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AN IMPROVED CHEN-RICCI INEQUALITY FOR KAEHLERIAN SLANT
SUBMANIFOLDS IN COMPLEX SPACE FORMS

Adela Mihai and Ioana N. Radulescu

Abstract. B. Y. Chen proved in [4] an optimal inequality for Lagrangian
submanifolds in complex space forms in terms of the Ricci curvature and the
squared mean curvature, well-known as the Chen-Ricci inequality. Recently,
the Chen-Ricci inequality was improved in [7, 11] for Lagrangian submanifolds
in complex space forms. In this article we extend the improved Chen-Ricci
inequality to Kaehlerian slant submanifolds in complex space forms. We also
investigate the equality case of the inequality.

1. PRELIMINARIES

Let M be a complex m-dimensional Kaehler manifold, i.e., M is endowed with
an almost complex structure J and with a J-Hermitian metric g. By a complex
space form M (4c) we mean an m-dimensional Kaehler manifold with constant
holomorphic sectional curvature 4c. A complete simply-connected complex space
form M (4c) is holomorphically isometric to the complex Euclidean n-space C™,
the complex projective m-space C'P™(4c), or the complex hyperbolic m-space
CH™(4c), according to ¢ = 0, ¢ > 0 or ¢ < 0, respectively.

Let f: M — M be an isometric immersion of an n-dimensional Riemannian
manifold M into a Kaehler m-manifold M. Then M is called a totally real sub-
manifold if J(T,M) C Tle, Vp € M (cf. [6]). A Lagrangian submanifold is a
totally real submanifold of maximum dimension.

We denote by K () the sectional curvature of M associated with a plane section
m C T,M, p € M, by h the second fundamental form and by R the Riemann
curvature tensor of M. Then the Gauss equation is given by:

R(X,Y,Z,W)=R(X,Y, Z,W) — g(h(X, Z), (Y, W))
+9(h(X, W), h(Y, Z)),
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for any vectors X,Y,Z W tangent to M.
Let p € M and {ej, e, ...,e,} be an orthonormal basis of the tangent space
T,M. We denote by H the mean curvature vector, i.c.,

H(p) = % Z h(ei, ei)
=1

and by

n
11 =" g(h(ei e5), hleis e5))
ij=1
the squared norm of the second fundamental form.

For any tangent vector X to M, one decomposes JX = PX + F X, where PX
and FX are the tangential and normal components of JX, respectively.

The submanifold M is said to be a slant submanifold if the angle between JX
and the tangent space T,,M, for any nonzero vector X tangent to M, called the
Wirtinger angle 0(X) of X, is constant, i.e., is independent of the choice of the
point p and of the vector X (cf. [1]).

Slant submanifolds are characterized by the condition P? = \I, for some \ €
[—1, 0], where I is the identity transformation of 7M. If A = —1, then # = 0 and f
is an invariant immersion; if A\ = 0, then 0 = 7 and f is an totally real immersion;
if \ = —cos? 6, with 6 # 0, 7, then f is a proper slant immersion.

A proper slant submanifold is said to be Kaehlerian slant if VP = 0 (the
canonical endomorphism P is parallel), where V is the Levi-Civita connection on
M. A Kaehlerian slant submanifold is a Kaehler manifold with respect to the
induced metric and the almost complex structure J= (sec).J, where @ is the slant
angle.

Let M be a proper slant submanifold p € M, © C T},M a 2-plane section and
{e1, e, ..., e,} be an orthonormal basis of tangent space 7}, M such that eq, ez € 7.
If m = n, an orthonormal basis {e], €, ..., e} } of the normal space Tle is defined
by

1
1.1 r=—F k=1,...,n.
( ) €L Sil’l@ €k, ) , T

For a Kaehlerian slant submanifold one has (cf. [1])
AF)(Y:AF}/X, VX,YETPM,
or equivalently,
(1.2) hy; = bl = hiy,
where A is the shape operator and

(1'3) hf_“] :g(h(ez7ej)7ez)7 Z7]7k:17 "'7n'
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The following propositions give characterizations of submanifolds with VP = 0.

__ Proposition 1.1. [1]. Let M be a submanifold of an almost Hermitian manifold
M. Then VP = 0 if and only if M is locally the Riemannian product My X ... X My,
where each M; is either a complex submanifold, a totally real submanifold or a
Kaehlerian slant submanifold of M.

Proposition 1.2. [1]. Let M be an irreducible submanifold of an almost
Hermitian manifold M. If M is neither invariant nor totally real, then M is a
Kaehlerian slant submanifold if and only if the endomorphism P is parallel, i.e.,
VP =0.

Definition 1.3. A slant H-umbilical submanifold of a Kaehler manifold Mn
is a slant submanifold for which the second fundamental form takes the following
forms:

h(e1,e1) = Aej, h(ez,e2) =---= h(en,e,) = pej,
h(ei,ej) = pej, h(ej,ex) =0, 2<j#k<n,

where e], ..., e are defined by (1.1).

2. Ricct CURVATURE OF SUBMANIFOLDS

In [3], B. Y. Chen established a sharp relationship between the Ricci curvature
and the squared mean curvature for any n-dimensional Riemannian submanifold of
a real space form M (c) of constant sectional curvature ¢; namely,

2
Rie(X) < (n—1)e+ — |||,

which is well-known as the Chen-Ricci inequality. The same inequality holds for
Lagrangian submanifolds in a complex space form M (4c) as well (see [4]).

I. Mihai proved a similar inequality in [9] for certain submanifolds of Sasakian
space forms.

In [8], Matsumoto, Mihai and Oiaga extended the Chen-Ricci equality to the
following inequality for submanifolds in complex space forms.

Theorem 2.1. [8]. Let M be an n-dimensional submanifold of a complex
m-dimensional complex space form M (4c). Then:
(1) For each vector X € T,,M we have

2
. n
Ric(X) < (n—1)e+ - |H|? + 3¢||PX|*.

(ii) I H(p) = 0, then a unit tangent vector X at p satisfies the equality case if and
only if X € ker hy;
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(ii1) The equality case holds identically for all unit tangent vectors at p if and only
if p is a totally geodesic point or n = 2 and p is a totally umbilical point.

In particular, for #-slant submanifolds, the following result holds.

Corollary 2.2. [8]. Let M be an n-dimensional 0-slant submanifold of a
complex space form M (4c). Then:
(1) For each vector X € T,,M we have

2
Ric(X) < (n— e+ ”Z I|H |2 + 3¢ cos? .

(ii) If H(p) = 0, then a unit tangent vector X at p satisfies the equality case if and
only if X € ker hy;

(ii1) The equality case holds identically for all unit tangent vectors at p if and only
if p is a totally geodesic point or n = 2 and p is a totally umbilical point.

The Chen-Ricci inequality was further improved to the following for Lagrangian
submanifolds (cf. [7, 11]).

Theorem 2.3. Let M be a Lagrangian submanifold of dimension n > 2 in a
complex space form M (4c) of constant holomorphic sectional curvature 4c and X
a unit tangent vector in T,M, p € M. Then, we have

Ric(X) < (n—1) (c + % HHH?) .

The equality sign holds for any unit tangent vector at p if and only if either:
(1) p is a totally geodesic point, or
(i1) n = 2 and p is an H-umbilical point with \ = 3.

Lagrangian submanifolds in complex space forms satisfying the equality case
of the inequality were determined by Deng in [7]. More precisely, he proved the
following.

Corollary 2.4. Let M be a Lagrangian submanifold of real dimension n > 2
in a complex space form M (4c). If

Rie(X) = (n=1) (c+ T |HI)

Jor any unit tangent vector X of M, then either
(i) M is a totally geodesic submanifold in M (4c) or,
(ii) n = 2 and M is a Lagrangian H-umbilical submanifold of M (4c) with A = 3.

3. Ricct CURVATURE OF KAEHLERIAN SLANT SUBMANIFOLDS

In this section, we extend Theorem 2.3 to Kachlerian slant submanifolds in
complex space forms. We shall apply the following two Lemmas from [7].
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Lemma 3.1. Let fi(x1, 22, ..., x,) be a function in R™ defined by:

n n
filzr, 2, .. ) = 21 ij — Zﬁ
= =

If x1+ 20+ ...+ x, = 2na, then we have

(1‘1 + 20+ ...+ xn)2 ,

n
fl(xl, Ly eeny xn) S

with the equality sign holding if and only if n—ilxl =Iy=..=2x, =a.

Lemma 3.2. Let fo(x1, 22, ..., 2,) be a function in R™ defined by:
n
fa(x1, 2, ...y ) = 21 ij - UC%
j=2

If x1+ 29+ ...+ x, = 4a, then we have

1
fg(xl, L9y eeny xn) < g (1‘1 + a0+ ...+ xn)2 ,

with the equality sign holding if and only if x1 = a and z9 + ... + x,, = 3a.

The main result of this section is the following theorem.

Theorem 3.3. Let M be an n-dimensional Kaehlerian proper 0-slant sub-
manifold in a complex n-dimensional complex space form M (4c) of constant

holomorphic sectional curvature 4c. Then for any unit tangent vector X to M we
have

(3.1) Rie(X) < (n—1) (H%HHH?) + 3ccos? .

The equality sign of (3.1) holds identically if and only if either
(1) ¢ =0 and M is totally geodesic, or
(i) n =2, ¢ <0 and M is a slant H-umbilical surface with \ = 3p.

Proof.  For a given point p € M and a given unit vector X € T,,M, we choose

an orthonormal basis {e; = X, es,...,e,} C T,M and
Fel Fen L
T=— ... e = T--M.
{el sing’ " on sin@} <ty

Forthat X = Z =e;and Y =W =¢;, j = 2,..,n, Gauss’ equation gives
E(elv €5, €1, ej) = R(eh €5, €1, ej)_g(h(elv 61)7 h(ej7 ej))+g(h(elv ej)7 h(elv ej))7
or equivalently,
. n
R(e1,¢ej,e1,€5) = R(er, ej,e1,€5) — Z(hﬁh;j —(h1;)?), Vjie€2n
r=1
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Since the Riemannian curvature tensor of M (4c) is given by
R(X.Y, Z,W) = c{g(X, Z)g(Y,W) = g(X,W)g(Y, Z)

we find

(3.2) R(e1,ej,e1,e;) = c[l+3g%(Jer, e;)].

By summing after j = 2, n, we get

n n

(n—1+3 HPXH2)C = Ric(X) — ZZ [ 1h; — ( L‘)ﬂ )
r=1 j=2
or, n o n
(n — 1+ 3cos?0)c = Ric(X Z 1h; —(L»)Q].
r=1 j=
It follows that
; T QT r \2
(3.3) Ric(X) — (n— 14 3cos?0)c Z (R 1hjj — (hiy) ]
r=1 j=2
< Zzh Z hij)? - Z(h{j)2-
r=1j=2 7j=2 7j=2

Since M is a Kaehlerian slant submanifold, we have the relations (1.2) and

(34) Ric(X)—(n—1+3cos?0)c <> S aph5 — S (hy)? = > (hl)>
=2

r=1 j=2 =2
Now we put
fi(hiy, hgg, ooy by h11zh Z )2
and o
Jr(Riy, hygy ooy hyy) 1Zh ") Vre2n.

Since nH' = h}; + hiy + ... + bl we obtaln by using Lemma 3.1 that

-1 n(n—1
(35 Ayt <y = M D gy
4dn 4
By applying Lemma 3.2 for 2 < r < n, we get
1 n? n(n—1
(B6) Sy, By ) < Sty = "y < D gy
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From (3.4), (3.5) and (3.6), we obtain

Ric(X)— (n—1+3cos*)c < w;(HTV = w |H|?.

Thus we have
-1
Ric(X) < (n— 14 3cos®0)c+ % |H|?,

which implies (3.1).
Next, we shall study the equality case. For n > 3, we choose F'e; parallel to
H. Then we have H" = 0, for » > 2. Thus, by Lemma 3.2, we get
nHI

hi; = hi; = =0, V22

and Who=0, Vik>2, j#k

From Lemma 3.1, we have hy; = (n + 1)a and hj; = a, Vj > 2, with a =
In (3.3) we compute Ric(X) = Ric(ey). Similarly, by computing Ric(es) and

using the equality, we get

by =R, =0, Vr#2, j#2, r#j.

Then we obtain h%1 2

n—H:hQQ:...:hin:T:O.

The argument is also true for matrices (h;k) because the equality holds for all unit

Hl
2

tangent vectors; so, h%j = h%é = HTJ =0, Vj >3.
The matrix (h3,) (respectively the matrix (h7,)) has only two possible nonzero
. 1 . 1
entries h?, = h3, = hi, = HT (respectively b, = h"y = hl, = HT, Vr > 3).
Now, after putting X = Z =exand Y =W =¢;, j = 3,...,n, in Gauss’ eqution,
we obtain

_ g1\ 2
R(627ej7627ej) :R(627ejve2vej) - <7> ) v.] 23
Ifweput X =2 =eyand Y = W = e; in Gauss’ eqution, we get
2 2
E(eg, e, €9, 61) = R(eg, e, €9, 61) — (n + 1) <H71> + <H71> .
After combining the last two relations, we find

2
Ric(ez) — (n — 14 3cos?f)c = 2(n — 1) <H71) )

On the other hand, the equality case of (3.1) implies that

n(n — 12
Ric(eg) — (n— 1+ 3cos®f)c = % |H|* = n(n—1) <H—) .
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Since 7 # 1,2, by equating the last 2 equations we find #' = 0. Thus, (h];)

are all zero, i.e., M is a totally geodesic submanifold in M (4¢). In particular, M
is a curvature-invariant submanifold of M (4c). Therefore, when ¢ # 0, it follows
from a result of Chen and Ogiue [6] that M is either a complex submanifold or a
Lagrangian submanifold of M (4¢). Hence, M is a non-proper #-slant submanifold,
which is a contradiction. Consequently, we have either

(1) ¢ =0 and M is totally geodesic, or,

2)n=2.

If (1) occurs, we obtain (i) of the theorem. Now, let us assume that n = 2. Let
us recall a result of Chen from [2] states that if M is a proper slant surface in a
complex 2-dimensional complex space form M?(4c) satisfying the equality case of

(3.1) identically, then M is either totally geodesic or ¢ < 0. In particular, when M
is not totally geodesic, one has

h(elv 61) - )\GT, h(627 62) - Mefv h(elv 62) - Me§7

with A = 3p = %, i.e., M is H-umbilical. This gives case (ii) of the theorem. m
Since a proper slant surface is Kaehlerian slant automatically (cf. [1]), we
rediscover the following result of [2] from Theorem 3.3.

__ Theorem 3.4. If M is a proper slant surface in a complex space form

M (4c) of complex dimension 2, then the squared mean curvature and the Gaussian
curvature of M satisfy:

|H|* > 2[G — (1 + 3 cos® 0)(]
at each point p € M, where 0 is the slant angle of the slant surface.
Example 3.5. The explicit representation of the slant surface in CH?(—4)
satisfying the equality case of inequality (3.1) was determined by Chen and Tazawa

in [5, Theorem 5.2] as follows:
Let z be the immersion z : R? — C? defined by

z(u, v, t)
; 3 u2 2 (3 2
— it e Q _ = —\/;’U s —\/;’U
e 1+2(cosh(\/§v) 1)—1—6@ 2\/6(1—1—@ ),
(37) g —\/g'u L —\/g'u \/g'u \/g'u 2
3(1—1—2@ )+6\/(_ie ((e —1)(9@ —3)+2u),
L _ —\/g'u [ _ —\/g'u \/g'u —\/g'u 2
3\/5(1 e )+12\/§(6 15e + 9e + 2e u))
It was proved in [5] that (z,z) = —1. Hence, 2 defines an immersion from R?

into the anti-de Sitter spacetime H7(—1). Moreover, it was proved in [5] that the
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image 2(R3) in HY(—1) is invariant under the action of C* = C — {0}. Let
7 H{(=1) — CH?(—4) denote the Hopf fibration. It was shown in [5] that the
composition

moz:R3 — CH?(—4)

defines a slant surface with slant angle 6 = cos_l(%). Also, it was proved in
[5] that m o z is a H-umbilical immersion satisfying A = 3u. Consequently, this
example of slant H-umbilical surface satisfies the equality case of inequality (3.1)

identically.
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