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ALGORITHMIC ASPECTS OF LINEAR k-ARBORICITY

Gerard J. Chang*

Abstract. For a fixed positive integer k, the linear k-arboricity lag(G)
of a graph G is the minimum number ¢ such that the edge set E(G)
can be partitioned into ¢ disjoint sets, each induces a subgraph whose
components are paths of lengths at most k. This paper examines linear
k-arboricity from an algorithmic point of view. In particular, we present
a linear-time algorithm for determining whether a tree T has las(T') < m.
We also give a characterization for a tree T with maximum degree 2m
having las (T) = m.

1. INTRODUCTION

All graphs in this paper are simple, i.e., finite, undirected, loopless, and
without multiple edges. A linear k-forest is a graph whose components are
paths of lengths at most k. A linear k-forest partition of G is a partition of
the edge set E(G) into linear k-forests. The linear k-arboricity of G, denoted
by lag(G), is the minimum size of a linear k-forest partition of G.

The notion of linear k-arboricity was introduced by Habib and Peroche
[18]. It is a natural refinement of the linear arboricity introduced by Harary
[20], which is the same as linear k-arboricity except that the paths have no
length constraints. Suppose x'(G) is the chromatic index of G and la(G) the
linear arboricity. Let A(G) denote the maximum degree of a vertex in G. The
following propositions are easy to verify.

Proposition 1. If G is a subgraph of H, then lagy(G) < lay(H) for k > 1.

Redeived October 8, 1997.

Communicated by S.-Y. Shaw.

1991 Mathematics Subject Classification: 05C85, 05C70.

Key words and phrases: Linear forest, linear k-forest, linear arboricity, linear k-arboricity,
tree, leaf, penultimate vertex, algorithm, NP-complete.

*Supported in part by the National Science Council under grant NSC86-2115-M009-002.

73



74 Gerard J. Chang

Proposition 2. If G is a graph with n vertices, then
la(G) = la,—1(G) <la,—2(G) < -+ <lag(G) < lai1(G) = X(G).

Proposition 3. If G is a graph with n vertices and m edges, then

lag(G) > max { {A(QGY‘ ) hkgu—‘ } .

On the other hand, Habib and Peroche [18] made the following conjecture.

Conjecture 4. ([18]) If G is a graph with n vertices and k > 2, then

lag(G) < (%L where a = 1 when A(G) < n—1 and o = 0 when

A(G)=n—1.
This conjecture subsumes Akiyama’s conjecture [2] as follows.
Conjecture 5. ([2]) la(G) < (%}

Considerable work has been done in determining exact values and bounds
for linear k-arboricity, aimed at these conjectures (see the references at the
end of this paper).

We examine linear k-arboricity from an algorithmic point of view in this
paper. Habib and Peroche [19] showed the first results along this line. They
gave an algorithm for proving that if T is a tree with exactly one vertex of max-
imum degree 2m, then lag(7") < m. Using this as a basis for induction, they
then characterized a tree T with maximum degree 2m as having lag(T) = m.
However, their characterization has a flaw as shown in Section 2. Holyer [21]
proved that determining la;(G) is NP-complete, Peroche [24] that determin-
ing la(@) is NP-complete, and Bermond et al. [9] that determining whether
lag(G) = 2 is NP-complete for cubic graphs of 4m vertices. Bermond et al. [9]
conjectured that determining lag(G) for any fixed k is NP-complete.

In this paper, we present a linear-time algorithm for determining whether
a tree T has lag(T) < m. We employ a “local message passing” approach that
reduces the problem on 7' to the problem on another tree T” obtained from
T by a local modification. We then give a characterization for a tree with
maximum degree 2m having lag(7) = m. This makes up a gap of Habib and
Peroche’s result [19].
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2. LINEAR 2-ARBORICITY ON TREES

A leaf is a vertex of degree one. A penultimate vertex is a vertex that is
not a leaf and all of whose neighbors are leaves, with the possible exception of
one. Note that a penultimate vertex of a connected graph is always adjacent
to a non-leaf, unless the graph is a star. It is well-known that a non-trivial
tree has at least two leaves, and a tree with at least three vertices has at least
one penultimate vertex.

Theorem 6. For any tree T, lag(T) < (%W

Proof. We prove this theorem by induction on the number of vertices of
T. The theorem is trivial when T is a star. We thus consider a general tree
T that is not a star. Choose a penultimate vertex x that is adjacent to a
non-leaf y and r > 1 leaves x1,29,...,2,. Let T = T — {x1,29,...,2,}.
SCHL] < AT The

edge set E(T') can then be partitioned to at most (%] linear 2-forests.

Since r 4 1 = degp(z) < A(T), we have [5] < [%] — 1. Note that the
star with center x and leaves 1,3, ..., , can be partitioned into [§] paths
of length at most 2. We then add these paths to [ ] different linear 2-forests
of T" that do not contain the edge zy to form a linear 2-forest partition of T'.
This proves that lag(T") < [%] [

According to the induction hypothesis, lag(T") < [

Theorem 6 and Propositions 2 and 3 yield the following two consequences.
Corollar 7 was also obtained by Habib and Peroche [19] from a different ap-
proach.

Corollary 7. If T is a tree with A(T) = 2m — 1, then lagx(T) = m for
k> 2.

Corollary 8. If T is a tree with A(T) = 2m, then m < lag(T) < m+ 1
for k> 2.

So, it remains to determine whether lag(7") is m or m+1 when A(T) = 2m.
Habib and Peroche [19] gave the following characterization of the case in which
k= 2. In a tree T, a vertex xg is called an m-center if there exist p vertices
T1,2,...,xp of degree 2m such that xg is of degree p + ¢ with p + [4] > m,
and all internal vertices of the xg-x; path in T" are of degree 2m — 1 for 1 <
1 < p. Habib and Peroche proved that for a tree T' of maximum degree 2m,
lag(T') = m if and only if T" has no m-center. This results has a flaw as Figure
1 shows a tree T' of maximum degree 6 such that lag(7") = 4 but T has no
3-center.
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FIG. 1. A tree T with A(T) = 6 and lag(T) = 4, but without any 3-center.

This paper is intended to give a linear-time algorithm for determining
whether a tree T has las(7') < m. We shall then give a characterization for a
tree T of maximum degree 2m having lag(7") = m. The algorithm is based on
the following theorem.

Theorem 9. Suppose T is a tree in which x is a penultimate vertex adja-
cent to a vertexry and r > 1 leaves x1,xo,...,x,. Let T' =T —{x1,29,...,2,}
when r < 2m — 2, and T be obtained from T — {x1,x2,..., 2.} by adding a
new leaf 2’ adjacent to y when r = 2m — 1. Then lag(T) < m if and only if
r<2m —1 and lag(T") < m.

Proof. (=) Suppose lag(T) < m. According to Proposition 3, it is nec-
essary that r < 2m — 1. For the case in which » < 2m — 2, according to
Proposition 1, lag(7T”) < lag(T) < m. For the case in which r = 2m — 1, since
x has degree r + 1 = 2m and lag(T) < m, there exists some 1 < i < r such
that the path (y,z,z;) is a component of a linear 2-forest in an optimal linear
2-forest partition of T'. Deleting all edges xx1,xxo,. .., zx, and replacing the
path (y,z,x;) with (x,y,2’) in the optimal linear 2-forest partition of T, we
obtain a linear 2-forest partition of 7" of size at most lag(T") < m. This proves
that lag(T") < m for r = 2m — 1.

(<) On the other hand, suppose r < 2m — 1 and lag(T") < m. We first
consider the case in which r < 2m — 2. The edge set E(T") can be partitioned
into m linear 2-forests. Since r < 2m — 2, we have [§] < m — 1. Note that
the star with center z and leaves x1,x3,...,7, can be partitioned into [%]
paths of length at most 2. We then add these paths to [5] linear 2-forests
of T different from the one containing the edge xy to form a linear 2-forest
partition of T'. This proves that lag(T) < m.

Next, consider the case in which r = 2m — 1. The edge set E(T”) can

be partitioned into m linear 2-forests. Since x and z’ are two leaves in T7,
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we may assume that the path (z,y,2’) is in a linear 2-forest of an optimal
linear 2-forest partition P’ of T’. Otherwise, suppose (z,y, z) and (2,y, 2')
are paths in different linear 2-forests F; and Fy of P’. Let T} be the subtree
of T" — y that contains z. We can then replace the path (x,y,z) of Fy with
(z,y,2"), replace the path (z/,y,2") of Fy with (z,y,2’), and interchange the
roles of F1 NT, and F»NT. to obtain a new optimal linear 2-forest partition of
T" with the desired property. Similar (but even simpler) arguments work for
the case in which (z,y,2) in Fy and (2/,y) in Fb, or in which (z,y) in F} and
(2',y,7") in F3, or in which (z,y) in F} and (2/,y) in F». So, we may assume
that (z,y,2’) is in a linear 2-forest F' of P’. Then replace (z,y,2’) in F with
(y,z,z1) and add (z9;,x,z2i+1) for 1 < i < m — 1 to m — 1 different linear
2-forests other than F. This results in a linear 2-forest partition of T' of size
m, and so, lag(T") < m. ]

Theorem 9 leads to the following algorithm.

Algorithm Tree. Test whether lag(7T) < m for a tree T
Input. A tree T and a positive integer m.

Output. “Yes” if lag(7") < m and “no” otherwise.
Method.

if (m =1 and T has more than two edges)
then output “no” and stop;
while (7 is not an edge) do
choose a penultimate vertex x adjacent to
a vertex y and r > 1 leaves x1,x2, ..., Z;;
case 1. »r <2m — 2:
delete 1,9, ..., z, from T}
case 2. 7 =2m — 1:
delete x1, 9, ...,z from T and
add a new leaf 2’ adjacent to y;
case 3. r > 2m:
output “no” and stop;
end while;
output “yes”.
Note that in Theorem 9, when m = 1 and T has exactly three vertices,
T’ is isomorphic to T'. This is the reason we have the first line in the above
algorithm to treat this special case.

To implement the algorithm efficiently, we do not really delete and add
vertices from and to T'. Instead, we choose a vertex v* and order the vertices
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of T into v1,vs,..., v, such that
dT(Ul,U*) Z dT(’UQ,U*) Z . Z dT(’Un,U*).

It is then clear that the first vertex v; that is not a leaf is a penultimate vertex.
We also use two arrays deleted[1..n] and degree[l..n]. Initially, deleted[i] = 0
and degreeli] is the degree of v; in T for 1 < i < n. To delete a leaf v; from T
we simply make deleted[i] = 1 and decrease degree[j] by one, where v; is the
vertex adjacent to v; still in 7. To add a new leaf v’ adjacent to some vertex
vj, we increase degree[j] by one without creating a new vertex v’ in the tree.
In a general step, we choose the first v; with deleted[i] = 0 and degree[i] > 2
as the penultimate vertex . The deletion and addition of vertices in cases 1
and 2 of the algorithm are performed by updating the arrays “deleted” and
“degree” described above. The running time of the algorithm is clearly linear.

Theorem 10. Algorithm Tree determines whether a tree T has lag(T) <
m in linear time.

Next, we shall give a characterization for a tree T of maximum degree 2m
having lag(T) = m.

For a tree T, D(T') denotes the graph obtained from 7" by deleting all leaves
of T. Note that if 7" has at least 3 vertices, D(T") remains a tree. A tree is
called m-critical if it has at least 3 vertices and degy(v) +degp(p)(v) = 2m+1
for any vertex v in D(T'). The tree T in Figure 1 is 3-critical, where the black
vertices induce D(T).

Lemma 11. If T is an m-critical tree, then lag(T) = m + 1.

Proof. According to the definition of an m-critical tree, degr(v) < 2m+1

for all vertices v in T'. By Theorem 6, las(7") < [A(?H} < (2] = g,

Next, we prove by induction on the number n of vertices of D(T') that
lag(T) > m + 1. For n = 1, T is a star with exactly 2m + 2 vertices. Thus,
lag(7T') > m + 1. Suppose T is an m-critical graph with n > 2. Choose a
penultimate vertex z adjacent to a non-leaf y and 2m — 1 leaves. Let T” be the
tree as defined in Theorem 9. Note that z is in D(T") but not in D(T”"). Then,
degy(v) = degp(v) and degp(py(v) = degp(ry(v) for all vertices v in D(T”)
except degy (y) = degp(y) + 1 and degpry(y) = degp(r)(y) — 1. Therefore,
degy(v) + degp(qry(v) = degp(v) + degp(p)(v) = 2m + 1 for all vertices v
in D(T"). This shows that 7" is an m-critical tree with n’ = n — 1. By the
induction hypothesis, lag(7”) > m + 1. Then, by Theorem 9, lag(T) > m + 1.

[

Theorem 12. For any tree T of mazximum degree 2m, lag(T) = m if and
only if T' contains no m-critical tree as an induced subgraph.
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Proof. (=) Suppose lag(T) = m. If T contains an m-critical tree G, then
lag(T) > lag(G) = m + 1 by Proposition 1 and Lemma 11, a contradiction.
So, T' contains no m-critical tree.

(«<=) On the other hand, suppose T contains no m-critical tree but lag(7") =
m + 1. Choose a minimal subtree G of T with lag(G) = m + 1. Since A(G) <
A(T) < 2m, D(G) has at least two vertices.

Suppose D(G) has a vertex x such that degq(x) + degp(g(z) < 2m. Let
x have r neighbors z1,z9,...,z, in G, where z1,z2,...,zs are in D(G) with
1 <s<randr+s <2m. Foreach 1l < i < r, consider the subtree GG; obtained
from the component of G — x containing x; by adding the edge xx;. By the
minimality of G, lag(G;) < m. Let P; = {F;1,Fi2,...,Fim} be a 2-forest
partition of G; such that zxz; is in F; for 1 <4 < 5. Since ['5°] < m — s,
the r — s edges xxsy1,2T542,..., 22, can be partitioned into m — s paths P;
of lengths at most two, where s +1 < j < m. Then, P = {Fy, Fy,..., F,}
is clearly a 2-forest partition of G, where F; = Ui<;<,F;; for 1 < j < s and
F; = Ui<i<,F; j U{P;} for s+ 1 < j < m. So, lag(G) < m, a contradiction.
Therefore, degg(v) + degp(g)(v) > 2m + 1 for all vertices v in D(G).

Choose a minimal subtree H of G such that degy(z) + degp(y)(z) >

2m + 1 for all vertices in D(H). Suppose D(H) has a vertex x such that
degy(z) + degp(my(z) > 2m + 2. Choose any vertex y adjacent to = in H.
Delete y from H when y is a leaf of H; otherwise, delete all vertices of H—y not
in the component containing x from H. This results a smaller tree H’ such that
degy(v) + degp(gry(v) > 2m + 1 for all vertices v in D(H'), a contradiction
to the choice of H. Hence H is an m-critical tree in T', a contradiction. Thus,
lag(T) = m. ]

An efficient algorithm for determining whether lag(7') < m for a general k
is desirable.
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