H? estimates for
solutions of hyperbolic equations. In order to make this article self-contained,
we will prove HP result for Seeger-Sogge-Stein theorem when 7' is a multiplier
operator, i.e., ¥(z,&) = ¥(€). Let us first consider the L? estimates for the
operator T

Theorem 4.6. Assume that the phase function ®(x,&) and the amplitude
function Y(x, &) satisfy the above conditions (1) to (6) with A = 0. Then T
defines a bounded operator from L?(R™) into itself.

Proof. Since || f||z2 = || f]|z2, we just need to consider the L%-boundedness
of the following operator:

T'(f)(x) = / e (o ) F(€)de.

n

Let S be a measurable subset of {& € R™ : |¢| = 1} such that diam(S) < ¢,
where § is a very small positive number. We may assume that for 1 (z, &) # 0
with & # 0, we have

S

feF:{geR”:&éO,meS}.
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Therefore,

1D~ [ (D@ T

- / OO Dy 0, €52, O ()T dgdde

= | K(E&Qf(E)f(C)dw,

]Rn
where

K60 = [ -2y, 633 (s,

It reduces to showing that

an s [REOUME=C s [ ROl <C

CERn £eRn

Once we achieve this goal, then by Schur’s lemma, we have

17" (N)I72 < ClFIZ-

In order to prove (4.7), we just need to show that
[K(£,0) < CA+1g— ¢y~

withx € K and &, ( € I'. First we want to prove the following two inequalities

(4.8) DX(®(2,8) — ®(2,())| < Ckl¢ — (|
and
(4.9) | Va (2(,8) — O(x,¢))| > C1]€ — (]

for all multi-indices k € (Z4)™. Since both | — (| and |®(x,&) — ®(z, ()| are
homogeneous of degree 1, it suffices to assume that

[El=1=>1c.

When [(] > 1/2, by the mean-value theorem, it is easy to obtain (4.8). When
|| < 1/2, we have

DX(®(x,€) — 0(2,0))| < | Dk@(a, &)|+|Dk(a,0)| < Culel+Culc] < Cilg =

which is (4.8). In order to prove (4.9), we need to look at the phase function
®(x,&) more carefully. By assumption (6) of the phase function ®(x,¢), we
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2
know that aagi(géﬁ) is homogeneous of degree zero and nonsingular away from

the origin. Therefore, there exists a constant C such that

n_ 92
(4.10) (Z%m) > Cin]
y

forallz € K, £ € R"\{0} and all n € R™. Denote v/, ®(z,§) = ®,(x,&). Then
®,(x,€) is homogeneous of degree 1 in the &-variable. By Euler’s identity, we
have

O, (z,6) =S Lo\hs) e

(z,€) ; a¢x &k

Hence,

(4.11) |Pp(z,8)] > C1|€] forall ze K, £eR"\{0}.

Next, consider the Taylor’s expansion

B.(0,6) ~ (2,0 = - P9 6 - )+ Ofle - <P
k=1

For z € K, [¢] =1 and |§ — (| < 1/2, the term > }_, 8<I>5§:,§) (&x — (&) can be
estimated by using (4.10) and the estimate for the term O(|¢ — (|?) is trivial.
Therefore, we conclude that there exists a very small positive number d; such

that

(4.12) o
> 71|§—<y forall z€K, |¢=1 and [£—(|<dy.

Now, we may use (4.11) and (4.12) to obtain (4.9). Since both sides of (4.9)

are homogeneous of degree 1 and |{| = 1 > |n|, it is easy to see that (4.9) holds

for |€ — (] < 01. Now we may assume that [ — (| > ;1. Since £, € T', we have
01

R et E SR S E T L

with § a very small positive number. Since ®,(x,&) is homogeneous of degree
1, we have

Py (2,8) — Pu(w, () = Pu(w,§) — Pu(, [ClE) + Pu(z, [C[E) — Pu(w, ()

= (1= [¢)Pa(z, &) +[¢] <<I>x(x,g) ~®, <:1: C)) =1+1I.
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Since 1 — [(] > 61/2, by (4.11), we have

1)
11| > Ci(1—[¢]) > 01—1

By (4.8), we have

(I} < |¢|- Co - |€ < Cod

_ C’

q
because |(| < 1and &, ¢ € T'. Here ¢ is a very small positive number. Therefore,
there exists a constant C' > 0 such that

o o
[®a(,€) = Ba(w, Q) > C15 = Cod > Crg- > Cle = .

Denote ®(x, £) — ®(x,() = O(x:¢,¢) and v(z, €)d(x, () = (3 €,¢). Then we

have

Z 1 00 9e° 1, 06° g
| vz © |281‘J ox; ij:l ! 0w ’

where 6; = o L 5.6 gg Therefore,

1 ai@
]:

_ dp
’LZ/ (&’CJ —1-9]8 >dm.

Applying integration by parts n + 1 times to the above identity, we obtain
(13 K(EQ =i C [ O@k0,)- - k0, 0k
|k\+z n+1

By (4.8) and (4.9), we know that the integrand in (4.13) is nonvanishing for
x € K and &, ¢ € I'. Moreover, for 0 < |k| < n+ 1, we have

oko;l<C- Y [ve O 051950 - |0509;,6)
(4.14) r=1,...,[k|, k; #0
<C-lg—¢I™h
For |k| = 0, we have

b
| v O

00

(4.15) 6, = e

<C-lg=¢h
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Plugging (4.14) and (4.15) into (4.13), we have

K&l <C- Z /K|£_C|—(n+1)

{<n+1

0L (W (z, &)Y (z, C)‘ de < C-|¢ — |~

On the other hand,

K(£,0)] < /K

0L (0 (a, §)(,O)| dw < C,

since K is compact and A = (0. Summarizing the above discussion, we have
KOl <O (1416 — ¢~

This completes the proof of the theorem. [

Let us now consider the following Cauchy problem

P(Ds, Dy)ult, ) = 0, z €R", t € RY,
Dlu(0,z) = gj(z), j=0,1,...,m—1, x € R™.

Here the operator P(Dy, D,) is a homogeneous constant coefficient partial
operator of degree m in Dy, D,,,..., D, which is strictly hyperbolic, i.e.,
the symbol P(7,&) can be factorized as

P(1,8) = (1= ¢1(8)) -+ (T — dm(§)),

where the characteristic roots {¢;(§)}72; are homogeneous of degree 1 and are
ordered as

$1(8) > P2(&) > -+ > dm(§) for £F#0.

We further assume that each characteristic root ¢;(£), j = 1,...,m, is either
identically positive for £ # 0 or identically negative. Then the solution of the
above Cauchy problem can be represented as

Here the symbol of the operator \Ifg’)‘(D) is of the form

U (€) = " 0an(©)
with a;\(€) € S~ and 0 ¢ supp(a; ). Let t > 0. We have

W D)gjl(@) = D)) ()
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Hence the problem reduces to studying the following multiplier operator:

T,(D) = " ()] = [*Dar(@)]

where ¢ € C¥(R™ \ {0}) is homogeneous of degree 1 and a)(£) € C*°(R") is
homogeneous of degree —\ for large |¢| and vanishes near the origin. We shall
assume ¢(§) > 0 for § # 0 since it is one of the characteristic roots {¢;}7;.
Estimates for the case ¢(§) < 0 can be easily derived from those for the case
#(&) > 0. Furthermore, we assume that the hypersurface

L={eR": ¢(§) =1}

is strictly convex, i.e., every tangent plane of ¥ never lies on X except for the
tangent point. In particular, in case m = 2, the Gaussian curvature of ¥ never
vanishes. Let us investigate the properties of the kernel

@16) K@) = F W) = @n)E [ Ol s
Let the spherical map v of the surface X be
V¢(p) n—1
VIipEXN b ———— € 5§V
| v o(p)|

and let k(p) be the Gaussian curvature at the point p € 3 with respect to
the spherical map v. Since X is strictly convex, the spherical map v is a
homomorphism. From calculation below, it can be seen that the kernel K (z)
has a singularity on the hypersurface

S = (- V(©): E€T) = {ecR": H(x) =0},

7 ()l

The expression (4.16) of the kernel is an oscillatory integral. Therefore, we
may rewrite it as

where

H(x) = [z] -

K(x) = (2m)7% / elim et e©} (1) Mg, (¢)dg

n

for all positive integers M. Here

(@ +v9) Ve
ilx + ¢l
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and L* is the transpose of L. From this we can easily obtain the following:
Proposition 4.7. The kernel K(x) is smooth in R™ \ ¥* and we have

(i)BK<x>—O<\er> a5 fo] = oo

for every B and for every M > 0.

By the compactness of the sphere S™ ! and the rotation invariance of
the geometric preoperties, we may assume that ay(§) in (4.16) is supported
in a sufficiently small open conic neighborhood I' of the “north pole” e, =
(0,...,0,1) € S"~1. Then by (4.16) again, we can just pay attention to  near
the point — 7 ¢(e,,) € X*.

Since Euler’s identity

P(&) =& vo(8)
yields ¢, (en) = ¢(en) > 0, the hypersurface X can be expressed locally as

YNT={(y,hy)): ye U}

by the implicit function theorem. Here U C R"~! is a sufficiently small open
neighborhood of the origin and h : U — R is a real analytic function.

The strict convexity of the hypersurface ¥ implies that the function A is
concave and the map b/ : U — h/(U) C R"! is a homeomorphism.

For the point x near — 57 ¢(e,) € ¥*, we define the point z € U by

(2, 1(2)) = v (~a/|a]) € .

If we write x = (2/,2,) with ' = (x1,...,2,-1), this is equivalent to the
following:

because of the trivial equality

e

and of the fact that the vector (—h'(z),1) is normal to the hypersurface ¥ at
the point (z, h(z)).
Then the Gaussian curvature & is represented as

()
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On the other hand, by Euler’s identity

(2,0(2)) - Vo (2, h(2)) = 1,

7o (7 ()

Besides, we may decompose the kernel K (x) as following:

we have

H(x) = —x, (' + h(z) = W (2)-2).

where K is defined as follows:
Kj(x)= F [9(€)®(xn0(6))] ()
= (2m)E [ Do (€ a0(O)

Here {®;(t)}32 is a partition of unity of Littlewood-Paley, that is,
o i : S
Ot) € C({t: t>0}), @)= (55 ), 7>1 and Zlcbj(t) =1.
j:

Then we have the following result (see Sugimoto [32] and Chang-Sugimoto

[12]):

Proposition 4.8. For sufficiently small €, > 0, every term K;(x) has
the estimate

o2 (5) e () e

Here the constant Cy ., is independent of the number j. In particular, there
exists a constant Cy such that

H (i)kKj(ﬂﬁ)

for all p > 2

< Ck,s,n2j (me*A+|k‘*€)

Ll

< Ckzj(<"g“ )

L} ({a€R™: [o]2p})

)
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Immediately, we may apply the above proposition to the kernel K(x) with
A=(n—1)((1/p) — (1/2)), i.e., we need to check the following:

/ K@ — y) — K ()| da
|z[>aly]

< 2 + > / K(z — y) — K;(x)|dz
2<|y|=1  2>|y|-! lz|>alyl
= 21 + 22.

e Estimate of Xq:

8 k
[ -mwiese [ pl(5) K-
|z >yl |z[>aly| z
8 k
<c il |(52) Kot ds
|z+wy|>alyl Oz ’
6 k
<l [ Nz Kito)| o
w2y [\Oz/)

Here k| = 1 and 0 < w < 1. The third inequality above holds because the
following reason:

(0% (]
2 = (@ = w)lyl = (@ = DIy = (a = 5 ) vl = Syl
e Estimate of Yo:

/ K (e —y) — ()| da < / K — y)lde + / K (2)|da
|z|>aly] |z|>aly| |z|>aly|

< / K (o)) d + / K (o)) da
lz+y|>aly| |z|>aly]
< 2/ K ()| d.
lz|>% |yl

Once again, the third inequality above holds because of the following reason:

« (0%
2 = (= Dlyl = (a = 5) lol = 5ol

since o > 2.
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Now we may apply Proposition 4.8 to obtain the following result: if A <
(n—1)/2 then ((n—1)/2) = A+1 >0,

DY DR
<y~

< Oy~ (T Ay <y~ (7N

)

and . .
Dol < S 20T <oy,

20> y|~1
Hence »

Ty + o < Oy~ (7,
It follows that

|Kj(z —y) — Kj(x)|de < C.
] >yl

This tells us that the multiplier operator Ty, is weak type (1,1). It follows that
Ty defines a bounded operator from H!(R™) into L!(R™).

Let Ry, J = (ji,...,j¢) € (Z4)", be the Riesz transform of order ¢, i.e.,
the Fourier multiplier transform Ty, , with

)= (i)~ (o) e

Here the factor (—i&;/|¢]) shall be replaced by 1 if j = 0. Then we have the
following theorem (see Fefferman and Stein [18]):

Theorem 4.9. Let p > (n—1)/(n —1+£). Then f € L?*(R") N HP(R")
if and only if Ry(f) € L2(R™) N LP(R™) for all J € (Z4)"; and there exist
constants C and Co depending only on p, n, and £ such that

Clz IR (Nl < I fllr < Co YIRS (f) 2o

J

for all f € L?(R™) N HP(R").

By Theorem 4.6, we know that 7T}, is strong type (2,2). Now using Theorem
4.9 and the fact that Ty is of weak-type (1,1), we conclude that Ty is a bounded
operator from H!(R™) into itself since it is a multiplier operator (see Stein
[34, Chapter 3]). By interpolation theorem between L2(R") and H'(R") (see
Folland and Stein [19]), we know that T} (D) is bounded from LP(R™) into
itself, 1 < p < 2. Since T, is a convolution operator, we also know that
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Ty is bounded from LP(R™) into itself, 2 < p < oo, by duality argument.
Moreover, since Ty, (D) is basically a convolution operator, we also conclude
that To, (D) defines a bounded operator from BAMO(R™) into itself. A locally
integrable function f is said to be in BMO(R™) (the function of bounded
mean oscillation) if

1
. 1
||f||#:sup{/|f(x)f3|pdx}p<oo, some 1 <p< oo.
B LBl /B

Here B ranges over all balls in R™ and fp denotes the average of f over the
ball. Recently, applying Theorems 2.4, 3.8 and Proposition 4.8, we obtain H?
estimates for the operator Ty (D) with ps < p < 1. We will not go through the
detail here and readers can consult a forthcoming paper (Chang and Sugimoto

12).

Theorem 4.10. If the hypersurface ¥ is strictly conver and |(1/p) —
(1/2)] < M(n — 1), then

1. the operator Ty(D) is bounded on the Hardy-Sobolev spaces HEY (R™) with
s € R and pg < p < 0o, where pg < 1 is an index depending on the
vanishing order of the Gaussian curvature;

2. the operator Ty (D) is bounded on the Besov spaces By ,(R") with 1 <
p,q <00 and s € R.

Here the Besov spaces are a generalization of classes of Holder continuous
functions. For instance, B3, ., s > 0, is “almost” the same as the class of
functions which are [s]-times differentiable and whose derivatives are Holder

continuous of order s — [s].
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