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ELLIPTIC NUMERICAL RANGES OF BORDERED MATRICES

Mao-Ting Chien* and Kuo-Chih Hung

Abstract. Let A ∈ Mn(C). The numerical range of A is defined as W (A) =
{x∗Ax : x ∈ Cn, |x| = 1}. We give a necessary and sufficient condition for
W (A) to be an elliptic disk. The criterion is applied to prove the elliptic numerical
ranges of certain bordered matrices.

1. INTRODUCTION

Let A ∈ Mn. The numerical range of A is the set of complex numbers

W (A) = {x∗Ax : x ∈ Cn, |x| = 1}.
It is well known (see [5]) that W (A) is convex, and W (A) is an elliptic disk if n = 2.
It is of great interest in determining matrices with elliptic numerical ranges. There have
been a number of interesting papers on the subject, see [1, 2, 3, 4, 6]. Let A ∈ Mn be
of the form

A =
(

B C

D E

)
,

where B ∈ Mk and E ∈ Mn−k . The matrix A is called a bordered matrix of B. In this
paper, we focus on the class of bordered matrices with B = αIk, a scalar matrix. In
Section 2, a criterion for the numerical range to be an elliptic disk is given. In Section
3, this criterion is applied to bordered matrices to have elliptic numerical range.

2. AN ELLIPTIC CRITERION

Let A ∈ Mn. For any θ, consider the Hermitian part of eiθA
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Hθ(A) = (eiθA + e−iθA∗)/2.

Marcus and Pesce [7] showed that W (A) is a circular disk centered at the origin if
and only if the maximal eigenvalue λmax(Hθ(A)) of Hθ(A) is constant for all θ. The
result is generalized in [3] that W (A) is a regular elliptic disk centered at the origin
having major axis on x-axis of length 2a and minor axis on y-axis of length 2b if and
only if

λmax(Hθ(A)) = (a2 − c2 sin2 θ)1/2,

for 0 ≤ θ < 2π, where c = (a2 − b2)1/2. A criterion for general elliptic numerical
range is modified as follows.

Theorem 1. Let A ∈ Mn(C), and a, b ∈ R. Then W (A) is an elliptic disk
centered at the point p + qi, major axis parallel to the vector e iα of length 2a and
minor axis of length 2b if and only if

λmax

(
Hθ(A)

)
= p cos θ − q sin θ +

(
a2 − c2 sin2(θ + α)

)1/2

for 0 ≤ θ < 2π, where c = (a2 − b2)1/2.

Proof. It is clear that W (A) is an elliptic disk centered at the point p + qi, major
axis parallel to the vector eiα of length 2a and minor axis of length 2b if and only if
W (e−iα(A− (p + qi)I)) is a regular elliptic disk centered at the origin, major axis of
length 2a and minor axis of length 2b. Then by [3], we have

λmax

(
Hθ(e−iα(A − (p + qi)I))

)
= (a2 − c2 sin2 θ)1/2

for 0 ≤ θ < 2π, where c = (a2 − b2)1/2. The conclusion then follows from the
observation:

λmax

(
Hθ(e−iα(A − (p + qi)I))

)
= λmax

(
Hθ−α(A− (p + qi)I)

)
= λmax

(
Hθ−α(A)− �(p + qi)ei(θ−α))

)
.

3. BORDERED MATRICES

Consider the following bordered matrix of a scalar matrix

(1) A =




α 0 · · · 0 a1n

0 α
. . . ... a2n

... . . . . . . 0
...

0 · · · 0 α an−1,n

an1 an2 · · · an,n−1 β




.
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Linden [6] shows that W (A) is an elliptic disk. We give a different proof using
Theorem 1.

Theorem 2. Let A be an n×n matrix defined as in (1). Then W (A) is an elliptic
disk centered at the point (α + β)/2, major axis parallel to the vector e i φ

2 of length(
n−1∑
j=1

(|ajn|2 + |anj |2) +
|β − α|2

2
+ 2 |

n∑
j=1

ajnanj +
(β − α)2

4
|
) 1

2

,

and minor axis of length(
n−1∑
j=1

(|ajn|2 + |anj|2) +
|β − α|2

2
− 2 |

n−1∑
j=1

ajnanj +
(β − α)2

4
|
) 1

2

,

where
n−1∑
j=1

ajnanj +
(β − α)2

4
= |

n−1∑
j=1

ajnanj +
(β − α)2

4
|eiφ.

Proof. We may assume α = 0. Then the characteristic polynomial of Hθ(A)
becomes

tn − (
βeiθ + βe−iθ

2
)tn−1 −

( n−1∑
j=1

|ajneiθ + anje
−iθ

2
|2
)
tn−2.

It follows that

λmax(Hθ(A))

=
1
2

(
(
βeiθ + βe−iθ

2
) +

(
(
βeiθ + βe−iθ

2
)2 + 4

n−1∑
j=1

|ajneiθ + anje
−iθ

2
|2
) 1

2

)

=
1
2

(
�βeiθ +

(
(�βeiθ)2 + 4

n−1∑
j=1

|ajneiθ + anje
−iθ

2
|2
) 1

2

)
.

Suppose β = p + qi. Then p cos θ − q sin θ = �βeiθ. We compute that

λmax(Hθ(A)) − (p cos θ − q sin θ)/2

=
1
2

(
�βeiθ +

(
(�βeiθ)2 + 4

n−1∑
j=1

|ajneiθ + anje
−iθ

2
|2
) 1

2

)
− 1

2
�βeiθ

=
1
2

( n−1∑
j=1

|ajneiθ + anje
−iθ|2 +

1
4
|βeiθ + βe−iθ|2

) 1
2
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=
1
2

( n−1∑
j=1

(|ajn|2 + |anj|2) +
|β|2
2

+ 2�(
n−1∑
j=1

ajnanj +
β2

4
)e2iθ

) 1
2

=
1
2

( n−1∑
j=1

(|ajn|2 + |anj|2) +
|β|2
2

+ 2�|
n−1∑
j=1

ajnanj +
β2

4
|e2i(θ+φ

2
)
) 1

2

=
1
2

(( n−1∑
j=1

(|ajn|2 + |anj|2) +
|β|2
2

+ 2|
n−1∑
j=1

ajnanj +
β2

4
|
)
× cos2(θ +

φ

2
)

+
( n−1∑

j=1

(|ajn|2 + |anj |2) +
|β|2
2

− 2|
n−1∑
j=1

ajnanj +
β2

4
|
)
× sin2(θ +

φ

2
)

) 1
2

=
1
2

(( n−1∑
j=1

(|ajn|2 + |anj|2) +
|β|2
2

+ 2|
n−1∑
j=1

ajnanj +
β2

4
|
)

−
(
(
n−1∑
j=1

(|ajn|2 + |anj |2) +
|β|2
2

+ 2|
n−1∑
j=1

ajnanj +
β2

4
|)

−
( n−1∑

j=1

(|ajn|2 + |anj |2) +
|β|2
2

− 2|
n−1∑
j=1

ajnanj +
β2

4
|
))

× sin2(θ +
φ

2
)

) 1
2

,

where
n−1∑
j=1

ajnanj +
β2

4
= |

n−1∑
j=1

ajnanj +
β2

4
|eiφ.

By Theorem 1, W (A) is an elliptic disk centered at the point β/2, major axis parallel
to the vector ei φ

2 of length

( n−1∑
j=1

(|ajn|2 + |anj |2) +
|β|2
2

+ 2|
n−1∑
j=1

ajnanj +
β2

4
|
)1

2
,

and minor axis of length

( n−1∑
j=1

(|ajn|2 + |anj|2) +
|β|2
2

− 2|
n−1∑
j=1

ajnanj +
β2

4
|
) 1

2
.

As a consequence of Theorem 2, we obtain

Corollary 3. The numerical range of an n× n of the form (1) is invariant under
interchange of the (n, j) and (j, n) entries for any j = 1, 2, . . . , n− 1.

The numerical ranges of special bordered matrices are examined in [1].
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Theorem 4. ([1]). Let A be a bordered matrix of αIm of the form

(2)
(

αIm B

(kB)∗ βIn−m

)
.

Then W (A) is an elliptic disk with foci at

λ1,2 =
α + β ±√(α − β)2 + 4kr2

2
,

major axis of length√
1
2
| α − β |2 + r2(|k|2 + 1)+ | 1

2
(α − β)2 + 2r2k |,

and minor axis of length√
1
2
| α − β |2 + r2(|k|2 + 1)− | 1

2
(α − β)2 + 2r2k |,

where r = ||B||2 = max{√λ : λ ∈ σ(B∗B)}.

In the following, we interchange the (n − 1)-th and n-th rows of the bordered
matrices (1) discussed in Theorem 2 which also produce elliptic numerical range. This
step plays an important role in relaxing the interchange of two rows and two columns
of the matrices (1) which is addressed in Theorem 6.

Theorem 5. Let A be an n × n matrix of the form


0 · · · · · · 0 a1n
... . . . . . . ... a2n

0 · · · · · · 0
...

an−1,1 an−1,2 · · · an−1,n−1 an−1,n

0 · · · · · · 0 ann




.

If an−1,n = 0 and an−1,n−1 = ann, then W (A) is an elliptic disk with foci at 0 and
ann, major axis of length (r 2 + |ann|2) 1

2 , and minor axis of length r, where

r2 =
1
2

n−2∑
i=1

(
|an−1,i|2 + |ain|2

)

+
1
2

√√√√|
n−2∑
i=1

(
|an−1,i|2 − |ain|2

)
|2 +4 |

n−2∑
i=1

an−1,iain |2.

Proof. The hermitian part
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Hθ(A) = eiθA+e−iθA∗
2

=




0 · · · 0 1
2an−1,1e

−iθ 1
2a1neiθ

...
. . .

...
...

...
0 · · · 0 1

2an−1,n−2e
−iθ 1

2an−2,neiθ

1
2an−1,1e

iθ · · · 1
2an−1,n−2e

iθ 1
2(anneiθ + anne−iθ) 0

1
2a1ne−iθ · · · 1

2an−2,ne−iθ 0 1
2 (anneiθ + anne−iθ)




.

Since Hθ(A) is a matrix of the form (2) in Theorem 4, it follows that W
(
Hθ(A)

)
is

a line segment (a degenerated elliptic disk) with center at

1
2

(anneiθ + anne−iθ

2

)
=

p cos θ − q sin θ

2
,

where ann = p + qi. Moreover,

(4) λmax

(
Hθ(A)

)
=

p cos θ − q sin θ

2
+

1
2

√
1
4
|anneiθ + anne−iθ|2 + r2,

where

(5) r = 2||U ||2, and U =




1
2an−1,1e

−iθ 1
2a1neiθ

...
...

1
2an−1,n−2e

−iθ 1
2an−2,neiθ




Direct computation shows that

r2 = 4||U ||22 = 4 max{λ : λ ∈ σ(U∗U)}

=
1
2

n−2∑
i=1

(
|an−1,i|2 + |ain|2

)

+
1
2

√√√√|
n−2∑
i=1

(
|an−1,i|2 − |ain|2

)
|2 +4 |

n−2∑
i=1

an−1,iain |2.

From (4), we have that
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λmax

(
Hθ(A)

)
− p cos θ − q sin θ

2

=
1
2

(
r2 +

1
4
|anneiθ + anne−iθ|2

) 1
2

=
1
2

(
r2 +

|ann|2
2

+ 2�(
ann

2

4
)e2iθ

) 1
2

=
1
2

(
r2 +

|ann|2
2

+
1
2
�|ann

2|e2i(θ+φ
2
)
) 1

2

=
1
2

((
r2 +

|ann|2
2

+
1
2
|ann

2|
)
× cos2(θ +

φ

2
)

+
(
r2 +

|ann|2
2

− 1
2
|ann

2|
)
× sin2(θ +

φ

2
)

) 1
2

=
1
2

(
(r2 + |ann|2) −

(
(r2 + |ann|2) − r2

)
× sin2(θ +

φ

2
)

)1
2

,

where ann
2 = |ann

2|eiφ. The conclusion then follows from Theorem 1.

The result of Theorem 5 can be extended to more general form.

Theorem 6. Let A be an n × n matrix such that all entries of A are zero except
that the k1-th row, k2-th column are possibly nonzero, and the diagonals a ii = α for
i �= k1, k2, ak1k1 = ak2k2 = β and ak1k2 = 0. Then W (A) is an elliptic disk foci at α

and β, major axis of length
√

r2 + |β − α|2 and minor axis of length r, where

r2 =
1
2

n∑
i=1

i�=k1,k2

(
|ak1,i|2 + |ai,k2 |2

)

+
1
2

√√√√√|
n∑

i=1
i�=k1,k2

(
|ak1,i|2 − |ai,k2 |2

)
|2 +4 |

n∑
i=1

i�=k1,k2

ak1,i ai,k2 |2.

Proof. At first, consider the matrix A−αI , and then choose a permutation matrix
P , interchanging rows k1 and n − 1, and columns k2 and n. Then P T (A − αI)P is
an n × n matrix of the form in Theorem 5.

Example. Consider

A =


0 1 1

0 0 1
0 0 0


 , B =


1 1 0

0 0 1
0 0 0


 .
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Then W (A) is not an elliptic disk, indeed it has a flat portion on its boundary. And
W (B) is an ovular not an elliptic disk. These examples indicate that the conditions
ak1k2 = 0 and ak1k1 = ak2k2 are essential for the elliptic numerical range.

Finally, the idea of the proof in Theorem 5 is applied to guarantee certain bordered
matrices having the same numerical range.

Theorem 7. Let A1, A2, A3 ∈ Mn be bordered matrices of αIk of the form

Aj =
(

αIk Cj

Dj βIn−k

)
,

j = 1, 2, 3, where

C1 =




a1,k+1 a1,k+2 · · · a1n

a2,k+1 a2,k+2 · · · a2n
...

... . . . ...
ak,k+1 ak,k+2 · · · akn


 , D1 =




0 0 · · · 0
0 0 · · · 0
...

... . . . ...
0 0 · · · 0


 ,

C2 =




0 0 · · · 0
a2,k+1 a2,k+2 · · · a2n

...
... . . . ...

ak,k+1 ak,k+2 · · · akn


 , D2 =




a1,k+1 0 · · · 0
a1,k+2 0 · · · 0

...
... . . . ...

a1n 0 · · · 0


 ,

C3 =




0 a1,k+2 · · · a1n

0 a2,k+2 · · · a2n
...

... . . . ...
0 ak,k+2 · · · akn


 , D3 =




a1,k+1 a2,k+1 · · · ak,k+1

0 0 · · · 0
...

... . . . ...
0 0 · · · 0


 ,

Then W (A1) = W (A2) = W (A3) is an elliptic disk with foci at α and β, major axis
of length

√
r2 + |β − α|2 and minor axis of length r, where r = ||U ||2, and

U =




a1,k+1 a1,k+2 · · · a1n

a2,k+1 a2,k+2 · · · a2n
...

... . . .
...

ak,k+1 ak,k+2 · · · akn


 .

Proof. We compute that

Hθ(Aj) =
eiθAj + e−iθA∗

j

2
=
(�(αeiθ)Ik Uj

Uj �(βeiθ)In−k

)
,

j = 1, 2, 3, where
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U1 =
1
2




a1,k+1e
iθ a1,k+2e

iθ · · · a1neiθ

a2,k+1e
iθ a2,k+2e

iθ · · · a2neiθ

...
... . . . ...

ak,k+1e
iθ a2,k+2e

iθ · · · akneiθ


 ,

U2 =
1
2




a1,k+1e
−iθ a1,k+2e

−iθ · · · a1ne−iθ

a2,k+1e
iθ a2,k+2e

iθ · · · a2neiθ

...
... . . . ...

ak,k+1e
iθ a2,k+2e

iθ · · · akneiθ


 ,

U3 =
1
2




a1,k+1e
−iθ a1,k+2e

iθ · · · a1neiθ

a2,k+1e
−iθ a2,k+2e

iθ · · · a2neiθ

...
... . . . ...

ak,k+1e
−iθ a2,k+2e

iθ · · · akneiθ


 .

We see that Hθ(A1), Hθ(A2) and Hθ(A3) are the form of the same type as that of
(3) for each θ. Assume α + β = p + qi. Then by a similar argument of the proof of
Theorem 5, following (4) and (5), we obtain that

λmax

(
Hθ(Aj)

)
=

p cos θ − q sin θ

2
+

1
2

√
|�(α− β)eiθ|2 + 4r2

j ,

where
rj = ||Uj||2 = max{

√
λ : λ is an eigenvalue of U∗

j Uj},
j = 1, 2, 3. Direct computations show that

U∗
1U1 = U∗

2U2 = V ∗U∗
3 U3V,

where V = diag(e2iθ, 0, . . . , 0). Thus r1 = r2 = r3, denote the common value r. By
Theorem 5, W (A1) = W (A2) = W (A3) is an elliptic disk with foci at α and β, major
axis of length

√
r2 + |β − α|2 and minor axis of length r.
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