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RELATIONS BETWEEN GENERALIZED VECTOR VARIATIONAL-LIKE
INEQUALITIES AND VECTOR OPTIMIZATION PROBLEMS

Suliman Al-Homidan and Qamrul Hasan Ansari

Abstract. In this paper, we consider generalized vector variational-like inequal-
ities involving Dini subdifferential. Some relations among these inequalities and
vector optimization problems are presented.

1. INTRODUCTION

It is well known that the vector variational inequality provides the necessary and
sufficient conditions for a solution of a vector optimization problem if each component
of the vector-valued function is convex and differentiable. In the last decade, several
authors studied such kind of necessary and sufficient conditions when the vector-valued
function is not necessarily convex or differentiable in some sense; See, for example [1-
14] and the references therein. The vector optimization problem may have a nonsmooth
objective function. Therefore, Crespi et al. [15] introduced the Minty vector variational
inequality problem (in short, MVVVIP) defined by means of lower Dini derivative. They
established some relations between a MVVIP and the solutions of vector minimization
problem (both ideal and weak efficient but not efficient) solutions. Further, Ansari and
Lee [3], and Lalitha and Mehta [9] introduced both the Minty and the Stampacchia
type vector variational inequalities (in short, MVVVIs and SVVIs, respectively) defined
by means of upper Dini derivative. They established some existence results and gave
some relations along these inequalities and vector optimization problems. Their ap-
proach seems to be more direct than the one adopted in [15]. Mishra and Wang [11]

Received October 1, 2010, accepted April 28, 2011.

Communicated by Jen-Chih Yao.

2010 Mathematics Subject Classification: 49J52, 49J53, 92C26, 49J40, 65K 10.

Key words and phrases: Dini directional derivatives, Dini subdifferentials, Generalized vector variational-
like inequalities, Vector optimization problems.

This research was partially done during the stay of second author at King Fahd University of Petroleum
& Minerals, Dhahran Saudi Arabia. In this research, first was supported by a KFUPM funded project
No. IN 101009. Authors are grateful to the King Fahd University of Petroleum & Minerals, Dhahran
Saudi Arabia for providing excellent research facilities to carry out this research.

987



988 Suliman Al-Homidan and Qamrul Hasan Ansari

considered Stampacchia type vector variational inequalities involving Clarke’s subdif-
ferential. They gave some relations between their vector variational inequalities and
vector optimization. Recently, we [2] considered both the Minty and the Stampacchia
type vector variational-like inequalities (in short, MVVVLIs and SVVLIs, respectively)
for a bifunction. Such bifunction can be taken as Dini upper directional derivative or
any other kind of directional derivatives which satisfy certain properties. Some ex-
istence results for these kinds of inequalities have been established. We also studied
some relationships among these inequalities and vector optimization problems.

In the present paper, we extend the MVVLIs and SVVLIs for Dini subdifferentials
and present some relations among these inequalities and vector optimization problems.

2. PRELIMINARIES

Throughout the paper, 0 will be considered as a zero vector in R". We denote by
(-, -) the scalar product in R™.

Definition 2.1. Let f : R™ — R U {£oo} be a function and = € R™ be a point
where f is finite. The Dini upper directional derivative at the point x € R™ in the
direction d € R™ [16] is defined by

fP(x;d) = limsup flz+td) - f(z) — inf sup flz+td) — f(x)

t—0+ t s>0 0<t<s t

Definition 2.2. Let f : R™ — R U {£oo} be a function and = € R™ be a point
where f is finite. The Dini upper subdifferential of f at x [17] is defined by

OPf(z)={¢eR™: (£, v) < fP(x,v) forall v e R}

The following mean value theorem will be used to establish the main result of this
paper.

Theorem 2.1. [18, Corollary 2.4]. Let K C R* and f : K — RU {+oo} be
finite and upper semicontinuous on an open set containing the segment [a, b] of K.
If 9P f(z) is an upper semicontinuous set-valued map with nonempty equicontinuous
values on [a, b], then there exist ¢ € [a,b] and ¢ € 9P f(c) such that

f(0) = fla) = (& b—a).

The assumption that 9 f () is nonempty and equicontinuous is satisfied when f P (z; -)
is convex and continuous.

We say that the map 7 : K x K — R" is skew if for all z,y € K,

n(y,z) +n(z,y) = 0.
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Condition A. Let K C R™" beaninvexsetw. r.t. nandletg: K — R be a
function. Then
g(x+n(y,x)) <g(y), forallz,yekK.

Condition C. Let K CR™ beaninvexsetw. r.t. n: K x K — R"™ Then, for all
z,y€ K, A€ [0,1],

@ n(z,z+ A(y,z)) = —An(y, )
(b) n(y, =+ Ay, z)) = (1 — Mn(y, z)
Obviously, the map n(y, z) = y — « satisfies Condition C.

Definition 2.3. Let = be arbitrary point of K. The set K is said to be invex at z
w. r. t. nifforall y € K,

x+An(y,z) e K, forall A €|0,1].
K is said to be an invex set w. r. t. n if K is invex at every point z € K w. . t. 7.

The definition of an invex set essentially says that there is a path starting from z
which is contained in K. It is not required that i should be one of the end points of
the path.

Definition 2.4. Let g : K — R U {£o0} be a function such that for all x € K,
f(z) is finite, and let n : K x K — R™ be a bifunction. The function g is said to be
generalized invex w. r. t. n if

(2.1) & n(y,z)) < gly) — g(z), forallz,y € K and all ¢ € 9Pg(x).

The function g is said to be strictly generalized invex w. r. t. » if strict inequality holds
in (2.1) for all x # y.

Definition 2.5. Let K C R™ beaninvexsetw.r.t. n: K x K — R™. A function
g : K — R is said to be preinvex w. r. t. n if

glx+ Iy, x)) < Ag(y) + (1 — N)g(x), forall z,y e K and all X € [0, 1].

Lemma 2.1. Let K C R™be aninvexsetw.r.t. n: K xK — R"andg: K — R
be a function such that the Conditions A and C hold. If g is generalized invex w. r. t.
n, then it is preinvex w. r. t. the same 7.

Proof. Suppose that z,y € K and A € (0,1). Since K is invex, we have
Z=x+ A\n(y,x) € K. By generalized invexity w. r. t. n of f, we have

(2.2) (& ny, 2) < gly) —g(@), forall ¢ edPg(s).
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Similarly, the condition of generalized invexity applied to the pair z, z yields

(2.3) (¢, n(z,2) < g(z) —g(2), forall ¢ edPg(z).

Multiplying inequality (2.2) by A and inequality (2.3) by (1 — A) and then adding the
resultants, we obtain

24) MGy, @) + (1= A n(z, 2) < Ag(y) + (1 — N)g(z) — g(2).
By Condition C, we have
An(y, 2) + (1= A)n(z, ) = AL = MNn(y, z) = A(1 = M)n(y, =) = 0.
Since
MEn(y, ) + (L= A){¢n(x, ) = (¢ An(y, &) + (1 — A)n(z, ) =0,
the inequality (2.4) yields the conclusion. ]

Lemma 2.2. Let K C R"™ be a nonempty set, n : K x K — R" be skew and
g : K — R be a function. If g is generalized invex w. . t. 7, then 9P ¢ is generalized
monotone w. r. t. the same 7, that is, for all =,y € K and all ¢ € 9 Pg(x), £ € 0P g(y),

Proof.  Since g is generalized invex w. r. t. n, for all for all z,y € K and all
¢ € dPyg(x), € € 0Pg(y), we have

(2.5) (Cn(y,z)) < fly) — f(z)
and
(2.6) (& n(z,y)) < flz) = fy)

Adding inequalities (2.5) and (2.6), we obatin

(& n(x,y))+ (¢, nly,z)) <0.

Since 7 is skew, we have
<£ - Cv 77(3/7 ‘T) Z 07

and hence, 0”g is generalized monotone w. r. t. 7. ]

3. GENERALIZED VECTOR VARIATIONAL-LIKE INEQUALITIES AND
VECTOR OPTIMIZATION PROBLEMS

Throughout the paper, unless otherwise specified, we assume that K is a nonempty
subset of R™ and n : K x K — R™ is a given map. The interior of K is denoted by
int K.
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Let f = (f1,..., fr) : R® — R be a vector-valued function. We consider the
following vector optimization problem:

(VOP) Minimize f(z) = (fi(z),..., fe(z)) subjectto z € K.

A point z € K is said to be an efficient (or Pareto) solution (respectively, weak
efficient solution) of (VOP) if

fly) = £@) = (fily) = f1(@), ., foly) = fo(@)) ¢ —RE \ {0}, forall y € K
(vespectively, f(y) = f(@) = (fi(y) = fi(@),. .., foly) = fo(@)) ¢ —int RE,
forall y € K),
where Rﬂ is the nonnegative orthant of R and 0 is the origin of the nonnegative
orthant, namely RY,.

It is clear that every efficient solution is a weak efficient solution. However,
Proposition 4.1 says that every weak efficient solution is an efficient solution if each
fi (¢ €7) is strictly generalized invex w. r. t. 7.

For each i € J, let f; : K — R be a function such that for all + € K,
fP(z;-) is convex and continuous. We consider the following generalized Minty vector
variational-like inequality problem:

(GMVVLIP) Find z € K such that for all y € K and all &; € 9P f;(y), i € J =
{1,...,¢},

(€l @)e = (€10, €y, 7)) ¢ RS\ {0}

When n(y, x) = y—=, then (GMVVLIP) is called generalized Minty vector variational
inequality problem (in short, GMVVIP).

We also consider the following generalized Stampacchia vector variational-like
inequality problem:

(GSVVLIP) Find z € K such that for all y € K, there exists ¢; € 9P f;(z), i € I =
{1,..., £} such that

Gty D)= (G0 2), - (Gonly, ) € —RE\ {0},
When 7(y,xz) = y — z, then (GSVVLIP) is called generalized Stampacchia vector
variational inequality problem (in short, GSVVIP).

The following result provides the necessary and sufficient conditions for an efficient
solution of (VOP).



992 Suliman Al-Homidan and Qamrul Hasan Ansari

Theorem 3.1. Let K C R™ be aninvex setw. r. t. n : K x K — R™ which
is skew such that the Conditions A and C hold. For each i € J = {1,...,¢}, let
fi K — R be generalized invex w. r. t. n and upper semicontinuous on any segment
S of K such that for each = € K, f(x;-) is convex and continuous and 9% f; is
upper semicontinuous on S. Then, z € K is an efficient solution of (VOP) if and only
if it is a solution of (GMVVLIP).

Proof. Let z € K be a solution of (GMVVLIP) but not an efficient solution of
(VOP). Then, there exists z € K such that

(3.1) (fi(z) = f1(@), ..., folz) — fe()) € =R\ {0}

Set z(A) :=Z + An(z,z) for all A € [0,1]. Since K isinvex w. r. t. n, z(A) € K for
all A € ]0,1]. By Lemma 2.1, each f; is preinvex w. r. t. n, and therefore,

fi(z(\) = filz + An(z,z)) < Mfi(2) + (1= N)fi(z), foreachi=1,2,...,¢,
that is,
fi(@+n(z,7)) - fu(Z) < Alfi(z) - fi(D)],
for all A € [0,1] and for each ¢ = 1,...,¢. In particular, for A = 1, we have
(3.2) fi(z+n(z,2) — fi(x) < fi(2) — fi(z), foreachi=1,... ¢

By Theorem 2.1, there exist \; € (0,1) and &; € 9P f;(2(\;)), i € I, where z()\;) :=
Z + A\in(z, ), such that

(3.3) (&i,n(2,2)) = fi(x +n(z,T)) — fi(z), foreachi=1,... ¢
By combining (3.2)—(3.3), we obtain
(3.4) (&i,n(z,2)) < fi(2) — fi(z), foreachi=1,... ¢
From (3.1)-(3.4), we get
(3.5) (&,n(z,x)) <0, foreachi=1,...,¢
with strict inequality holds for some k, where 1 < k < ¢. Choose )y € (0, 1) such
that A\ < min{Ay,..., A¢}. By Condition C, forall : =1,2,...,¢, we have

1 (2(Xo), 2(A) = 1 (T + Aon(z,2), T+ Ain(z, 7))

= n(Z +Aon(z,2),Z+ Aon(2, 2) + (A — Ao)n(z, 7))

(e, + Aan(z.2) )

=1 <Uf+)\077(27 j’.)v U_U‘F)\O??(Zv j’.)—i—

— Hn (2,Z + Aon(2, 7))

= (Ao — Ai)n(z,2),
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that is,
(3.6) 1 (2(X0), 2(Ai)) = (Ao — Ai) n(z, 2).
By the skewness of 7, we obtain
(3.7) 1 (2(A), 2(A0)) = (Ai — Ao) (2, 2).
Combining (3.5)—(3.6), we get
(&ym(z(Xo), 2(Ni))) >0, foreachi=1,...,¢
with strict inequality holds for some k, where 1 < k < ¢. By Lemma 2.2, we have
(Eiosn(2(N), 2(N0))) <0, forall &, € P fi(z(\o)) and all i =1,....¢

with strict inequality holds for some k, where 1 < k& < ¢. Therefore, by (3.7), we
deduce

(3.8) (&ism(2,1)) <0, forall &, € 0P fi(2(No)) and all s =1,...,¢

with strict inequality holds for some k, where 1 < k& < ¢. By Condition C, n(z, z(X\y)) =
(1= Xo)n(z,z), and thus, we have

(€igr (2, 2(N0))) <0, forall &, € 9 fi(2(Ao)) and all i = 1,...,¢
with strict inequality holds for some &, where 1 < k < £. This implies that
({10,102, 200, -+ {62s(, 2(00))) ) € —RE \ {0}

which contradicts to our supposition that z is a solution of (GMVVLIP).
Conversely, suppose that z € K is an efficient solution of (VOP). Then, we have

39)  (fiy) = f1(@),- ., foly) — fe()) ¢ ~REN{O}, forally € K.
Since each f; is generalized invex w. r. t , we deduce that

(&, (@) < fi(@) — fi(y), forallye K, & e dPfi(y)andallied.

Also, since 7 is skew, we obtain

(3.10) (&, n(y, @) > fily) — fi(z), forallye K, & e dPfi(y)andalliel.

From (3.9) and (3.10), it follows that z is a solution of (GMVVLIP). ]
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Remark 3.1. Theorem 3.1 extends [6, Proposition 1], [10, Theorem 2.1], [13,
Theorem 3.1] and [1, Theorem 3.1].

Theorem 3.2. Let K C R™ be a nonempty set and  : K x K — R™ be a map.
ForeachieJ={1,...,¢}, let f; : K — R be generalized invex w. r. t. 7 such that
for all z € K, fP(x;") is convex and continuous. If Z € K is a solution (GSVVLIP),
then it is an efficient solution of (VOP).

Proof.  Since z € X is a solution of (GSVVLIP), for any y € K, there exist
G €oPfi(z),i=1,...,4 such that

(3.11) (4o ). (Gonly,2) ) & —RE\ {0},

Since each f; is generalized invex w. r. t. n, we have
(3.12) (Ciyn(y,x)) < fily) — fi(z) forany y € K and for all i € J.

By combining (3.11) and (3.12), we obtain

(fiy) = f1(@), - foly) = fo(@) & —REN {0}, forally e K.
Thus, z € K is an efficient solution of (VOP). |

Remark 3.2. Theorem 3.2 extends [10, Theorem 2.2] to the nonconvex setting and
generalizes [1, Theorem 3.2]. Theorem 3.2 is different from [11, Theorem 3.1] in the
following aspects. We used Dini upper subdifferential but Mishra and Wang [11] used
Clarke’s subdifferential. In Theorem 3.2, f; is generalized invex but not necessarily
locally Lipschitz. However, in Theorem 3.1 in [11], f; is Locally Lipschtiz and invex.

4. GENERALIZED WEAK VECTOR VARIATIONAL-LIKE INEQUALITIES

Throughout this section, we assume that for each i € J, f; : K — R is generalized
invex w. . t. n: K x K — R" such that for all z € K, fP(x;-) is convex and
continuous.

We consider the following weak forms of generalized Minty vector variational-
like inequality problem and generalized Stampaccia vector variational-like inequality
problem.

(WGMVVLIP) Find z € K such that for all y € K and all & € 9P f;(y), i € I =
{1,...,0}

(€. 2)e = (€0, 2). .. € n(y,2)) ¢ ~int B
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(WGSVVLIP) Find z € K such that for all y € K, there exists ¢; € 97 fi(z),
i€d={1,...,¢} such that

(. 2)e = (. 3). o0 (G, ) ¢ —int RS

Of course, when n(y, z) = y = «, then (WGMVVLIP) and (WGSVVLIP) are called
weak forms of generalized Minty vector variational inequality problem and generalized
Stampacchia vector variational inequality problem, respectively.

The following result says that every solution of (WGSVVLIP) is a solution of
(WGMVVLIP) if each f; is generalized invex.

Theorem 4.1. Let K C R™ be a nonempty set and n : K x K — R" be skew. For
eachieJ={1,...,¢} let f; : K — R be generalized invexw. r.t. n. Ifz € K isa
solution (WGSVVLIP), then it is a solution of (WGMVVLIP).

Proof. Letz € K be a solution of (WGSVVLIP). Then, for any y € K, there
exist ¢; € OP f;(z), i = 1,..., £, such that

(4.1) (¢ 2), - (o, ))) ¢ —inms RE.

Since each f; is invex w. r. t. 7, by Lemma 2.2, each 0”f; (i € J) is generalized
monotone, and therefore, we have

(4.2) (& —Ci,n(y, ) >0 forallye K, & e dPf;(y) and for all i € J.

From (4.1) and (4.2), it follows that for any y € K and any & € 0P f;(y), i € J,

<<£17 77(3/7 j’.)>7 R <£Z7 77(1/7 i‘)>> ¢ —ll’lt Rﬁ_
Thus, z € K is a solution of (WGMVVLIP). [ ]

Now we present some relationship between the solution of (WGSVVLIP) and a
weak efficient solution of (VOP).

Theorem 4.2. Let K C R™ be a nonempty set and  : K x K — R™ be a map.
ForeachiecJ={1,...,¢}, let f;: K — R be generalized invexw. r. t. n. If z € K
is a solution of (WGSVVLIP), then it is a weak efficient solution of (VOP).

Proof.  Suppose that z is a solution of (WGSVVLIP) but not a weak efficient
solution of (VOP). Then, there exists y € K such that

(4.3) (Aly) = A(@),- .., foly) — fo(T)) € —int R,

Since each f;, i € J, is generalized invex w. r. t. n, we have

(4.4) Gy, 7)) < fily) — fi(x), forall ; € 0 f;(2).
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Combining (4.3) and (4.4), we obtain

(¢ mly @), (Gonly, @) € —int RY, o all G € 0P fi(7)

which contradicts to our supposition that z is a solution of (WGSVVLIP). This com-
pletes the proof. [ |

Theorem 4.3. Let K C R™ be a nonempty set and  : K x K — R™ be a map.
Foreachi € J = {1,...,¢}, let f; : K — R be a function such that — f; is strictly
generalized invex w. r. t. . If £ € K is a weak efficient solution of (VOP), then it is
a solution of (GSVVLIP).

Proof. Suppose that z is not a solution of (GSVVLIP). Then, there exists y € K
such that

(45) <<C17 77(2/7 i')>7 T <C€7 77(2/, i‘)>> € —Rﬁ_ \ {0}7
for all ¢; € 0P f;(z) and all i € J.

Since each f;, ¢ € J, is strictly generalized invex w. r. t. 7, we have

48)  (Cin(y,2)) > fily) — fi(z), forall ¢ edPfi(z)andalliel.
Combining (4.5) and (4.6), we obtain

(fi(y) = F(@), .-, foly) = fo(@)) € —int RY,.

which contradicts to our supposition that z is a weak efficient solution of (VOP). This
completes the proof. [ |

Corollary 4.1. Let K C R™ be a nonempty set and n : K x K — R™ be a map.
Foreachi € J = {1,...,¢}, let f; : K — R be a function such that — f; is strictly
generalized invex w. r. t. n. If z € K is an efficient solution of (VOP), then it is a
solution of (GSVVLIP).

Remark 4.3. In Theorem 4.3 and Corollary 4.1, we used Dini upper subdiiferen-
tial. However, Mishra and Wang [11] used Clarke’s sundifferential in which locally
Lipschitz condition is required.

Proposition 4.1. Let K C R™ be a nonempty setand n : K x K — R"™ be a map.
Foreachi €J={1,...,¢}, let f; : K — R be strictly generalized invex w. r. t. n. If
z € K is a weak efficient solution of (VOP), then it is an efficient solution of (VOP).

Proof.  Suppose that z is a weak efficient solution of (VOP) but not an efficient
solution of (VOP). Then, there exists y € K such that

4.7) (i) = f1(2), .., fely) — fo(2)) € —R{\ {0}



Vector Variational-like Inequalities and Vector Optimization Problems 997

Since each f;, ¢ € J, is strictly generalized invex w. r. t. 7, we have

48)  (Cin(y, ) < fily) — fi(z), forall ¢ edPfi(z)andalliel.
Combining (4.7) and (4.8), we obtain

(4Goon(. @), -+ (Gen(y,2))) € —imt R, for all G € 07 fi(a).

Hence z is not a solution of (WGSVVLIP). Then by Theorem 4.2, z is not a weak
efficient solution of (VOP), a contradiction of our supposition. This completes the
proof. |

Theorem 4.4. Let K C R” be an invex setw. r. t. n : K x K — R"” such that n
is skew. For each i € J={1,...,¢}, let f; : K — R be generalized invex w. . t. 7.
If z € K is a weak efficient solution of (VOP), then it is a solution of (WGMVVLIP).

Proof. It is similar to the proof of the second part on Theorem 3.1. |

REFERENCES

1. S. Al-Homidan and Q. H. Ansari, Generalized Minty vector variational-like inequalities
and vector optimization problems, J. Optim. Theory Appl., 144(1) (2010), 1-11.

2. S. Al-Homidan, Q. H. Ansari and J.-C. Yao, Nonsmooth invexities, invariant mono-
tonicities and nonsmooth vector variational-like inequalities with applications to vector
optimization, in: Recent Developements in Vector Optimization, (Q. H. Ansari and J.-C.
Yao, eds.), Springer, 2011.

3. Q. H. Ansari and G. M. Lee, Nonsmooth vector optimization problems and Minty vector
variational inequalities, J. Optim. Theory Appl., 145 (2010), 1-16.

4. Q. H. Ansari and A. H. Siddigi, A generalized vector variational-like inequality and
optimization over an efficient set, in: Functional Analysis with Current Applications
in Science, Engineering, and Industry, (M. Brokate and A. H. Siddiqi, eds.), Edited by
Pitman Research Notes in Mathematics, Vol. 377, Longman, Essex, England, 1998, pp.
177-191.

5. Q. H. Ansari and J.-C. Yao, On nondifferentaible and nonconvex vector optimization
problems, J. Optim. Theory Appl., 106(3) (2000), 475-488.

6. F. Giannessi, On Minty variational principle. in: New Trends in Mathematical Program-
ming, (F. Giannessi, S. Komloski and T. Tapcsack, eds.), Kluwer Academic Publisher,
Dordrech, Holland, 1998, pp. 93-99.

7. F. Giannessi, Vector Variational Inequalities and Vector Equilibria: Mathematical The-
ories, Kluwer Academic Publishers, Dordrecht, Holland, 2000,

8. S. Komlb6si, On the Stampacchia and Minty variational inequalities, in: Generalized
Convexity and Optimization for Economic and Financial Decisions, (G. Giorgi and F.
Rossi, eds.), Pitagora Editrice, Bologna, Italy, 1999, pp. 231-260.



998

10.

11.

12.

13.

14.

15.

16.

17.

18.

Suliman Al-Homidan and Qamrul Hasan Ansari

C. S. Lalitha and M. Mehta, Characterization of the solution sets of pseudolinear pro-
grams and pseudoaffine variational inequality problems, J. Nonlinear Convex Anal., 8(1)
(2007), 87-98.

G. M. Lee, On relations between vector variational inequality and vector optimization
problem, in: Progress in Optimization, 1l: Contributions from Australasia, X. Q. Yang,
A. I. Mees, M. E. Fisher and L. Jennings, Kluwer Academic Publisher, Dordrecht,
Holland, 2000, pp. 167-179.

S. K. Mishra and S. Y. Wang, Vector variational-like inequalities and non-smooth vector
optimization problems, Nonlinear Anal., 64 (2006), 1939-1945.

G. Ruiz-Garzon, R. Osuna-Gomez and A. Rufian-Lizana, Relationships between vector
variational-like inequality and optimization problems, Europ. J. Oper. Res., 157 (2004),
113-119.

X. M. Yang and X. Q. Yang, Vector variational-like inequalities with pseudoinvexity,
Optimization, 55(1-2) (2006), 157-170.

X. M. Yang, X. Q. Yang and K. L. Teo, Some remarks on the Minty vector variational
inequality, J. Optim. Theory Appl., 121(1) (2004), 193-201.

G. P. Crespi, I. Ginchev and M. Rocca, Some remarks on the minty vector variational
principle, J. Math. Anal. Appl., 345 (2008), 165-175.

G. Giorgi and S. Koml6si, Dini derivatives in optimization - Part I, Rivsta Mat. Sci.
Econom. Soc., 15(1) (1993), 3-30.

A. D. loffe, Approximate subdifferentials and applications. I: The finite dimensional
theory, Trans. Amer. Math. Soc., 281(1) (1984), 389-416.

J.-P. Penot, On the mean value theorem, Optimization, 19(2) (1988), 147-156.

Suliman Al-Homidan

Department of Mathematics and Statistics

King Fahd University of Petroleum & Minerals
Dhahran, Saudi Arabia

E-mail: homidan@kfupm.edu.sa

Qamrul Hasan Ansari
Department of Mathematics
Aligarh Muslim University
Aligarh 202 002

India

E-mail: ghansari@gmail.com



