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ELLIPTIC NUMERICAL RANGES OF BORDERED MATRICES

Mao-Ting Chien* and Kuo-Chih Hung

Abstract. Let A € M, (C). The numerical range of A is defined as W (A) =
{z*Az : © € C™,|x| = 1}. We give a necessary and sufficient condition for
W (A) to be an elliptic disk. The criterion is applied to prove the elliptic numerical
ranges of certain bordered matrices.

1. INTRODUCTION
Let A € M,,. The numerical range of A is the set of complex numbers
W(A) ={2"Az:xz € C", |x| = 1}.

It is well known (see [5]) that T (A) is convex, and W (A) is an elliptic disk if n = 2.
It is of great interest in determining matrices with elliptic numerical ranges. There have
been a number of interesting papers on the subject, see [1, 2, 3, 4, 6]. Let A € M, be

of the form
B C
=5 %)

where B € M, and E € M,,_;.. The matrix A is called a bordered matrix of B. In this
paper, we focus on the class of bordered matrices with B = «ay, a scalar matrix. In
Section 2, a criterion for the numerical range to be an elliptic disk is given. In Section
3, this criterion is applied to bordered matrices to have elliptic numerical range.

2. AN ELLIPTIC CRITERION

Let A € M,,. For any 6, consider the Hermitian part of ¢/ A
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Hy(A) = (¢ A+ e A%)/2.

Marcus and Pesce [7] showed that T/ (A) is a circular disk centered at the origin if
and only if the maximal eigenvalue A\y.x(Hg(A)) of Hy(A) is constant for all 6. The
result is generalized in [3] that W (A) is a regular elliptic disk centered at the origin
having major axis on z-axis of length 2a and minor axis on y-axis of length 2b if and
only if

Amax(Hg(A)) = (a® — ¢?sin? 0)'/2,

for 0 < 0 < 27, where ¢ = (a® — b*)'/2. A criterion for general elliptic numerical
range is modified as follows.

Theorem 1. Let A € M,(C), and a,b € R. Then W (A) is an elliptic disk
centered at the point p + ¢i, major axis parallel to the vector e of length 2a and
minor axis of length 2b if and only if

1/2
Amax <H9(A)> =pcost — gsinf + <a2 — cZsin?(0 + a))
for 0 < 0 < 2, where ¢ = (a2 — b%)1/2,

Proof. It is clear that W (A) is an elliptic disk centered at the point p + ¢i, major
axis parallel to the vector ¢/ of length 2a and minor axis of length 2b if and only if
W (e (A~ (p+qi)l)) is a regular elliptic disk centered at the origin, major axis of
length 2a and minor axis of length 2b. Then by [3], we have

Nmas (Ho(e (A= (p+ i)])) ) = (a* = ¢*sin? 0)'/2

for 0 < 6 < 2, where ¢ = (a®> — b?)!/2. The conclusion then follows from the
observation:

N (Ho(e ™ (A~ (p + 4)])))
= Amax <H0—04(A —(p+ qi)I))
<H9_a(A) —R(p+ qi)ei(e_o‘))) [

- )\max

3. BORDERED MATRICES

Consider the following bordered matrix of a scalar matrix

« o --- 0 ain

0 a . : aon
(1) A= 0

o --- 0 o An—1n
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Linden [6] shows that W' (A) is an elliptic disk. We give a different proof using
Theorem 1.

Theorem 2. Let A be an n x n matrix defined as in (1). Then W (A) is an elliptic
disk centered at the point (o + (3)/2, major axis parallel to the vector ei% of length

1

n—1 2
ﬂ —a)?

<Z(\ajn\2 + lan;[*) + 16 = o + 2| Zamam ) ]

=1

and minor axis of length

n—1 2 %
<Z(\ajn\2+\anj\2) 5ol Q\Zajnanj a) \) :

) 6
Z Ajnlnj + = | Z AjnGnj + le*?.

Proof. We may assume « = 0. Then the characteristic polynomial of Hy(A)
becomes

R =

It follows that
Amax(Hp(A))

1{ Bei® + Be—i® Bei® 4+ Be~i® ol e £ g0 \ 1
(BT ¢ (B e

. 2
7=1

1 X X n—1 a: e’ie + Te—i@ %
= o R+ Ry 4y | A 2)
2 < o 2

Suppose 3 = p + ¢i. Then pcos® — ¢sinf = RBe?. We compute that
Amax(Hg(A)) — (pcosf — gsinh)/2

n—1 0 | ——p—if 1
_ 1 i0 i0\2 ajn€” +anje™™ o\2 ) 1o .
=3 <§Rﬁe + <(§Rﬁe ) —1—4;1 | 5 | ) 2§Rﬂe

iy A A 1 1
_ 5( ‘ajnezﬂ_’_mje—zﬂﬁ_’_Z‘ﬁezﬂ+ﬁe—29‘2>2
j=1
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1,4 9 9 \ﬁ\ B2 22‘9%
= 5 (Do aml® + lansl?) + 5 + 2R( Zajnanj+ )et)
j=1
n—1
1
= (S anl? + lam? + 2 +2%\Zawam+[’ e20+))
j=1
n—1 n— 1
1 s 6
= 5((2(‘“]71‘ ‘Hanj‘ +2‘Zajnanj _> XCOS2(0+§)
j=1
oo B2 % A%
(D (lagnl® + lans ) +——2\Zamanj 2 ssin(9+ 2)
j=1
-1 n—1
1 U
- §<( (lagnl” + lan ) +2\Zajnanj 2)

1 ‘/8‘2 n— 1 2

+ 2| Z AjnGnj + )

o=

n—1
(g +lang ) + 122 -2 Y o ))xsm2<e+?>>
n nj jn nj 2 I

where

n—1 2 n—1 2

p B

Y ajnanj + 7 =| > ajntng + Z\e”-

j=1 j=1
By Theorem 1, W (A) is an elliptic disk centered at the point 3/2, major axis parallel
to the vector ¢'% of length

(D (agal? + lau ) +2\Zawam )
j=1

and minor axis of length

n—1 ‘ﬁ‘2 n—1 2

1
(oo o)+ 5 20 e + 1) .

j=1
As a consequence of Theorem 2, we obtain

Corollary 3. The numerical range of an n x n of the form (1) is invariant under
interchange of the (n,j) and (j,n) entries forany j =1,2,...,n— 1.

The numerical ranges of special bordered matrices are examined in [1].
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Theorem 4. ([1]). Let A be a bordered matrix of al,, of the form

. ((Zg* ﬂInB_m) |

Then W (A) is an elliptic disk with foci at

) a+ B+ +/(a— B)2+ 4kr?
12 = ;
’ 2

major axis of length

1 1
ala= B8P+ 120k + )t | 3o 82 4 20% |,

and minor axis of length

1 1
Sl P 4120k + 1) | 2= 82+ 20% |

where = || B||2 = max{VA : X\ € 0(B*B)}.

In the following, we interchange the (n — 1)-th and n-th rows of the bordered
matrices (1) discussed in Theorem 2 which also produce elliptic numerical range. This
step plays an important role in relaxing the interchange of two rows and two columns
of the matrices (1) which is addressed in Theorem 6.

Theorem 5. Let A be an n x n matrix of the form

0 - - 0 A1n
a2n
0 - - 0
ap—-1,1 (Gn—-12 "°° An—1n—1 0an—1n
0 - - 0 Ann

If a1, =0 and ap—1,n—1 = ann, then W(A) is an elliptic disk with foci at 0 and
ann, Major axis of length (r2 + \annP)%, and minor axis of length r, where

n—2

1
7"2 = 5 Z <\an_1,i\2 + ‘am‘2>

=1

1 n—2 n—2
t3 \ Z <\an—1,z‘\2 - \am\2> 2 44 | Zan—l,iain 2.
i=1 i=1

Proof. The hermitian part
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HB(A) _ 67,9A+;—7,9A*

1——r —if 1 360
0 T 0 50n—1,1€ ‘ §a1net
l——— —if 1 360
= 0 e 0 50pn—1,n—2€ ‘ §an—2,net
1 36 1 6 1 0 | 7, ,—1i0
§an—1,let e §an—1,n—26L §(annet + anne ’ ) 0
1 —i6 l— —if 1 0 | 7——,—1i0
§a1ne ¢ e §an—2,ne ¢ 0 §(annet + Apn€ ¢ )

Since Hy(A) is a matrix of the form (2) in Theorem 4, it follows that W(H@(A)) is
a line segment (a degenerated elliptic disk) with center at

0

1 (annew + apne”

2 2

) _ pcosf —qgsind
> =

2 )

where a,,, = p + ¢i. Moreover,

__ pcost —qgsind

1 /1 ) .
(4) Ama (HG(A)> + 5\/1‘0%71616 + We_“m + 7"27

2
where
stntie Y gaie”
(5) r =2||U||2, and U =
3n—ta—ze " Fap_2,e”

Direct computation shows that
r? = 4)|U||3 = 4max{\: X € o(U*U)}

1 n—2
=53 (lan-14 + lainl?)
i=1

1 n—2 n—2
oI (Jan-14l? = lainl?) 12 413" an-1itin [2
=1 i=1

From (4), we have that
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pcosf — gsind
e () 2050
1 A A i
<7"2 + _‘annezﬂ + me—29‘2>
2 ‘ann‘ nn” 2i6 3
re 4+ + 2R(—— 1 )e

<r2+\ann‘ n wann2‘e2z(9+ﬁ)>

<< ‘ann‘ %\amﬂ) x cos?(6 + %)
(

NI~ NI~ N~ DN

o=

1
r? 4 ‘ann‘ - —\ann2\> x sin?(6 + %))
1
_1 2 2 2 .2 ¢ ’
—2<r + |amn|?) —<(r +\ann\)—r)><s1n(0+2) ,

where a,,? = |an,2|e’®. The conclusion then follows from Theorem 1. n
The result of Theorem 5 can be extended to more general form.
Theorem 6. Let A be an n x n matrix such that all entries of A are zero except
that the k1-th row, ko-th column are possibly nonzero, and the diagonals a ;; = « for

i # k1, ko, agyk, = Qkok, = 0 and ag,r, = 0. Then W (A) is an elliptic disk foci at «
and 3, major axis of length /r2 4+ |3 — «|? and minor axis of length -, where

n

1
=2 > (lanal® + lail?)

=1
i#k1 ko
1 n n
5 1Y (lakal? = laig?) 441 Y aniain, 2
=1 =1
ik ko i#k1,kg

Proof. At first, consider the matrix A — «/, and then choose a permutation matrix
P, interchanging rows k; and n — 1, and columns ko and n. Then PT(A — al)P is
an n x n matrix of the form in Theorem 5. ]

Example. Consider
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Then W (A) is not an elliptic disk, indeed it has a flat portion on its boundary. And
W (B) is an ovular not an elliptic disk. These examples indicate that the conditions
ag,k, = 0 and ag, k, = ak,k, are essential for the elliptic numerical range.

Finally, the idea of the proof in Theorem 5 is applied to guarantee certain bordered
matrices having the same numerical range.

Theorem 7. Let A;, Ay, A3 € M,, be bordered matrices of ol of the form

o Oéfk Cj
4= (Dj Wn—k> ’

j=1,2,3, where

a1k+1  O1,k+2 a1n 0 0 0
ag k+1 02 k42 a2n 0 0 0
C, = . . , D1 = . ;
ki1 Ok kt2 Akn 0 0 0
0 0 0 a1 k+1 0O --- 0
ag k+1 02 k42 a2n aigt2 0 -+ 0
Gy = : : y D2 = : SR I
ki1 Ok kt2 Akn a, 0 -~ 0
0 ayxso a1n a1 k11 02 kt1 Qg k1
0 A2 k+2 a9on, 0 0 te 0
C3 = . . . 5 D3 = : : . : ;
0 akr+o Akn 0 0 e 0

Then W(A;) = W(Ay) = W(As3) is an elliptic disk with foci at o and 3, major axis

of length /72 + |3 — a|? and minor axis of length r, where r = ||U||2, and

a1,k+1  O1,k42 A1n

_ a2, k+1 A2 k+2 az2n
Ok k+1 Ak, k42 Qkn

Proof. We compute that
e A 4 e~ 10 A* 0 .
Hy(Aj) = —L— 3 — RaeT) I %j ;

2 Uj %(ﬁe )In—k

j=1,2,3, where
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a1 p11€?  appioe® oo ape
‘ . .
1 [ azpr1e®  agpioe agne’
U1 - 5 . . I
app+1€?  ag o€’ agne?
a1,k+16fi6 a1,k+26fi6 a1n€fi9
1| aopi1€?®  agpioe agne'?
U2 - 5 . . I
ag 1€ ag o’ agne’
argi1e”™ ay g0 oo agpe’
U 1 [ azpr1e™  agpi0e® agne'?
3 - = . .
2
appr1e " agpioet agne?

We see that Hy(A;), Hg(A2) and Hy(As) are the form of the same type as that of
(3) for each 6. Assume o+ 3 = p + ¢i. Then by a similar argument of the proof of
Theorem 5, following (4) and (5), we obtain that

__ pcosf —qsinf

1 )
— _ 612 2
5 + 2\/\5)?(04 B)e?|? + 4rz,

)\max <H0(Aj)>
where
r; = |Ujll2 = max{VA : \ is an eigenvalue of U;U;},

j =1,2,3. Direct computations show that
UiUy = UyUp = V*U3 U3V,

where V' = diag(e%?,0,...,0). Thus r; = ro = 73, denote the common value r. By
Theorem 5, W (A;) = W(Ay) = W(As3) is an elliptic disk with foci at « and 3, major
axis of length /72 4 |8 — «|? and minor axis of length r. [
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