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SOME IDENTITIES CONNECTED WITH A CONTINUED FRACTION OF
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Abstract. We first prove two identities which are analogous to Entry 3.3.4 in
Ramanujan’s lost notebook. The identities in Entry 3.3.4 come out equal to a
cubic theta function of Borwein and Borwein [5]. In our case they come out

equal to 8232202@' We also express C(g) in terms of theta functions ¢(q)
and v (q). A series expansion of log C'(¢) is also given. One of the identities (9)

is equivalent to a Theorem in partitions.

1. INTRODUCTION

In this paper we consider a continued fraction of Ramanujan C(q) defined as (see
Hirschhorn [6], Theorem 2)
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and show that it is intimately connected with theta functions. This continued fraction
C'(q) is analogous to the following famous Rogers-Ramanujan continued fraction R(q):
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While studying this continued fraction C(q) , the author found identities for C(q)
which are analogous to the identities of Ramanujan, Entry 3.3.4 [2, p. 57]. These
identities are equivalent to a Theorem in partitions and is stated in the respective
section later. They become more interesting as they are also analogous to the Borwein
and Borwein’s cubic theta function. This makes the paper interesting. We also show
that the continued fraction C(q) can be expressed in terms of theta function ¢(q), ¥ (q)
and x(q). Further study is done in the later part of the paper.

The paper is organized as follows. In Section 3 we prove two identities using
Ramanujan’s 141 summation and show that each identity equals qu Z4§§° C?(q). These
identities are analogous to Entry 3.3.4 of Ramanujan [2, p. 57]. The identities in Entry
3.3.4 equal 1¢ 3c( ) where ¢(gq) is one of the cubic theta functions of Borwein and
Borwein [6] defined by

q) = Zq(m+%)2+(m+%)(n+%)+(n+%)27
see Berndt book [4, p. 109, Lemma 5.1 €q.(5.5)].
In Section 4 the continued fraction C(q) is expressed in terms of theta functions
¢(q) and ¥ (q) as x(g)-function. In Section 5 we give a series expansion for log C(q).
Lastly, in Section 6, we prove five g-identities The identities (25) and (26) may be
seen as a factorization of the following identity:

0 XD o oa 4q(q; %)
?(~a) XQ(—Q2)¢( )= (0% @)oo f2H(—a*, —¢*2)

2. Basic FAcTs

We shall be using the customary g-product notation. Thus For |¢| < 1,

(a)o=1(a;9)o=1, andfor n>1,

n—1
(@) = (a;)n = [J(1 = ag").
k=0
Furthermore oo
(@)oo = (a; @)oo = [[ (1 = ag™), lal < 1.
k=0

Ramanujan defined general theta function by

n(n+1) n(n )
f(a,b) Z R ,|abl < 1.

n=—oo

The most important special cases of f(a,b) are in Ramanujan's notation, |¢| < 1
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B _ (-9
) ¢(q) := f(a:q) nz_:ooq 7(]7 .
- 3 _ N\ e (650 _ (@765
(6) w(Q) T f(Q7q ) - nzgq - (q;q2)oo - (Q§Q)oo

Lastly, we define

(7 X(9) == (=4 ¢*)oo
Ramanujan’s 111-summation formula:
191(a; b; ¢, 2)
(8) o - (a)nzn o (b/a)oo(az)oo(Q/az)oo(Q)oo a 5
= 2 T b)) <A <L

n=-—00
3. ANALOGOUS IDENTITIES

3.1. ldentities each equal to &—%L&C?( )

We shall prove the following two identities, using 11, summation

( ) ( )2 (q2.q2)écl)o i qn i q3n+2
(0)3 o 1—ghtt 1= ghnts
10 B OO q4n2+2n(1 + q4n+1 0 q4n +6n+2 1 + q4n+3)
(10) o Z 1 — gintl Z 1 — q4n+3
n=0 n=0

The identity (9) is equivalent to the Theorem (see Hirschhorn [8] ),

831

The number of representations of n as a sum of two triangular numbers is equal
to the excess of the number of divisors of 4n + 1 that are 1 modulo 4 over the number

of divisors of 4n + 1 that are congruent to 3 modulo n.

We shall show that these identities equals qQ—ZLL)LQQC?( ). Moreover, we shall write

the right-hand sides of (9) and (10) in a very symmetric form.

Proof of (9). We have

3n+2 0

n
(11) Zl 4n+1 Z ! 4n+3 = Z ﬁ

n=0 n=—oo q

Writing ¢* for ¢ and setting a = ¢, b = ¢° and z = ¢ in (8), we get
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— (64"
wWi(g % aha) = Y e

A
(@54
% 4
(q5§q Jn—1
—1-g Y Dt
nz_:oo (2% q*)n
> n
q
=(1-9 Z 1_ gintt’
n=-—00 q
Hence - P

T 4n+1 Z 1 el (1iq)1w1(q;q5;q4,Q)
(" d" ¢ % 0"
(0,4 a4, 4% q%) oo

_ (a4 a3%.(a% aN)%

(7;9%(¢% a2

U U

(¢ 9)%
(6% dH)5
(0%’

n=0

which proves (9).

Proof of (10). We recall the following result of Andrews [2, p. 58]:

& kn in+k
1 + J
(12) § : - § : in +2Im q

_ jn—i—k jn— 1 _ gn—k’
n=0 q n=0 — 4

Taking j =4 and & = 1 and k& = 3, respectively, in (12), we have

00 An242n An+1
q (I+4¢"")
@ 3 = S

= n=0
and
o 3n+2 O An?46n+2 4An+3
q q (1+¢"")
(14) Z 1— gints — Z 1 — gint3
n=0 n=0

From (13) and (14), we have (10).

3.2. Symmetric form of right-hand sides of (9) and (10)

We now write the right-hand sides of (9) and (10) in a symmetric form so that we
can see that they are analogous to Borwein and Borwein’s cubic ¢(q) function.
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We write the right-hand side of (9) in the following more symmetric form:

i qn B q3n+2
— _An+1 _ A4n+3
(15) =3 Yl q‘”’”“qm(‘l”*@],
n=0 m=0
1 o0 o0
— g3 Z Z [q(4n+1)(4m+1)/4 _ q(4n+3)(4m+3)/4]_
n=0 m=0

We now write the right-hand side of (10) in the following symmetric form:

00 q4n2+2n(1+q4n+1) 00 q4n2+6n+2(1+q4n+3)

~ 1— q4n+1 1 — q4n+3
s q4n +2n 1 +q4n+1) o q4n2—2n(1 +q4n—1)
- Z gintl N Z 1— gin-1

n=1

n=0

o] q4n +2n(1 + q4n+1) —00 q4n2+2n(1 + q4n+1)
(16) = 1= gintl T 1 gontt

n=0 n=-—1

fe'e) q4n2+2n(1 + q4n+1)

1 — gintt

n=—oo
(n+1)?

g1/ Z g« (1+g¢")
1 — gin+l :

n=—oo

Now, finally, we express the right-hand side of (9) in terms of C?(q).

Since
0 n 3n+2

(q 7q) (¢% Q) (q4;q4)§o 2
— = C*(q),
@l @
by using (11), we can write C(q) as follows:

o0 n

4
) )0002( ) Z 1_(]

4dn+1"
n=—oo q

(¢*:q

4.
(¢%q*)%

(17)

Here we have used the definition of C(q) given in (2). Thus (9), (10), (15) and (16)
can be expressed in terms of qu 4 §°°CQ( ).
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4. ReLaTioN oF C'(q) WiITH THETA FUNCTIONS ¢(g) AND %(q)

In this section we give representation of C'(¢) in terms of the theta functions ¢(q)

and ¥ (q):

_ 3(=¢*)
)
(20) C(q) = x(9)x(—¢*)
and
_ 99
(21) C(Q)—w(q)
By (2), we have
(A (@M% Y
) = Gl @ e~ @)ool (05
o f(= 2,—61 ) P(—¢%)
(6P (@00 (60H)o(dh Yoo’ by ()
Now, by [3, p. 37, Eq. (22.2)], we get
o 1 _ 7*; %) oo
G e G P a5 oo (607 o0(@% D)0
(4 6%) o (q% ¢Y) oo = % =1(—q). by (6)
Hence S
_ o(—q
=3y
which is (18).
= w((qqg), by [3, p. 40, Entry 25 (iii)]
which is (19).
Lastly, we have
_ (%4 ) ~(BdH%
Clg) = (45 4 oo ( Moo (660
= (0% ¢")os ( 7)o

= x(g)x(— Q)
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which is (20).
By means of a result given by Berndt [3, p. 40, Entry 25(iv)], we obtain
¢a) _ ¥(9)
v(g)  Y(®)
Also, by (19), we get @
?(q
Clg) = 212
(q) Q)

which is (21).

5. APPLICATION OF THE DEFINITION

Using another known result [3, p. 38, Entry 23(ii)]:

o0

(22) logh(q) =Y M + 7

k=1

we give a series expansion of log C(q).
Taking logarithmic of both sides of (19), we have

log C(q) = log®(q) —logv(q

%)
0 qk e 2k
=) —— 2y —~ by (22
;k(l—i—q Z;le-i—%) y(@2)
i( klk
k:1k1+q

which provides a series expansion for log C(q).

6. FURTHER ¢-IDENTITIES

(23) C(q)C(a*)C(g")C(¢®) ... = ¥(q),
(24) C(q)*C(¢*)C(¢")C(d®) ... = #(a),
x(¢%) 1
¢(—q) + X(_q2)¢(—q )
(25)
2(q; %) oo(—q"; ") oo (q"% 492 f2(—q% —q"°) f2(— q ,—q%)

(4% %) f2(—q 13)f2( — (4",
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o(—q) - XDy _qy

x(—¢%)
26
) _ (¢:4°)o0(q"% ") % (=% —q") Clgh
(0% ¢®) oo (=% ¢H) oo f2H(—q, —q*) f2 (=47, —¢°) ’
and
o XA@) o oay 49(¢, 1)
@ #(=4) XQ(—CP)(M )= (@263 oo f2(—q*, —q'%)

The identities (25) and (26) are a factorization of the identity (27).
6.1. Proofs of the identities

6.1.1. Proof of (23) and (24)

The identity (23) follows directly from (19). The identity (24) follows from (23)
and (21).

6.1.2. Proof of (25)
Now, by using the identity:
(G0 , (%M (6% ¢
(600 (%Mo (—0% Yo
(4 @)oo [1+(—q;q)oo (7% ¢ (—q2;q4)oo]
(=4 @)oo (o0 (=04 0Y 0 (6300 |7

$(—q) + AL g(—q) =

x(—4?)

we have

(@ @)oo [} (=44 (=% ¢")3% (—q?’;q“)oo]
(6D | (@0 (%9950 (¢*5 Y
_ @9 [}, fad)f( ) ]
(D | f(=a,—*) f(—¢* —¢*)
_ (@9 [f=a, =) (= —a*) + fa.4) f (¢, q2)]
(¢ 0 | f(=a:—¢*) f(—=¢*, —¢?) '
Applying a known result [3, p. 45, Entry 29(i)] on the right-hand side of the above
identity, we find that

B X(@®) o4 269w (@) ()
o Q)+X(—q2)¢( ) (=4 Qoo f(—=0, —¢*) f (=2, —¢?)
2(¢; 4% oo (0% 4" o0 (¢ 492, (=5 —¢1°) 2 (—¢®, —¢)
(4% ¢®) oo A (=43 —q'3) f2(—¢°, —q*)

CHqY,

(_
(_
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which proves (25).
6.1.3. Proof of (26)

Now we prove the companion identity of (25):

X g

¢(—q) x(—q2)¢( q")
_ (@9 [1 C (ad)w (¢ a5 (—q?’;q“)oo]

(=45 )0 (Mo (%dH% (3dY)
(4 @)oo [f(—q, ) f(=¢*, —¢%) — fla, &) (&, qQ)]
(=4 @)oo f(=a,—¢*) f(=¢* —¢?)
2q(q; ¢)oo [ f2(q,4") ]
(¢ Do L f(=0, =) f(—=¢% —a*) |’
where we have used a known identity [3, p. 45, Entry 29(ii)].
Finally, we have

XAy
¢(—q) x(—q2)¢( q")
(4 4% oo ("% ¢")2, S2(=a% —q')

4
(0% ¢®) oo (=% ¢H) oo f2(—q, —¢") f2(—q", —qg)C(q )

which proves (26).
6.1.4. Proof of (27)
Multiplying (25) and (26), we have
X*(4%)
X*(=4?)

49(q; ¢*) oo
(0% %) oo f2(—q*, —q'?)’

¢*(—q) — ¢*(—q*) = —

which proves (27).
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