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WEAK HARDY SPACES H?* ON SPACES OF HOMOGENEOUS TYPE
AND THEIR APPLICATIONS

Xinfeng Wu and Xiaohua Wu

Abstract. In this paper, we introduce weak Hardy spaces HP*° on spaces of
homogeneous type. We establish an atomic decomposition characterization of
these spaces, show the boundedness of fractional integral operators and provide
an HP>>° interpolation theorem. Applications to the Nagel-Stein’s singular integral
operators and fractional integral operators are also discussed.

1. INTRODUCTION AND MAIN RESULTS

The theory of weak Hardy spaces is very important in harmonic analysis since it
can sharpen the endpoint weak type estimate for variant important operators (see, for
example, [9]). The weak Hardy spaces were first studies in [8] as special Hardy-Lorentz
spaces which are the intermediate spaces between two Hardy spaces. R. Fefferman and
Soria [9] established an atomic decomposition of the weak Hardy space H°°(R").
The atomic decompositions of the weak Hardy spaces HP->° on homogeneous groups
were given by Liu in [15]. Ding and Lan [5] developed the theory of weak Hardy spaces
associated to expansive dilations on R™. The weak Hardy space H !> on spaces of
homogeneous type was recently studied in [6].

In this paper, we shall study the theory of weak Hardy spaces H”>*° on the homo-
geneous space having some reverse doubling property (see Definition 1.1 below). More
precisely, we will first give an atomic decomposition characterization of H”>*°, Then
we use this characterization to derive the (HP:*°, L%°°) and (HP?:*°, H?*°) bounded-
ness of fractional integral operators and prove an H?>*° interpolation theorem. Finally,
applications to the boundedness of Nagel-Stein’s singular integral operators and frac-
tional integral operators in H?-*° are discussed. We remark that our theory is so general
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that it covers the results in [5, 6, 15] as special cases and can be applied to more vari-
ant different settings such as Euclidean spaces with A, -weights, Ahlfors n-regular
metric measure spaces (see, for example, [12]), Lie groups of polynomial growth (see,
for instance, [1, 24, 25]) and Carnot-Carathéodory spaces with doubling measure (see
[18, 19, 20, 21]).

Before giving the main results, let us recall some definitions and notions first. The
following notion of spaces of homogeneous type was introduced by Coifman and Weiss
in [3], see also [4].

Definition 1.1. Let (X, d) be a metric space with a regular Borel measure p such
that all balls defined by d have finite and positive measures. The quasi-metric satisfies
the following triangle inequality,

(1.1) d(z, z) < 7(d(z,y) + d(y, 2)).

Forany x € X and r > 0, set B(x,r) ={y € X : d(z,y) <r}. (X,d, p) is called a
space of homogeneous type (or a homogenous space) if there exists a constant C; > 1
such that for all z € X and r > 0,

(1.2) p(B(x,2r)) < Cip(B(z, 7).

We also assume throughout that p satisfies the following reverse doubling condition
that there exist constants 1 < Kk < n < 0o, 0 < Cy <1 and C3 > 1 such that for all
reX,0<r<diam(X)/2and 1 < s < diam(X)/(2r),

(1.3) Cos"u(B(z,7)) < p(B(z, s7)) < C35" p(B(z, 7)),

where diam(&X') = sup,, ;¢ x d(,y). The least possible value of n in (1.3) is called the
dimension of X', which is still denoted by n. We use dz to denote du(x) for simplicity.

Throughout this paper, we always assume that X" is a homogeneous space with the
reverse doubling condition (1.3) and p(X) = co. We remark that all the examples
mentioned above fall under the scope of the current setting.

Denote by C' a positive constant independent of main parameters involved, which
may vary at different occurrences. Constants with subscripts do not change through
the whole paper. Let A < B denote A < CB and let A ~ B mean A < B and
B < A. Denote V(x,y) = u(B(x,d(x,y))) and Vy;(x) = u(B(z,27)). It is easy to
see V(z,y) = V(y,x).

Now we briefly recall the notions that we need to define the weak Hardy spaces
HP*>(X) (see [6] and the references therein).

Definition 1.2. Lete; € (0,1],e2 > 0 and €3 > 0. A sequence {Sj, } xcz of bounded
linear integral operators on L?(X’) is said to be an approximation of the identity of
order (€1, €2, €3) (in short, (e, €9, €3)- AOTI), if there exists a constant Cy > 0 such
that for all k¥ € Z and all z,2/,y and 3/ € X, Si(z,y), the integral kernel of Sy, is a
function from X x X into C satisfying
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. 1 2—k52 .
(1) ‘Sk(ﬂf; y)‘ S 04 V2_k(a:)+V2_k(y)+V(ar,y) (2_’“+d(a:,y))52’
.. d(g;7g;/)51 1 o—keg
(if) 1Sk(z,9) = Sk(#. 9)| < ChgTsiGyna V@ v, OV ) B+

for d(z,2') < (27% +d(x,v))/2
(iii) Property (ii) holds with = and y interchanged;
. d I,l’/ € d , /\€
(1) |[Sk(z,) =Sk, /)]~ [Su(a's9) = Si(e! )| < o R iy

—ke _
X V2_k(a:)+V2_1k(y)+V(a:,y) (2_kid(a:3,y))53 for d(z,2') < (27% + d(z,y))/3 and
d(y,y') < (27F +d(x,y))/3;

(V) f)( Sk(fl?, y>dy = f)( Sk(fl?, y)d(l? =1L

Using the size condition (i), it is not hard to show

(1.4) [ s lay<c, [ s c.

The test functions are defined as follows.

Definition 1.3. Let x; € X, 7 € (0,00), 5 € (0,1] and v € (0,00). A function ¢
on X is said to be a test function of type (z1,r, 3,7) if

. 1 , ~y '
() 10(0)] < Copirtanzy () forall = € &;

) o)\ R
(i) o) —o(0)| < O (i) smrertarey (reate) forall ey € X
satisfying d(z, ) < {r + d(r1,))/2.

We denote by G(x1,r, 3,7) the set of all test functions of type (z1,7,5,7). If ¢ €
G(x1,7, B,7) we define its norm by [[¢llg(,,r8,) = Inf{C : (i) and (ii) hold}.
The space G(z1, 7, 3,7) is called to be the space of test functions.

Throughout the whole paper, we fix 1 € X. Let G(3,7v) = G(x1,1,8,7). It is
easy to see that for any zo € X and r > 0, we have G(z2,r, 3,7) with equivalent
norms. For any given € € (0, 1], let G§(3,y) be the completion of the space G, €)
in G(8,7) when 3,7 € (0,¢]. Moreover, ¢ € G§(3,~) if and only if ¢ € G(5,7)
and there exists {¢; }ien such that [|p — ¢illg(s,,) — 0 as i — co. If p € G§(B,7),
define [|¢lge(s,1) = ll¢llg(s.)- Obviously, G§(8,v) is a Banach space. The notation
(G5(B,))" denotes the dual space of G§(/3,7).

Let ¢; € (0,1], e2 > 0, €3 > 0 and 0 < € < min{er, 2} and {Sk}rez be an
(€1, €2,€3)-AOTL For f € (G5(3,v))" and B,v € (0,¢), the non-tangential maximal
operator M,, is defined by

Mo (f)(@) :=sup sup  [Sk(f)(y)]-

k€Z d(x,y)<o2—F
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The grand maximal function is defined by

77 (@) = sup {|{£. 0] : @ € G5(8.7): | Pllg(ar,sm) < 1 for some > 0}

The radial maximal operator M, is defined by

Mo f(x) := sup [Sk(f)(z)]-
keZ
For more details and results about harmonic analysis on spaces of homogeneous type,
we refer the readers to [3, 4, 11].
Now we introduce the weak Hardy spaces HP**° on the spaces of homogeneous

type.
Definition 1.4. Let €; € (0,1], 2 > 0, e3 > 0, € € (0, min{er, e2}) and {Sk}rez
be an (€1, €9, €3) — AOTL Let p € (n/(n+1),1], 0 € (0,00) and f € (G§(3,7))’
with some 3,7 € (0,¢€). The weak Hardy spaces H”'*° on homogeneous spaces X is
defined by
HP2(X) = {f € (G5(8,7)) : Mof € LP>(X)}.

The HP*°(X') quasi-norm of f is defined by

HfHHWX’(X) = HMO'fHLI%OO(X).

Remark 1.1. (i) For any p € (n/(n+ 1), 1], we always assume that € € (n(1/p —

1),1) so that p € (n/(n + ¢€),1) and the weak Hardy spaces are defined via some
(G§(B,v)) with n(1/p —1) < B,7 < € and some (€1, €2, €3)-AOTI { S }rez with
min{e;, ea} > ¢, ¢; < 1and ez > 0.
(i) Both the Hardy spaces HP(X') and the weak Hardy spaces H?°>°(X) can equiv-
alently be defined via Littlewood-Paley functions, radial maximal functions, non-
tangential maximal functions and grand maximal functions (see [6] and the references
therein).

Our first result is the following

Theorem 1.1. Let p € (n/(n+1),1]. Given f € HP*>°(X), there exists a sequence
of bounded functions { f,}32_ . with the following properties:
@ f =Y pen fr — 0in (G5(8,7)) and || fi | L () < C2F.
(b) Each fi, may be further decomposed as fi, = S50, h¥ in (G§(B,7))’, where the
hf satisfies:
(1) hf is supported in a ball Bf with {Blk} having bounded overlap for each

k,'
(i) [gr h¥(2)dz = 0;

iii) ||k Lo <C2F and 3" u( BF) < Co27P with the constant Co = || f||%).c 1
(3 (3 (3 HP; ()()
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Conversely, if f is a distribution satisfying (a) and (b) (i)-(iii), then f € HP>°(X)
and HfHZI){pm(m < ¢Cy (where c is some absolute constant).

As an application of Theorem 1.1, we shall prove the following interpolation the-
orem.

Theorem 1.2. Letn/(n+1) < ¢ < p <1< py < co. Suppose T is a subadditive
operator, and T is bounded both on LP°(X) and the Hardy space H1(X'). Then T is
bounded on HP>°(X).

For the (HP*°(X), L9°°(X')) boundedness of fractional integral operators, we have

Theorem 1.3. Let T, f(z) = [y Ko(z,y)f(y)dy be an bounded operator from
LPo(X) to L(X) for some 1 < py < gy < 00 satisjj/ingpio - qio =aand )< a <1
If K has the following regularity in the second variable: there exists constants C, € >
0 such that for all x,y,y' € X with d(y,y) < d(z,y)/2 and x # y,

d(y,y')"

(1.5) |Ko(z,y) — Ka(z,y)] < CV(Q;’ y)l-d(x, y)e

Then for 0 < o < min{e, e1}/n and for all p,q with n/(n+1) < p < q¢ < 1 and
1/p—1/q = o, Ty is bounded from HP>°(X) to LT*°(X). Moreover, there exists a
constant C, independent of f and A, such that for each A > 0,

u(fe s [Taf(@)] > A}) < © (”f”%“‘)) .

The (HP*°; H%*°) boundedness of fractional integrals is given below.

Theorem 1.4. Under the same hypothesis as in Theorem 1.3, if T, further satisfies
the following cancellation condition: for any function ¢ € LP°(X) with compact
support satisfying [ v ¢ =0, we have

(1.6) /X (Tud) (z)dz = 0.

Then for 0 < o < min{e, e1}/n and for all p,q with n/(n+1) < p < q¢ < 1 and
1/p—1/q = o, Ty is bounded from HP>*°(X) to H?*>°(X). Moreover, there exists a
constant C, independent of f and A, such that for each A > 0,

HfHHWX’(X))q.

e (M) @) > 2 < © (1

Remark 1.2. (i) The condition (1.6) is a natural condition to guarantee the (HP(X),
H7(X)) boundedness of fractional integral operator T,,. Indeed, if ¢ is an (p, po) atom,
then (1.6) is just the required cancelation condition for 7'(¢) to be a “molecule”. In
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the classical case when X' = R", the condition (1.6) is satisfied for the Riesz potential
operator (see, for instance, [16, Chapter 3]).

(ii) In Theorems 1.3 and 1.4, if d(y,y') < d(z,y)/c for some ¢ > 1, (1.5) holds, then
the conclusions of Theorems 1.3 and 1.4 remain true.

(ii1) When p = 1, the result of Theorem 1.3 was obtained in [6]. Thus Theorem 1.3
can be regarded as an extension of the result in [6]. The conclusion of Theorem 1.4 is
new.

The following of the paper is arranged as follows. Section 2 is devoted to some
preliminary lemmas. The proofs of the theorems are presented in Section 3. Finally,
in Section 4, we give applications to the Nagel-Stein’s singular integrals and fractional
integrals.

2. SOME LEMMAS

In this section, we give some lemmas that will be used to prove the theorems.
The following result was independently founded by Stein-Taibleson-Weiss [23] and
by Kalton [13].

Lemma 2.1. Let g;, be a sequence of measurable functions and let 0 < r < 1.
Assume that |{|gr| > A} < C/X" with C independent of k and \. Then, for every
numerical sequence {cy} in I we have

2—rC
{a:: ’chgk(a:)’ > /\}| < 1_:FZ‘CHT'
k k

The following lemma is the Whitney decomposition theorem in homogeneous spaces
X ([22)).

Lemma 2.2. Let ) be an open proper subset of X and let d(x) = inf{d(x,y) :

y ¢ Q}. Let r(x) = d(x)/30. Then there exist a positive number L depending on
Cs, T, n, but independent of ), and a sequence {xy}y, such that if we denote r(xy,) by
T, then

(i) B(zg,ri/4) are pairwise disjoint;

(ii) U B(xg, ) = £,

(iii) for every given k, B(x, 15r;) C €

(iv) for every given k, x € B(xy, 15ry) implies that 15r, < d(x) < 451k,

(v) for every given k, there exists a yy ¢ 2 such that d(zy, yi) < 457k,

(vi) {B(xk, 137%rk) )52, have bounded overlap, that is, for every given k, the num-

ber of balls B(x;,1372r;) whose intersections with the ball B(xy,137%ry) are
non-empty is at most L.
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From Lemma 2.2, we can construct the following partition of unity in homogenous
spaces X.

Lemma 2.3. Let Q) be an open subset of X with finite measure. Consider the
sequence {xy } . and {ry } i, given in Lemma 2.2. Then there exist non-negative functions

{¢k i satisfying:
(i) for any given k, 0 < @, < 1, supp oy, C B(wk,2rk) and Y, pr = xq»
(ii) for any given k and x € B(zy, 1), pr(x) > 1/C, where C is a positive constant
depending only on C3, but independent of (),

(iii) there exists a positive constant C' independent of Q2 such that for all k and all
e (07 1])
H(Png(a:k,rk,e,e) < C/L(B(Ilfk, Tk))

In this case, we say that {p}i are “bump functions” associated with { B(xy, i)}

Lemma 24. Let 6 > 0, 0 < a <1, 0 < a < a/n, then there is a constant C
depending only on Cy and C5 such that
/ 1
d(z,y)>6 V([IZ, y)l_ad([]j’ y>a

Indeed, by (1.1) and (1.3),

dy < Cu(B(x,6))*0~".

1
dy
/d( y>s Vi, y)t-d(z, y)
1
2is<d(z,y)<2i+1e V (T, y)md(z, y)

dy

1
(2, 26))]'~* (296)°

>
i

| A

- (B(x, 27119))
]:O

<C1Cs Z 2770 (1(B(x, 5)))*6
j=0

<C(u(B(x,0)))"0~°.

3. PROOF OF THE THEOREMS

This section is devoted to the proofs of the theorems.
3.1. Proof of Theorems 1.1

For k € 7Z, we set Q, = {x € X : f*(x) > 2*}. Then for any k € Z,
Q) is a proper open subset of X with p(Q;) < C2 ’WDHfHHpoo x) < 00. Let



2246 Xinfeng Wu and Xiaohua Wu

{BFy22, = {B(a¥,rF)}2, be the Whitney decomposition of Q, and let ¢ be the
“bump functions” associated to Blk in the sense of Lemmas 2.2 and 2.3. For each
k € Z, define dj(z) = inf{d(z,y) : y ¢ Qx}. Denote

3
k k
mb = —— [ fok.
oSt S

We decompose f as

f(w)=< )xa (x +me ) Z m¥)pk(x),

where and in what follows, we use A¢ to denote the complement of the set A in X.

Denote

gi(x) = ( )xa; (@ +me ) :
Clearly,
3.1 | (@)x0s (2)] < CF (2)x0g () < C2,

By (v) in Lemma 2.2, there exist y; € €2
(32) [mi| < Cf () < 2.
Thus |gx(7)| < C2* for all x € X. Therefore, we have the uniform convergence,
(3.3) lim gi(z) = 0.
k——o00

On the other hand, noticing that 1(Qz) = O(27*7) — 0, as k — oo, we obtain
(3.4) lim gi(z) = f(x), a.e..

k—o0

By (3.3) and (3.4), we can write

F=> gi—g:= Y, fr ae
k=—00 k=—c
One can check
fio =D [(f =mB)el = > (f = mi ) elel ™
i=1 j=1

o0

+Z[Z( mipf T — (f —mith ek,



Weak Hardy Spaces on Spaces of Homogeneous Type 2247

where all the series converges in (G§(/3,7))" and
]
k+1 k k+1
mi = — gt | feie
ij [k (Pk+1 i¥j

Let BF = (f—m{)el =372 (f— mk“)wfwf“ and v/t = 3000 (f—mfiT) ekl

—(f— m?“)cp?“. Denote Bf := B(x¥,137%rF), where 7 is the constant appearing
in the triangle inequality (1.1). Then by Lemma 2.2 (vi), we know that, for each k € Z,
{Ek }: has bounded overlap. Clearly, suppB¥ C B(z¥, 2rF) Ek Now we claim that
for each j € 7Z, there exists an ¢ € Z such that supp7 C Bk Indeed,

B( kt1 27’k+1> C Qk+1 C Q= U B k k)

'L ? 'L
k=1
Thus there exists B(z¥, r¥) = (a:f], ;,) such that B(zk, rkF)yn B(z] A 2rk+1) # 0.
Then for any 2 € B(x f 2rk+1) and any y € B(z}, )N B(x) A 2rk+1) by Lemma
2.2 (iv) and di+1(y) < di(y )

d(z, 2f) < 72[d(z, 25 + d(25T y) + d(y, o)) < PPk 4]
< 72((4/15)di(y) + rF] < 1372%rF,

Therefore
suppfy] C B(«] ktl 2rk+1) C Bk

which verifies the claim. Denote 7* = 'yj so that suppyF C Bf.
Next, by (3.1), (3.2) and noticing that {Ef“ }52, have bounded overlap, we have

o
18] = |(f = mE)el = > (f = mii ) ekl

1
= o)

< [fefxar,, |+ mElef + > Iml kbt
7=1
< 02F.

Similarly, \fy]\ < C2F. Obviously,

/Xﬂf(a:)da:: 0= /Xfyf(a:)da:.

Define hY = BF +FF, then fi, = Y52, h¥ and the convergence in (G§(/3,7))’ can be
verified as in [5]. Thus, conclusions (a), (i) and (ii) of (b) in Theorem 1.1 have been
proved to hold.

Finally, since f € HP**° and {Blk} have the bounded overlap, by (1.2),



2248 Xinfeng Wu and Xiaohua Wu

o0

S (B £ 3 B S () 2 e
i=1 i=1

which verifies (iii) of (b). Thus we finish the construction of the atomic decomposition.
For the converse, we fix o > 0, and choose kg so that 2F0 < o < 2kot1  Write

ko—1 o)
f= Z I+ Z fr=F1 + F>.
k=—o00 k=ko
Now since
ko—1 ko—1
Mo(Fr)(z) < Y Mo(fi)(@) <C Y 28 < Csa,
k=—o0 k=—o0

and p({z € X) : Mo(F1)(z) > Csa}) = 0, we have
p({x e X : Mo(f)(z) > (Cs+1)a}) < pu({z € X : Mo(Fy)(x) > a}).

Set

o0

Ay, = |J 3Bt

k=ko i>1
where 37Bf denotes the ball with radii of 31{€ centered at a:f . By (1.3),

1(Ar,) < (37)"Co2 7% < C/aP.
Therefore it suffices to verify
(3.5) I = 1({z ¢ Ay : Mo(Bo)(x) > a}) < C/a?.
Note that for = ¢ 37B¥ and y € B¥, we have
d(e,) = Zd(z, 28) — d(y, 2b) 2 2d(y, %),
Thus

gyt
~d(x,y)aV(z,y)

()

Hence by the cancellation condition of A
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By (1.4)

u(B(ak, d(z, %)) < (Lk)) u(BE).

Therefore,
BRI+
Mo(hF)(z) <ogh B T
V(a:,acf)HT

€1 €1

Now applying lemma 2.1 with g; = V(z,28)7' "%, r = (14+ 2)7L, and ¢ =
Fu(BF)'+5, we obtain

Cﬁlvn k k Cel,n kro—k
S7ZZQTM(Bi>§CO7ZQT2 b,

k>ko 1 k>ko

Now since p > n/(n+¢€) > r (see Remark 1.1), the last series converges and bounded

by
Co 061 N 2—k0 (p—r) _ C/ap
ol ’
where C' is independent of a. This complete the proof of Theorem 1.1. ]

3.2. Proof of Theorem 1.2

For every f € HP*°(X), and A > 0, we need to prove that
p{z € X+ (Tf)"(2) > A}) < CX P flgrpo )

with constant C' independent of f and A.

Pick ky € Z, such that 2k0 < X < 2Fotl By the atomic decomposition of
HPo(X), write fas f = S0 fr + S50 kor1Jk = F1 + F>. Noticing that
po > 1, we have

Pl <C 3 el

k=—o0

ko 1/po
<c Y ok <Zu(Bf)>

k=—o0

ko
< ClIf iy D2 207

k=—o0

< CHfHP/Po )Qko(l—p/po).

Then
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p{z e X2 (TFH) (x) > A}) < AP(TF) o (a
< OXNTPOTF |5
< O Byl 0 vy
< OAP HfHHp,oo(X)Qko(po_p)
< ON PO e N7
= O ey

)

LPo(X)

Thus, to finish the proof of Theorem 1.2, it suffices to show that
(3.6) p{z € X (TF)"(x) > A}) < OXP[|f I p.ee-

It is easy to see that for some constant C, C~'27%;(BF)~1/9h¥ is an H®> atom.
Then f, € HI(X), and

kaHHq(X < C’Zqu (BF) < cokla—r) HfHHpoo(X)

Since 7' is bounded on HY(X'), by the grand maximal function characterization of
H1(X) (see Remark 1.1),

u({z € X (Tfi)* (@) > AD) < ON T il bagey < ON N Fellfgacry-

Consequently,

ul{e € X [T(e/ | Fillmon)]” (@) > A}) < CAY.
Noting that (T'F2)*(x) < 32, (T fk)* (). Then applying Lemma 2.1, we obtain

p(fz e X (TF) (x) > A})

<pleeX: Y il - [T/ fel mae)]™(2) > A

k=ko+1
2-¢1 <
< /\q Z kaHHq()(
k= k‘o—}—l

Cllf o =

< T HPR(X) k(g—p)
22
k=ko

< OB fllp, X
< ON P e

which verifies (3.6). This completes the proof of Theorem 1.2. ]
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3.3. Proof of Theorem 1.3

Fix A. Set 1 = AY/7| f||3,%L7, ). Take ko € Z such that 20 < < 250*1. Split f
into two parts

ko 00
Yo fe+ D> foi=Fs+Fu

k=—o00 kiEo—}—l
From the atomic decomposition of f, it follows that

0
1E5 | £ro () < Z | fiell Lro (1)

k=—o0

1/po
<C E ok <§ ( Bk )
k=—o0

(3.7)
O
<CHfHP/P0 Z ok(1-p/po)

P (X)
k=—o0

<C £8P

_\! /
—ox=ilw| o,
By the LPo(X) — L% (X) boundedness of T, and (3.7),

p({z € X+ [ToFs(z)| > A})
<cA” qOHT F3Hqu()(

<cA” qOHF3HLp0(X

_ _ P
< A (/\1 q/qo"f"gg?m(x)>
[ fllgre \?
— ¢ (MHre
(ML

Let Bf = 37BF and Ej, = Urz#, 1 U; BF. By Theorem 1.1,

MBSO Y S B < Ol . 270

(3.8) k=ho+1 i hmho 41
o (I )
< g™ < € (ML

Thus, to finish the proof, it suffices to show

(39) M({[B € El%o : ‘TanL(IIZ)‘ > A}) <C <Hfu$)q
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By the use of cancellation condition of hf , Minkowski’s inequality and (1.5),
p{z € B« [ToFu(x)] > A})
<At / T Fy(z)|da
<! Z Z/ It () \/ K (2, 2%)|dzdy.
k= k‘o—}—l 1=0

Note that if z € Ef and y € B, then by (1.1),
1

Thus by Lemma 2.4, we have

n({z € Ef « [TaFy(z)| > A})

_ k d(yuxf>6
<ot 3 Z/ ) V) edGe g

k= k‘o—}—ll 0

o0

<ont Y Y b

k‘ZE‘O +1 =0

00 00 14«
<oat o2 <Z u(Bf))

kiEo—}—l 1=0
00
<O\~ IHfHL%;-;OC Z Qk[l—p(l—i—a)]
k= ];‘0—}—1

<OXT Iy 0

_ 1 1-p(1+a)
S ey (Aeufum)
[ f | e
ol BLEAIEtGg
()
which gives (3.9). Thus the proof of Theorem 1.3 is completed. ]

3.4. Proof of Theorem 1.4

Since f € HP>®(X), Mo(f) € LP*>°(X). To prove the theorem, it suffices to
show

(3.10)  pu({r € X : Mo(Tuf)(z) > A}) < C(|fllgpoo(x)/A)?,  for any A > 0.
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Let kg, n, F5 and Fj be defined as in the proof of Theorem 1.3. For any A > 0,
applying the same argument as in the proof of (3.7), we can get

1Bl S AR N1
By the L% (X’) boundedness of My, and the (LP°, L%) boundedness of T, we have

p({z € X Mo(TaF3)(2) > A}) < O([Mo(Tak3)l|Lo0 /A)T
< C(|Fslleo /A)® < CU|fll o /)

Denote B_Zk = B(zF,4rF) and E = Uns, Ui B_f, then similar argument as in the
proof of (3.8) yields, u(E) < C(||f|| .o /A)?. Thus, to finish the proof, it remains to
be verified that
GAD e € B My(TaFa)(2) > A}) < O imoe )/ V).

Since hY € LP°(X') has compact support with [, h¥(2)dz = 0, by the cancellation
condition (1.6),

(3.12) /X To(hE)(x)dz = 0.

Thus, for any m € Z and for any « € E°, by the cancellation condition for hf and
(3.12), we have

S (Tuhf) (2)]
~| [ @) @)i80(w.0) - Sule x§>]dy]
< [ TBW- 1S0(w.) = S ab)lay

2

+f ( | W@ Kaly o) - Ka<y,xf>\dv>
2rk<d(y,ak)<d(z,z¥)/2 BEF

+f ( L \hmmm(y,w—Ka<y,xf>\dv>
d(y,ak)>d(z,zF) /2

(1Sm (@, y)| + [Sm(z, 27) | dy
=J1+ Jo + Js.

We first give the estimate for J;. By the definition of .S;,,
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C .
IS i J T Wty dy

(a2

C(rk)e

2

<
Vi, af)d(z, )9

1—L
(3.13) | Tahif || por ey BE)

(b
V(w, zf)d(z, zf)a

< C2Fu(Bf)'

Next, we estimate Jo. Since d(y,z¥) > 2rF > 2d(v, z¥), by (1.5) and Definition
1.2

b

Jo SCQku(Bf)/ . : (krﬁq 2
ark<d(yt)<d(aaty/2 V (Y, )1 V(e ak)d(x, 2F)a

C2Fu(BF) (rf)
~ V(a, xf)l_ad(a:, xf)el

(3.14)

As for J, noting that z € E° and v € BF imply d(y,2¥) > d(z,z¥)/2 >
2d(v, z¥). By (1.5),

k ke
Jy <C / | (:)Jd(v,mk do
d(y,e8)>d(z,ab) 2 \JBE V(y, 27) ~d(y, z7)°

(18t + ﬁ) dy

C2"u(BF) (r})°
(3.15) ST ad(x’m>5HSm(x,~)HL1(X)
L OB (r})* ! dy

V(IB IEf) d(y,z )>d(a:a: )/2 V(y7 z)l ad(y’ z)
C2*(BY) (r})*
TV (z, 2k)l- O‘d( zk)e’

where in the last inequality, we use (1.4) and Lemma 2.4.
Combining the estimates in (3.13), (3.14) and (3.15) yields

CPu(BY) (b)Y Cobu(Bh)S

ST < G e a7 = e abyi B

for any x € E°,

where € = min{e, £}. Thus,

CoFp( Bl
Mo(TohF)(z) < M(—JE/, for any x € E°.
V(a:,xf)HF_o‘
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Denote CF = C2Fu(BF)*% and g¥(z) = V(z,2F) =%~ Then

1

p({z € B°: gf(z) > A}) = p({z € EC: V(z,2F) "5 -2) 5 A1) < X e,

Since o < €' /n, applying Lemma 2.1 with r = 1/(1 + % — «), we obtain

pl{z € BC: Mo(ToFy)(x) > M) < p({z € E°: ) Y Cigi(a) > A})
k=ko i

<ONT Y S k(B Y

k=ko i

00 1+%T

<Ay ok [Z u(BY)

k=ko i
< Cf Nl rreoe a0/ A)-

This complete the proof of Theorem 1.4. ]

4. APPLICATIONS TO THE NAGEL-STEIN SINGULAR INTEGRALS AND FRACTIONAL INTEGRALS

In this section, we give applications of the theorems. Let M be a boundary of
an unbounded model domain of polynomial type in C2, which appears in estimates
for solutions of the Kohn-Laplacian; see [2, 17, 14, 19, 20]. More precisely, let
Q = {(z,w) € C%: Im[w] > P(2)}, where P is a real, subharmonic, non-harmonic
polynomial of degree m. Then M = 02 can be identified with C x R. There are real
vector fields { X7, X5} and their commutators of orders < m span the tangent space at
each point. If we endow M with the control distance d and the Lebesgue measure p,
then M is a space of homogenous type and u satisfy (1.3) withn =m +2 and Kk = 4
(see [18]).

In [19], Nagel and Stein considered a singular integral operator 7' on M. The
operator T initially is given as a map from CS°(M) to C° (M), whose distribution
kernel K (z,y) is C* away from the diagonal of M x M and the following four
properties are supposed to hold:

(I-1) If ¢ , ¢p € C°(M) have disjoint supports, then

(MW=AMK@WMW@M@

(I-2) If ¢ is a normalized bump function associated to a ball of radius 7, then
|0% T'p| < r~® More precisely, for each integer a > 0, there is another integer b > 0
and a constant M, ;, so that whenever ¢ is a C*° function supported in a ball B(xq, ),
then
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sup r“\(@%fcp)(a:)\ < Mgpsup sup 7°0% ()|
xzeM c<b z€B(zo,T)

(I-3) If = # y, then for every a > 0,
0%y K(z.y)| < dla,y)"V(e,y) "

(I-4) Properties (I-1) through (I-3) also hold with = and y interchanged. That is,
these properties also hold for the adjoint operator T defined by

(T, 9) = (T0, ¢).

Nagel and Stein [19] proved the LP(M) (1 < p < oo) boundedness of T. The
boundedness of T in Hardy spaces H?(n/(n + ¢1) < ¢ < 1) was given in [10].
Recently, Ding and the second author [6] proved (H (M), L%*°(M)) boundedness
of T.

By the results of [19] and [10], applying Theorem 1.3, we obtain

Theorem 4.1. The Nagel-Stein singular integral operators T are bounded from
HP>°(M) to itself for p € (n/(n+ €1), 1].

For 0 < o < 1, we also consider corresponding fractional integral operator T,
which is given by
T.7)(@) = [ Ralo.)fw)ds
where the kernel K, (x, y) satisfies

4.1) 0%y Ka(z,y)| < d(z,y)"V (2, )"

Note that the smoothness condition (4.1) implies that condition (1.5) holds for K, with
€ = 1. Thus by theorems 1.3 and 1.4, we have

Theorem 4.2. Let 0 < a < e1/n. For all p,q with n/(1 +n) < p < 1 and
1/p—1/q = o, Ty is bounded from HP>*(M) to L¥*°(M). If Ko further satisfies
the cancelation condition (3.12), then Ty, is also bounded from HP***(M) to H¥>°(M).

Remark 4.3. The (LP, L9) boundedness of T}, can be obtained from a more general
result in [7], where the kernel of the fractional integral operator only assumed to satis-
fies some weak size condition. The (H!(X), Lﬁ()()) and (HL>°(X), Lﬁ’oo()())
boundedness of T, were given in [6]. When p < 1, the conclusion of Theorem 4.2 is
new.
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