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ATTRACTIVE POINT THEOREMS AND ERGODIC THEOREMS FOR
NONLINEAR MAPPINGS IN HILBERT SPACES

Lai-Jiu Lin and Wataru Takahashi

Abstract. In this paper, using Banach limits, we study attractive points and
fixed points of nonlinear mappings in Hilbert spaces. Then we obtain attractive
point theorems and fixed point theorems for nonlinear mappings in Hilbert spaces.
Using these results, we finally prove a nonlinear ergodic theorem for 2-generalized
hybrid mappings in Hilbert spaces.

1. INTRODUCTION

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space and let C' be a nonempty subset of
H. Let T be a mapping of C into H. Then we denote by F(T") the set of fixed points
of T and by A(T) the set of attractive points [19] of T, i.e.,

() F(T)={z€C:Tz= =z}
(i) A(T)={z€ H:||Tx—z|| < ||z — 2|, Yz € C}.

We know from [19] that A(T") is closed and convex. This property is important. A
mapping 7' : C' — H is said to be nonexpansive if |Tx — Ty| < ||z — y|| for all
z,y € C. We know that if C' is a bounded, closed and convex subset of H and
T : C — C is nonexpansive, then F(T') is nonempty. Furthermore, from Baillon [1]
we know the first nonlinear ergodic theorem in a Hilbert space. Let C be a bounded,
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closed and convex subset of H and let 7' : C — C be nonexpansive. Then for any

r e C,
1n—1
ST = — Tk

converges weakly to an element z € F(T'). An important example of nonexpansive
mappings in a Hilbert space is a firmly nonexpansive mapping. A mapping F': C' — H
is said to be firmly nonexpansive if

|Fz — Fy|* < (z —y, Fx — Fy)

for all x,y € C; see, for instance, Browder [2] and Goebel and Kirk [3]. Recently,
Kocourek, Takahashi and Yao [7] defined a broad class of generalized hybrid mappings
containing the classes of nonexpansive mappings, nonspreading mappings [8, 9] and
hybrid mappings [18] in a Hilbert space. A mapping 7" : C' — H is called generalized
hybrid [7] if there exist o, 3 € R such that

o[Ta = Ty|* + (1 = a)llz = Ty|* < Bl|Tz — y|* + (1 = B) = — y]®

for all z,y € C. We call such a mapping an («, §)-generalized hybrid mapping. Then
Kocourek, Takahashi and Yao [7] proved a fixed point theorem for such mappings in
a Hilbert space. Furthermore, they proved a nonlinear mean convergence theorem of
Baillon’s type [1] in a Hilbert space. Maruyama, Takahashi and Yao [10] also defined
a more broad class of nonlinear mappings called 2-generalized hybrid containing the
class of generalized hybrid mappings. Very recently, Takahashi and Takeuchi [19]
proved the following fixed point and mean convergence theorem without convexity in
a Hilbert space.

Theorem 1.1. Let H be a real Hilbert space and let C be a nonempty subset of
H. Let T be a generalized hybrid mapping from C' into itself. Let {v,} and {b,} be
sequences defined by

n
1
vl € C, Un+1 = T’Un, bn =n ka
k=1

Sfor all n € N. If {v,,} is bounded, then the following hold:

(1) A(T) is nonempty, closed and convex;
(2) {bn} converges weakly to ug € A(T), where ug = lim, .o Pa(ryvn and Pyr)
is the metric projection of H onto A(T).

In this paper, using Banach limits, we study attractive points and fixed points of
nonlinear mappings in Hilbert spaces. Then we obtain attractive point theorems and
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fixed point theorems for nonlinear mappings in Hilbert spaces. Using these results, we
finally prove a nonlinear ergodic theorem for 2-generalized hybrid mappings in Hilbert
spaces.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (- -) and norm || - ||. We denote
the strong convergence and the weak convergence of {x,} to x € H by x,, — x and
T, — x, respectively. Let A be a nonempty subset of H. We denote by coA the
closure of the convex hull of A. In a Hilbert space, it is known that

QD ez + (1= a)yl? = allz* + (1 - a)llyl* - a(l - a) [z — y|?
for all z,y € H and a € R; see [17]. Furthermore, in a Hilbert space, we have that
22 2e-yz-w) =z —wP+lly— 2 ~llz = 2)* ~ lly - w|?
for all z,y, z,w € H. Indeed, we have that
20—y, z—w) =2(x,2) — 2(x,w) — 2(y, 2) + 2{y, w)
= (—llzl? + 2(z, 2) = [121%) + (l2[|* - 2{z, w) + [[w]]?)
+ (I9l* = 2y, 2) + 1201%) + (= llyll? + 2{y, w) — [|w]|*)

= llo—w? +lly = 2l* = |z — 21> = lly — w]*.
From (2.2), we have that
23) (o= y)+ @ = w)oy—w) = o = w]® - [z~ y|

for all z,y,w € H. Let C be a nonempty subset of H and let T" be a mapping
of C' into H. A mapping T : C — C is 2-generalized hybrid [10] if there exist
a1, a9, B1, B2 € R such that

24)  a|TPa=Ty|* + a2 Tz — Ty[* + (1 — a1 — az) ||z — Ty||?
< Bl Tz —y||* + Bal| Tz — yl* + (1 = B1 — Ba) |l — ylI?
for all z,y € C. We call such a mapping an (a1, aq, 01, B2)-generalized hybrid
mapping. We know that the class of the mappings above covers classes of well-known
mappings. For example, the class of (0, ag, 0, G2)-generalized hybrid mappings is the
class of («g, O2)-generalized hybrid mappings in the sense of Kocourek, Takahashi and
Yao [7]. If z = T'x in (2.4), then for any y € C,
arl|lz=Ty|* + asllz = Ty|* + (1 — a1 — az) |z — Ty|?
< Billz —yl* + Ballz =yl + (1 = B — Bo) |z — yl|.
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Hence we have that
(2.5) |z =Tyl < llz—yll, VzeF(T),yeC.

This means that a 2-generalized hybrid mapping with a nonempty fixed point set is
quasi-nonexpansive. The following lemma is in [15].

Lemma 2.1. Let D be a nonempty, closed and convex subset of H and let f :
D — (—o0,00] be a proper, convex and lower semicontinuous function such that
f(zm) — 00 as ||zm|| — oo. Then there exists an element zy € D such that

f(z0) = min{f(2) : z € D}.

Let [*° be the Banach space of bounded sequences with supremum norm. Let
be an element of (I°°)* (the dual space of [°°). Then, we denote by p(f) the value
of wat f = (x1,29,x3,...) € [*. Sometimes, we denote by p,(x,) the value
p(f). A linear functional y on [ is called a mean if u(e) = ||u|| = 1, where
e=(1,1,1,...). A mean p is called a Banach limit on {*® if p,(zp4+1) = pin(zn).
We know that there exists a Banach limit on [°°. If x4 is a Banach limit on [°°, then
for f = (x1,x9,23,...) €1,

liminf z, < p,(x,) < limsup x,.
n—0o0 n—00

In particular, if f = (21,29, 23,...) € [*® and z,, — a € R, then we have p(f) =

tn(zn) = a. For the proof of existence of a Banach limit and its other elementary

properties, see [15]. Using Banach limits, Takahashi and Yao [21] proved the following

fixed point theorem.

Theorem 2.2. Let H be a Hilbert space, let C' be a nonempty, closed and convex
subset of H and let T be a mapping of C into itself. Suppose that there exists an
element x € C such that {T"xz} is bounded and

pnl| T = Ty[* < pa|| Tz — y|?, VyeC
for some Banach limit . Then F(T) is nonempty.

For proving our main results in this paper, we also need the following lemma proved
by Takahashi and Toyoda [20].

Lemma 2.3. Let D be a nonempty, closed and convex subset of H. Let P be the
metric projection from H onto D. Let {u,} be a sequence in H. If ||up+1 — ul <
|un, — ul| for any uw € D and n € N, then { Pu,,} converges strongly to some ugy € D.

The following result proved by Takahashi and Takeuchi [19] is important.
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Lemma 2.4. Let H be a real Hilbert space, let C be a nonempty subset of H and
let T be a mapping from C' into H. Then A(T) is a closed and convex subset of H.

3. ATTRACTIVE POINT THEOREMS

In this section, we prove an attractive point theorem for nonlinear mappings in a
Hilbert space. Before proving the theorem, we show the following lemma.

Lemma 3.1. Let H be a Hilbert space, let {x,,} be a bounded sequence in H and
let pw be a mean on 1°°. Then there exists a unique point zy € co{x, : n € N} such
that

3.1) tnlTn, y) = (20,y), Yy € H.

Proof.  Since {xy} is bounded, we have that for any y € H, {(z,,y)} is in [*°.
Since p is a mean on [*°, we can define a real valued function g as follows:

9(y) = pnln,y), Vy € H.
We have that for any y, 2 € H and o, 3 € R,
g(ay + B2) = pin (@, oy + B2)

= apin{Tn, Y) + Bin(Tn, 2)
= ag(y) + Bg(2).

Then g is a linear functional of H into R. Furthermore, we have that for any y € H,

l9(W)| = |tn(zn, v)|
< |lpnll sup [(xn, y)|
neN

< [lpnll sup [[zn]] |yl
neN
= (sup [[zn[l) [yl
neN
Put K = sup,,cy ||zn||. We have that

lg(y)| < K|ly||, Yy € H.

Then g is bounded. By the Riesz theorem, there exists zg € H such that

(3.2) 9(y) = (20,¥), Vye€ H.

It is obvious that such zy € H is unique. Furthermore, we have zy € ¢o{z,, : n € N}.
In fact, if zo ¢ co{x,, : n € N}, then there exists yo € H from the separation theorem
such that

(20, y0) < inf {(z,y0) : z € co{xp : n € N} }.
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Using the property of a mean, we have that

(z0,y0) < inf {(z,y0) : z € co{xp : n € N}}
< inf{(zn,yo) : n € N}

< Hn <113n, y0>

= (20, Y0)-
This is a contradiction. Thus we have zy € ¢o{z,, : n € N}. This completes the
proof. ]

We call a unique zg € H such that

Mn<xnu y> = <207 y>7 vy €H
the mean vector of {x,} for p.

Lemma 3.2. Let D be a nonempty, closed and convex subset of a Hilbert space
H, let {x,} be a bounded sequence in D and let |1 be a mean on l*°. If g: D — R
is defined by
9(2) = pnllzn — 2||?, Vz € D,

then g is continuous and there exists a unique zg € D such that
g(z0) = min{g(z) : z € D}.
Furthermore, such z is the mean vector of {x,} for p.

Proof.  For a bounded sequence {z,,} C D and a mean p on [*°, we know from
[15] that a function g : D — R defined by

9(2) = pnllzn — 2|, Vz€D
is continuous. We also know from Lemma 3.1 that there exists the mean vector zy of
{z,,} for p, that is, there exists zy € co{x, : n € N} such that
pn{Tn, y) = (20,y), Yy € H.
Since D is closed and convex and {z,,} C D, we have zp € D. Furthermore, we have
that for any z € D,
9(2) = 9(20) = pnllen — 21> = pnllen — 2ol®
= pn(llzn = 2l* = |z — 20[l*)
= un(Han2 = 2{an, 2) + | 2l* = (lzall® = 2(zn, 20) + ll20]1))
pn(=2(@n, 2) + [|2[|* + 2(@n, 20) — [120]%)
~2(20, 2) + || 2II* +2(20, 20) — |l20l®
= —2<Zo, 2) + 12017 + llz0]1?

= ||z — zo|*.

n
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Then we have that
9(2) = g(z0) + ||z — 20|/?, Vz € D.

This implies that 2 is a unique point in D such that
g(z0) = min{g(z) : z € D}.
This completes the proof. ]

Now, we prove the first attractive point theorem for nonlinear mappings in a Hilbert
space.

Theorem 3.3. Let H be a Hilbert space, let C' be a nonempty subset of H and
let T' be a mapping of C into itself. Suppose that there exists an element x € C such
that {T"z} is bounded and

pnl| T = Ty[* < pa|| Tz — y|?, VyeC

for some mean p on 1°°. Then A(T) is nonempty. In particular, the mean vector
20 € H of {T"x} for w is an element of A(T). Additionally, if C is closed and
convex, then F(T) is nonempty.

Proof.  Since {T"x} is bounded, we have from Lemma 3.1 that there exists a
unique point zy € co{T"x : n € N} such that

(3.3) (T, y) = (20,y), Vy € H.
Using this zp, we have from (2.3) and the assumption of 7" that for any v € C,
((z0—v) + (20 — Tv),v—Tv)
= up((T"x —v) + (T"x — Tv),v — T)
= (|72 — To||* — | T"2 — v||*)
= || T"e = T0||* = | T2 — 0]?
<0.
Using (2.3) again, we have that
(20 = v) + (20 = T0), 0 = Tv) = |[z0 — T||* || 20 — v|>
Thus we have that

Jz0 —Tol2 = llz0 —v|2 <0, WweC

and hence
lz0 = To]l < llzo—vll, VoeC.
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Therefore, we have zy € A(T'). Additionally, if C' is closed and convex, we have from
{T"z} C C that
29 € co{T"x :n € N} C C.

Since zp € A(T') and 29 C C, we have that
|Tz0 — 20| < [|z0 — 20/ =0

and hence zg € F/(T). This completes the proof. |

Using Theorem 3.3, we can prove an attractive point theorem for 2-generalized
hybrid mappings in a Hilbert space.

Theorem 3.4. Let H be a Hilbert space, let C' be a nonempty subset of H and
let T be a 2-generalized hybrid mapping of C' into itself. Suppose that there exists an
element z € C such that {T"z} is bounded. Then A(T) is nonempty. Additionally, if
C' is closed and convex, then F(T') is nonempty.

Proof.  Since a mapping T is 2-generalized hybrid, there exist oy, ag, 81, B2 € R
such that

ar | T2z =Ty|* + az|| Tz = Ty|* + (1 — a1 — az) |z — Tyl
< Bl Tz — yl* + Bal| T — yl* + (1 = 1 — B2) |l — yI?

for all z,y € C. Take z € C such that {T"z} is bounded. Then for any y € C' and
n € NU {0}, we have

ar|[T" 2 2=Ty|* + as|T" 'z = Ty|* + (1 — a1 — aa)||T"z — Ty
< BT 22 = yl? + Bol T2 = yl? + (1= 1 = B2) I T2 — g2

for any y € C. Since {T"z} is bounded, we can apply a Banach limit x to both sides
of the inequality. Then we have

pn(an | T2 = Ty + ao|[T" 2 = Ty|* + (1 — o1 — a2) | T2 — Ty||?)
< i (BulIT 22 = y|? + Bl T2 — y|? + (1= By — B2) | T2 — y*).
So we obtain
arpn | T2 = Ty|* + copn|| T2 = Tyl|* + (1 — o1 — ao)pn||[T™2 — Ty|?
< Bupin|| T2z =yl + Bopn | T2 — yl* + (1= B1 = Bo)pa| T2 — y1?
and hence
arpn||T"z = Tyl + agpn | T"2 — Tyl + (1 — a1 — a2)pn | T2 — Tyl
< Bl Tz = ylI? + Bopn | T2 — yl|* + (1 = 1 — B | T2 — |-
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This implies
pn| T2 = Ty|? < pn| T2 = y|?

for all y € C. By Theorem 2.2, we have that A(T) is nonempty. Additionally, if C
is closed and convex, then we have from Theorem 2.2 that F'(T') is nonempty. This
completes the proof. ]

As a direct consequence of Theorem 3.5, we have the attractive point theorem for
generalized hybrid mappings in a Hilbert space which was proved by Takahashi and
Takeuchi [19].

Theorem 3.5. Let H be a Hilbert space, let C' be a nonempty subset of H and
let T be a generalized hybrid mapping of C into itself. Suppose that there exists an
element z € C such that {T"z} is bounded. Then A(T) is nonempty.

Additionally, if C is closed and convex, then F(T) is nonempty.

Proof. A generalized hybrid mapping 7" of C' into itself is a 2-generalized hybrid
mapping. That is, an («, 3)-generalized hybrid mapping is a (0, «, 0, 3)-generalized
hybrid mapping. Thus, we have the desired result from Theorem 3.5. ]

4. NONLINEAR ErRDODIC THEOREMS

In this section, we prove a nonlinear ergodic theorem for 2-generalized hybrid
mappings without convexity in a Hilbert space. Before proving it, we obtain the
following theorem.

Theorem 4.1. Let H be a Hilbert space, let C' be a nonempty subset of H and
let T' be a mapping of C into itself. Suppose that there exists an element x € C such
that {T"z} is bounded and

pn| T = Ty|? < pol| Tz —y|?, Wy e C

for some Banach limit j1 on 1°°. Then N3, co{T**"z : n € N} N A(T) consists of one
point zg. Furthermore, zy = limy,_.oc Po(1)T"x, where Py () is the metric projection
of H onto A(T). Additionally, if C is closed and convex, then M3, co{T* "z : n €
N} N F(T) consists of one point z.

Proof.  From Lemma 3.2, a unique point zg € H such that
ol T = 20> = min{p||T" — y|* : y € H}

is the mean vector of {T"x} for the Banach limit y, that is, a unique point zy € H
such that

(T "z, y) = (20,9), Vy € H.
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We have also from Theorem 3.3 that z9 € A(T'). Furthermore, we have that
il T — 212 = min{pn| T — y| + y € AT)}.

Let us show that zy € N, 26{T**"z : n € N}. If not, there exists some k € N such
that zg ¢ co{T**t"z : n € N}. By the separation theorem, there exists yy € H such

that
<207 y0> < 1nf{<27 y0> 1z E @{Tk—’—nx n e N}}

Using the property of a Banach limit, we have that
(z0,y0) < inf {(z,y0) : z € o{T* "z i n e N}}
< inf{(T* "z, yo) : n € N}
< pin (T, o)
= pn(T" 2, o)
= (20, %0)-

This is a contradiction. Thus, we have that 25 € QZL@{TH%? : n € N}. Next, we
show that N°,co{T**"z : n € N} N A(T) consists of one point zy. Assume that
z1 € N2 @o{T* ™z : n € N} N A(T). Since z; € A(T), we have that

IT" 2 — 2|2 < |T"% — z1||%  Vn €N,

Then lim,, o |77 — 21||? exists. In general, since lim,, ., || 7"z — z||? exists for
every z € A(T), we define a function g : A(T') — R as follows:

g(z) = lim ||T"z — z||?, Vze€ A(T).

Since
|20 — 21H2 =||T"x — 21H2 — | T"x — 20H2 —2(zp — 21, T"x — zp)
for every n € N, we have
20 — 21 ||* + 2 lim (29 — 21, T"x — 20)
n—oo
= lim |77z — z|*> — lim ||T"z — 2|?
n—oo n—oo

> 0.

Let € > 0. Then we have

2 lim <zo — 21, T"x — Zo> > —HZO - 21H2 — ¢
n—oo
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Hence, there exists ng € N such that
2z — 21, T"x — 20) > —||20 — 21]|2 — €
for every n € N with n > ng. Since z1 € DZ"ZIE{T’”%: :n € N}, we have
2z — 21,21 — 20) > —||20 — 21]]? — €.
This inequality implies that ||zg — 21 |2 < €. Since € > 0 is arbitrary, we have 2o = 21.

Therefore,
{20} = My @o{T* "z : n € N} N A(T).

We show that zy = limy, oo Pacr)T™x, Where Pyt is the metric projection of H
onto A(T'). Since

|7 — 2| < ||T" = 2l|, V€N, 2 € A(T),

we have from Lemma 2.3 that { P T"z} converges strongly to some u € A(T).
Since Py(7)T"x € A(T) for all n € N, we have

|ParyT™ = T"|| < || PagyT™a — T™a]
for all n,m € N with n > m. Furthermore, we have from the property of P 7y that
|PaeyT™e T < || — T™a]
for all z € A(T). Thus,
|ParyT" 2 — T"x|? < || Py T™x = Tz < ||z = T™|)?
for all n,m € N with n > m and z € A(T). Then we have that
9(PanT™z) = lim || ParyT™z — T"x|?

< || Py T — T ?
<|lz = T™z|?.

Since g is continuous and PyT™z — u € A(T), we have that
g(u) < lim |z —T™z|* = g(2), Vze€ A(T).
m—00
Since zj is a unique minimizer of ¢ in A(7T), we have u = zy. Therefore,

20 = nh—>rgo PA(T)Tn[B
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Additionally, if C' is closed and convex, then we know that
20 € N, @{TF "z : n e N} N F(T).
Since NP @o{T* "z : n € N} N A(T) consists of one point 2y, we have
N eo{ T "z :n e N} N F(T) = {20}
This completes the proof. u

Lemma 4.2. Let H be a Hilbert space, let C be a nonempty subset of H and let
T be a mapping of C into itself. Suppose that there exists an element x € C such that
{T"x} is bounded and

pnl| T = Ty|* < pa|| Tz — y|?, Yy eC

for some Banach limit u on [*°. Define
1 n—1
Spr = — ZTka:, Vn € N.
n k=0

Suppose that if a subsequence {Sy,x} of {Snx} converges weakly to v € H, then v €
A(T). Then {Spz} converges weakly to zy € A(T), where 2o = limy, oo Pa(p)T" .
Additionally, if C'is closed and convex, then {S,x} converges weakly to zy € F(T).

Proof. From Theorem 4.1, we know that N3, co{T**"z : n € N} N A(T) consists
of one point zy and zp = limy, oo Py()T"z. To complete the proof, it is sufficient to
show that if S,z — v, then v = 2¢. Since Py)T"x € A(T) for all n € N, we have

|ParyT" e — T"|| < [|[PaeyT™ e — T a|
<N PaeyT" ' =T .

This implies that {||P(7)T"x — T"x||} is nonincreasing. We have also that
(T*z — PyryT*z, PypyT"2 — u) > 0
for all k € N and v € A(T). Since {||T%z — PA(T)Tka:H} is nonincreasing, we have

<u — 20, kalf — PA(T)TkIIZ> < <PA(T)kalj — 20, kalj — PA(T)Tk[B>
< | PayTz = zoll - | T5x — Paery Tz
< |Paer)T* 2 = 20| - |z = Pacryz].
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Adding these inequalities from £ = 0 to k = n — 1 and dividing n, we have

1 [z = Pagryz||
<u—2075n33— EZPA(T)Tkx> ZHPA Tz — 2.
k=0

Since S,z — v and PyyTFz — 2, we have
(u— zp,v — z9) <0.

By the assumption, we know v € A(T). Putting u = v, we have (v — zp,v — 29) <0
and hence ||v — z||> < 0. Thus, we obtain v = z,. Therefore, {S,z} converges
weakly to zg € A(T). Additionally, if C is closed and convex, then we know from
Theorem 4.1 that zg is a fixed point. This completes the proof. ]

Now, we can prove the following nonlinear ergodic theorem for 2-generalized hybrid
mappings in a Hilbert space.

Theorem 4.3. Let H be a Hilbert space, let C' be a nonempty subset of H and
let T be a 2-generalized hybrid mapping of C' into itself such that A(T) is nonempty.
Then for any x € C,

1n—1
- k
e
k=0

converges weakly to 2o € A(T), where zy = limy, .o Pyr\T"x. Additionally, if
C' is closed and convex, then {S,x} converges weakly to zy € F(T), where zy =

Proof. Since T : C — C'is 2-generalized hybrid, there exist oy, ao, 1,82 € R
such that

ar||[T% —Ty|* + az|| Tz — Ty|* + (1 — a1 — az)||z — Ty||?

4.1)
< Bl T —yl? + Bal|Ta =yl + (1 = B1 = Ba) |l — yl®

for all z,y € C. Since A(T) is nonempty, {T"z} is bounded for any x € C. We
know from the proof of Theorem 3.5 that for any Banach limits x on [°°,

pn| T = Tyll* < pa| Tz = y?, Yy € C.
Thus we have from Theorem 4.1 that N3°,2o{T**"z : n € N} N A(T) consists of

one point 2y and zp = lim,_, PA(T)T”a:, where PA(T) is the metric projection of H
onto A(T). To prove S,z — zg € A(T), it is sufficient to show from Lemma 4.2 that
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if S,z — v, then v € A(T'). Assume S,,z — v. We have from (4.1) that for any
yeCand ke NU{0}

0 < BT 20 — g + BT — gl + (1 - By — BT — g
— a1||T"?2 = Ty|* — aa| T" ' = Ty|* — (1 — a1 — o) | T"e — Ty||?
= Bi(IT* Pz — Ty|* + 2{T* ¢ — Ty, Ty —y) + |Ty — y[|?)
+ Ba(|T e = Ty | + 2T 2 — Ty, Ty — y) + | Ty — y|I)
+(1=p1 = B)(IT*x = Ty||* + 2(T*x — Ty, Ty — y) + | Ty — y||*)
— a1||T*z = Ty|? = ao||T* e = Ty|* — (1 — a1 — ag)|| Tz — Ty||?
= 1Ty — ylI”> + 2(3H T 22 + BT a + (1 - By — o) Tz — Ty, Ty — y)
+ (B — ) (|T"?x = Ty||* = | T2 — Ty|?)
+ (B2 — o) (|T" ' = Ty||* — | T2 — Ty?).
Summing up these inequalities with respectto k =0,1,...,n— 1,
0 <n|Ty -yl
n—1
+ 2( Z Trz + (T e + T — & — Ta) + Bo(T"x — x) — nTy, Ty —y)
k=0
+ (81— a)(IT" e = Ty|)? + |T"x — Tyl|* = ||« = Tyl|* — | Tz — Ty|*)

+ (B2 — ag)(|T"z — Ty||* — ||l= — Ty|*).
Deviding this inequality by n, we have
0< Ty —yl?
1 1
+2(Spx + =B (T" e+ T — 2 — Tx) + —Fo(T"x — 2) — Ty, Ty — y)
n n

1
+ (B~ an)(|T" e = Ty|* + | Tz — Ty|)* — |lo = Tyl* — | Tz — Ty||*)

(2 — (I — Tyl — |}z ~ Ty)?).
Replacing n by n; and letting n; — oo, we obtain from .S,,,x — v that
0<(ITy — gyl +2 (v~ Ty, Ty —y).
Using (2.2), we have that
0<[ITy —yl* +2 (v~ Ty, Ty —y)

=Ty = yl* + llv = ylI> = lo = Ty||* = | Ty — y|?
= llv—y|* = [lv—Ty|*
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Thus we have that
[v =Tyl <|v—yll, Vyel

and hence v € A(T). Therefore S,z — 29 € A(T). Assume that C' is closed and
convex. Since 7" is 2-generalized hybrid, T is quasi-nonexpansive from (2.5). Then we
have that F'(T) is closed and convex; see Ito and Takahashi [6]. Thus we can define
the metric projection Pp(y of H onto F'(T). Since C is closed and convex, {S,}
converges weakly to 29 € F/(T). To show zp = lim,, .o Pp(yT"z, we may follow
the proof of Theorem 4.1. This completes the proof. ]

As a direct consequence of Theorem 4.3, we have the nonlinear ergodic theorem
by Takahashi and Takeuchi [19].

Theorem 4.4. Let H be a Hilbert space, let C be a nonempty subset of H and let
T be a generalized hybrid mapping of C' into itself such that A(T) is nonempty. Then
for any x € C,

1 n—1
Spx = - I;Tka:

converges weakly to 2o € A(T), where zy = limy, .o Pyr)T"x. Additionally, if
C' is closed and convex, then {S,x} converges weakly to zy € F(T), where zy =
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