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MULTIPLICITY RESULTS FOR SOME ELLIPTIC PROBLEMS OF
n-LAPLACE TYPE

Said El Manouni and Francesca Faraci*

Abstract. By using a recent result of Ricceri, we prove the existence of multiple
solutions for perturbed n-Laplacian equations with Dirichlet boundary conditions.
The Trudinger Moser inequality allows us to deal with perturbations with expo-
nential growth.

1. INTRODUCTION

In the present paper we deal with an n-Laplace problem of the following type:

(P )




−∆nu = f(x, u) in Ω

u = 0 on ∂Ω,

where Ω is a bounded domain in R
n with smooth boundary (n ≥ 2), ∆nu = div(|∇u|n−2 ∇u

)
is the n-Laplacian, f : Ω × R → R is a Carathéodory function.

According to the definition given by Adimurthi in [1] and [2] (see also [3]), we
say that f has a subcritical growth if, for every δ > 0,

(1.1) lim
|t|→∞

sup
x∈Ω

|f(x, t)|
eδ|t|

n
n−1

= 0.

Such a notion of criticality is motivated by the Trudinger Moser inequality after the
celebrated papers [9] and [6] (see Section 2).

In the present paper we will assume that the nonlinearity f belongs to the class
A of the Carathéodory functions f : Ω × R → R having a subcritical growth and
satisfying the following condition:

(1.2) for every M > 0, sup
|t|≤M

|f(x, t)| ∈ L∞(Ω).
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Problems of the above type arise for instance in conformal geometry. When n = 2,
the prescribed Gaussian curvature equation is a subcritical equation on a two dimen-
sional manifold M with metric tensor g of the type

−∆u = k(x)e2u + h(x)

where ∆ is the Laplace-Beltrami operator associated to the metric g, k is the Gaussian
curvature and h a given Hölder function.

The solvability of nonlinear boundary value problems in the presence of an exponen-
tial nonlinearity has been considered by several authors with the purpose to generalize
to a wider class of nonlinearities, classical results from the critical point theory.

In [3], de Figueiredo, Myiagaki and Ruf obtained a non trivial solution for problem
(P ) in the subcritical case both when the nonlinearity has a local minimum at zero and
when the nonlinearity has a saddle point at zero. Similar results have been proved by
do O’ in [4] for a more general class of nonlinearities and operators of elliptic type
by the means of a min-max approach. In these results the main difficulty consists in
verifying the conditions which allow to employ the classical critical points theory, such
as the Palais Smale condition. Existence results of positive radial solutions have been
obtained also by Adimurthi in [1] for a semilinear Dirichlet problem with subcritical
growth in the unit disc of R

2.
By using topological and variational argument, in [11], Calanchi, Ruf and Zhang,

achieved the existence of two solutions (one negative and the other one sign changing)
for a semilinear elliptic problem in bounded domains of R

2 with a nonlinearity having
an exponential growth at +∞ and a linear growth at −∞. A more precise conclusion
for the same problem has been reached in [7] by Mugnai, who proved that a semilinear
Dirichlet problem in the presence of subcritical exponential nonlinearities has, near
resonance, four solutions (one negative and other three which change sign).

In the present paper we will prove the existence of three weak solutions for the
perturbed problem

(Pλ,µ)

{−∆nu = λf(x, u) + µg(x, u) in Ω

u = 0 on ∂Ω,

where f and g belong to the class A, λ and µ are non negative parameters. As usual,
a weak solution of problem (Pλ,µ) is any u ∈ W1,n

0 (Ω) such that∫
Ω
|∇u(x)|n−2∇u(x)∇v(x) dx =

∫
Ω
(λf(x, u(x))+ µg(x, u(x)))v(x) dx

for every v ∈ W1,n
0 (Ω).

Our main result is the following
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Theorem 1. Let f ∈ A be such that

(1.3) max
{

lim sup
t→0

supx∈Ω F (x, t)
|t|n , lim sup

|t|→+∞

supx∈Ω F (x, t)
|t|n

}
≤ 0

and

(1.4) sup
u∈W 1,n

0 (Ω)

∫
Ω

F (x, u(x)) dx > 0

where F (x, t) =
∫ t
0 f(x, s) ds.

Then, if we set

(1.5) θ =
1
n

inf
{ ∫

Ω |∇u(x)|n dx∫
Ω F (x, u(x)) dx

: u ∈ W 1,n
0 (Ω),

∫
Ω

F (x, u(x)) dx > 0
}

,

for each compact interval [a, b] ⊂ ]θ, +∞[, there exists r > 0 with the following
property: for every λ ∈ [a, b], and every function g ∈ A, there exists σ > 0 such that
for each µ ∈ [0, σ], the problem

(Pλ,µ)




−∆nu = λf(x, u) + µg(x, u) in Ω

u = 0 on ∂Ω,

has at least three weak solutions in W 1,n
0 (Ω) whose norms are less than r.

The above result is a new application of a recent three critical points theorem by
Ricceri ([8], see Section below). In [8], an application to a p-Laplacian problem of
(Pλ,µ) type is given for any p. In the case when p = n, the nonlinearities f and g are
assumed to have the classical polynomial growth, that is

|f(x, s)|, |g(x, s)| ≤ c(1 + |s|q), q > 0.

In our result a wider class of nonlinearities is allowed.

2. VARIATIONAL SETTING

Our main tool is a recent three critical points theorem by Ricceri. Let us first
introduce the following notation. If X is a real Banach space, we denote by WX the
class of functionals Φ : X → R, having the following property: if {un} is a sequence
in X converging weakly to u ∈ X and verifying lim infn→∞ Φ(un) ≤ Φ(u), then
{un} has a subsequence strongly converging to u.
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Theorem 2. ([8], Theorem 2). Let X be a separable and reflexive real Banach
space; Φ : X → R, a coercive, sequentially weakly lower semicontinuous C 1 func-
tional, belonging to WX , bounded on each bounded subset of X, and whose derivative
admits a continuous inverse on X ∗; J : X → R a C1 functional with compact deriva-
tive. Assume that Φ has a strict local minimum u 0 with Φ(u0) = J(u0) = 0. Finally,
setting

α = max

{
0, lim sup

‖u‖→+∞

J(u)
Φ(u)

, lim sup
u→u0

J(u)
Φ(u)

}
,

β = sup
u∈Φ−1(]0,+∞[)

J(u)
Φ(u)

,

assume that α < β.

Then, for each compact interval [a, b] ⊂
]

1
β , 1

α

[
(with the conventions 1

0 = +∞, 1
∞ =

0) there exists r > 0 with the following property: for every λ ∈ [a, b], and every C 1

functional Ψ : X → R with compact derivative, there exists σ > 0 such that for each
µ ∈ [0, σ], the equation

Φ
′
(u) = λJ

′
(u) + µΨ

′
(u)

has at least three solutions in X whose norms are less than r.

We denote by X the space W1,n
0 (Ω) endowed with the norm

‖u‖ =
(∫

Ω
|∇u(x)|n dx

) 1
n

.

From the Rellich Kondrachov Theorem, X is continuously embedded in Ls(Ω) for
every s ≥ 1, that is, there exists a constant C

′
s such that, if ‖u‖s =

(∫
Ω |u(x)|s dx

)1
s ,

‖u‖s ≤ C
′
s‖u‖.

It is also well known (see the papers by Trudinger and Moser [6, 9]) that if Lφ(Ω) is
the Orlicz-Lebesgue space generated by the function φ(t) = exp

(|t| n
n−1
)− 1, i.e.

Lφ(Ω) = {u : Ω → R, measurable :
∫

Ω
φ(u(x)) dx < ∞},

and Lφ∗(Ω) is the linear hull of Lφ(Ω) equipped with the norm

‖u‖Lφ∗(Ω) = inf
{
λ > 0 :

∫
Ω

φ
(u(x)

λ

)
dx ≤ 1

}
,

X is continuously embedded in Lφ∗(Ω). Throughout the sequel we will use the fol-
lowing facts:

(TM1) for every u ∈ X , for every δ > 0,
exp

(
δ|u(·)| n

n−1
) ∈ L1(Ω);
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(TM2) there exists a constant Cn depending on n and on the measure of Ω such that, for

every 0 < δ ≤ αn, where αn = nω
1

n−1

n−1 , being ωn−1 the measure of the (n − 1)
dimensional surface of the unit sphere in R

n,

sup
‖u‖≤1

∫
Ω

exp
(
δ|u(x)| n

n−1
)
dx ≤ Cn.

Due to the above result, problem (Pλ,µ) can be treated variationally in X , i.e.
solutions of (Pλ,µ) will be obtained as critical points of a suitable energy functional
defined on X .

We present now some examples of functions belonging to A. We drop, for sim-
plicity, the dependence from x.

Examples
1. Let j : R → R be a continuous function such that lim |t|→∞ j(t) = 0. Define

f : R → R by f(t) = exp(j(t)|t| n
n−1 ). Then, f belongs to A. As a particular

case, choose q ∈]0, n
n−1 [ and let f : R → R defined by f(t) = exp(|t|q).

2. Let q > 0. Define f : R → R by f(t) = |t|q. Then, f belongs to A.

Now we state and prove the following lemma which will be used throughout the
proof of Theorem 1.

Lemma 3. If h ∈ A, then the functional H : X → R defined by H(u) =∫
Ω H(x, u(x)) dx, where H(x, t) =

∫ t
0 h(x, s) ds, is continuously differentiable in X

with compact derivative and for all u, v ∈ X,

H′
(u)(v) =

∫
Ω

h(x, u(x))v(x) dx.

Proof. From condition (1.1), for fixed δ > 0, there exists c > 0 such that for
every x ∈ Ω and t ∈ R,

|h(x, t)| ≤ c exp(δ|t| n
n−1 ).

Then, for every u ∈ X , and almost every x ∈ Ω,

|H(x, u(x))| ≤ c|u(x)| exp(δ|u(x)| n
n−1 )

and, by (TM1) and Hölder inequality, we obtain that H is well defined on X .
Let us prove that H is Gâteaux differentiable with derivative given by

(2.1) H′
(u)(v) =

∫
Ω

h(x, u(x))v(x) dx

for all u, v ∈ X.

Let u, v ∈ X . For t ∈]0, 1[, we have
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H(u + tv) −H(u)
t

=
∫

Ω
h(x, u(x) + tτ(x)v(x))v(x) dx

where τ is a measurable function with values in [0, 1]. Lebesgue Theorem implies that

lim
t→0+

H(u + tv) −H(u)
t

=
∫

Ω

h(x, u(x))v(x) dx

which is claim (2.1).
Notice now that, if {uk} is a bounded sequence in X , then, for every q > 0, one

has

(2.2) sup
k

∫
Ω
|h(x, uk(x))|qdx < ∞.

Indeed, let M > 0 such that ‖uk‖ ≤ M for every k ∈ N and fix q > 0. Choose then

δ ∈
]
0, αn

qM
n

n−1

]
. So, there exists c > 0 such that, for almost every x ∈ Ω,

|h(x, uk(x))| ≤ c exp(δ|uk(x)| n
n−1 )

and ∫
Ω
|h(x, uk(x))|q dx ≤ cq

∫
Ω

exp(qδ|uk(x)| n
n−1 ) dx

≤ cq

∫
Ω

exp

(
qδM

n
n−1

( |uk(x)|
‖uk‖

) n
n−1

)
dx ≤ cqCn,

where Cn is as in (TM2). Claim (2.2) is achieved.
Notice also that if {uk} is a bounded sequence in X , there exists u ∈ X such that,

up to a subsequence, uk → u a.e. in Ω. Let us show that, for every q > 0, one has

(2.3) h(·, uk(·)) → h(·, u(·)) in Lq(Ω).

Indeed, h(·, uk(·)) → h(·, u(·)) a.e. in Ω. Moreover, due to (2.2), for fixed p > 1,
there exists some positive constant c1 such that, for all k ∈ N,∫

Ω

|h(x, uk(x))|qp dx ≤ c1.

Let ε > 0, and E be a measurable subset of Ω. By Hölder inequality, for every k ∈ N,
one has ∫

E
|h(x, uk(x))|q dx ≤ (meas(E))

1
p′
( ∫

Ω
|h(x, uk(x))|qp dx

) 1
p

≤ c
1
p

1 (meas(E))
1
p′ ,



Multiplicity Results for Some Elliptic Problems of n-Laplace Type 907

where p′ is the conjugate of p, that is 1
p + 1

p′ = 1. Hence, if meas(E) is sufficiently
small, for every k ∈ N ∫

E

|h(x, uk(x))|q dx ≤ ε,

and Vitali’s convergence Theorem applies ensuring at once claim (2.3).
We are ready to prove now that H′ is a continuous, compact map from X to its

dual X∗.
Let {uk} be a sequence in X converging to u. Then, {uk} is bounded and uk → u

a.e. in Ω. We have, for v ∈ X with ‖v‖ ≤ 1,

|(H′
(uk) −H′

(u))(v)|

≤
(∫

Ω
|h(x, uk(x))− h(x, u(x))| n

n−1 dx

)n−1
n
(∫

Ω
|v(x)|n dx

) 1
n

≤ C′
n

(∫
Ω

|h(x, uk(x))− h(x, u(x))| n
n−1 dx

)n−1
n

(here we have used the continuous embedding of X in Ln(Ω)). Due to (2.3), the last
hand side goes to zero as k tends to ∞ and it follows that

H′
(uk) → H′

(u) in X∗.

In a similar way it is possible to prove that H′ is compact. Indeed, let {uk} be a
bounded sequence in X . Then, there exists u in X such that uk → u a.e. in Ω and
(2.3) holds. As above, we get that H′

(uk) → H′
(u) in X∗.

3. PROOF OF THE MAIN RESULT

In the present Section we apply Theorem 2 to the functionals Φ and J defined on
X as follows

Φ(u) =
1
n
‖u‖n,

J(u) =
∫

Ω

F (x, u(x)) dx

for every u ∈ X. It is well known that Φ is coercive, weakly lower semicontinuous,
bounded on bounded subsets of X and it belongs to WX . Moreover Φ is continuously
Gâteaux differentiable in X with derivative

Φ
′
(u)(v) =

∫
Ω
|∇u(x)|n−2∇u(x)∇v(x) dx

for all u, v ∈ X and Φ
′ admits a continuous inverse on X∗ (see [10], Theorem 26. A).
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In view of Lemma 3, J is well defined and continuously Gâteaux differentiable
with compact derivative J

′ given by

J
′
(u)(v) =

∫
Ω

f(x, u(x))v(x) dx

for all u, v ∈ X.

Let us prove now that

(3.1) lim sup
u→0

J(u)
Φ(u)

≤ 0.

By the assumption (1.3),

lim sup
t→0

supx∈Ω F (x, t)
|t|n ≤ 0,

and so for every ε > 0 there exists some positive ρ such that, for every x ∈ Ω and
|t| < ρ,

F (x, t) < ε|t|n.

As f belongs to A, for fixed δ > 0 and q > n there exists c > 0 such that, for every
x ∈ Ω and |t| ≥ ρ

F (x, t) ≤ c|t|q exp(δ|t| n
n−1 ).

Then, for every x ∈ Ω and t ∈ R, one has

F (x, t) ≤ ε|t|n + c exp(δ|t| n
n−1 )|t|q.

After choosing p > 1, we apply Hölder’s inequality to get∫
Ω

exp(δ|u(x)| n
n−1 )|u(x)|q dx

≤
[∫

Ω
exp

(
pδ‖u‖ n

n−1

( |u(x)|
‖u‖

) n
n−1

)
dx

] 1
p (∫

Ω
|u(x)|p′q dx

) 1
p′

,

where p′ is the conjugate of p.
By combining the previous inequality with (TM2) and bearing in mind that X is

continuously embedded in Ls(Ω) for every s ≥ 1, for ‖u‖ ≤
(

αn
pδ

)n−1
n , one has

J(u) ≤ ε(C′
n)n‖u‖n + c(C′

p′q)
qC

1
p
n ‖u‖q.

Therefore,
J(u)
Φ(u)

≤ n(C′
n)nε + cn(C′

p′q)
qC

1
p
n ‖u‖q−n.
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Since q > n, claim (3.1) immediately follows.
Let us prove now that

(3.2) lim sup
‖u‖→∞

J(u)
Φ(u)

≤ 0.

By the assumption (1.3),

lim sup
|t|→∞

sup
x∈Ω

F (x, t)
|t|n ≤ 0,

and so for every ε > 0, there exists some positive ρ such that, for every x ∈ Ω and
|t| > ρ,

F (x, t) ≤ ε|t|n.

From condition (1.2), there exists some constant c > 0 such that, for every x ∈ Ω,

sup
|t|≤ρ

|f(x, t)| ≤ c.

Then, for every x ∈ Ω and t ∈ R,

F (x, t) ≤ cρ + ε|t|n

and so
J(u) ≤ cρmeas(Ω) + ε

∫
Ω

|u(x)|ndx.

Since X is continuously embedded into Ln(Ω), we get

J(u)
Φ(u)

≤ n
cρmeas(Ω)

‖u‖n
+ εnC′

n,

and claim (3.2) follows at once.
In view of (3.1) and (3.2), we get

max

{
lim sup
‖u‖→+∞

J(u)
Φ(u)

, lim sup
u→0

J(u)
Φ(u)

}
≤ 0.

and all the assumptions of Theorem 2 are satisfied with α = 0 and β = 1
θ , where θ is

as in (1.5). Choose [a, b] ⊆]θ, +∞[ and g ∈ A.
Notice that, if G : Ω × R → R is the function G(ξ, t) =

∫ t
0 g(ξ, s) ds, by Lemma

3, the functional Ψ(u) =
∫
Ω G(x, u(x)) dx is continuously Gâteaux differentiable in

X , it has compact derivative, and for every u, v ∈ X

Ψ
′
(u)(v) =

∫
Ω

g(x, u(x))v(x) dx.

Then, Theorem 2 applies and there exists r > 0 such that for every λ ∈ [a, b], it
is possible to find σ > 0 verifying the following condition: for each µ ∈ [0, σ], the
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functional Φ− λJ − µΨ has at least three critical points whose norms are less than r.
It is clear that critical points of Φ− λJ − µΨ are precisely weak solutions of problem
(Pλ,µ). The proof is concluded.

Remark 4. In order to guarantee assumption 1.4 in Theorem 1, one can require,
for instance, the following condition:

there exist ξ0 ∈ R and an open, non-empty set Ω0 ⊆ Ω such that F (x, ξ0) > 0 for all
x ∈ Ω0.

We give now an example of application of Theorem 1.

Example 5. Let p ∈]0, n[. Then, there exists a positive number θ such that for
each compact interval [a, b] ⊂ ]θ, +∞[, there exists r > 0 with the following property:
for every λ ∈ [a, b], and every q ∈]0, n

n−1 [, there exists σ > 0 such that for each
µ ∈ [0, σ], the problem

(Pλ,µ)




−∆nu = λ
|u|p+n−2u(p|u|n + p + n)

(1 + |u|n)2
+ µ exp(|u|q) in Ω

u = 0 on ∂Ω,

has at least three weak solutions in W 1,n
0 (Ω) whose norms are less than r.

ACKNOWLEDGMENTS

A part of this paper was done while the first author was visiting the department
of Mathematics at Free University, Berlin. The first author thanks Prof. Heinrich
Begehr and the department for their hospitality. He is supported by the Deutscher
Akademischer Austausch Dienst (German Academic Exchange Service).

REFERENCES

1. Adimurthi, Positive solutions of the semilinear Dirichlet problem with critical growth in
the unit disc in R

2, Proc. Indian Acad. Sci. Math. Sci., 99 (1989), 49-73.

2. Adimurthi, Existence of positive solutions of the semilinear Dirichlet problem with criti-
cal growth for the n-Laplacian, Ann. Scuola Norm. Sup. Pisa Cl. Sci., 17 (1990), 393-
413.

3. D. G. de Figueiredo, O. H. Miyagaki and B. Ruf, Elliptic equations in R
2 with nonlin-

earities in the critical growth range, Calc. Var. Partial Differential Equations, 3 (1995),
139-153.



Multiplicity Results for Some Elliptic Problems of n-Laplace Type 911
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