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GLOBAL EXISTENCE OF SOLUTION TO A NONLOCAL PARABOLIC
PROBLEM MODELING LINEAR FRICTION WELDING

Jong-Sheng Guo, Yung-Jen Lin Guo* and Bei Hu

Abstract. We study a nonlocal parabolic problem airing in the modeling of
linear friction welding. Using some a priori estimates, we derive the global in
time existence of solution of this nonlocal problem.

1. INTRODUCTION

In this paper, we study the following nonlocal parabolic problem:

Up = Ugy — g()u"P(x,t), O0<z<l1, t>0,
(1.1) up(0,8) =0, w(l,t)=1, t>0,
u(z,0) = up(z), 0<z<1.

where A > 0, p > 1, up(z) is a smooth function such that 0 < ug(z) < 1 for all
x €10, 1], uf(xz) > 0 for all x € (0, 1], up(0) =0, up(1) =1, and

g(#) == A (/01 W, t)dx>_1_1/p.

Under the above assumption it is clear that u,(z,t) > 0 for x € (0, 1]. Also, it
is clear that the solution exists and is unique as long as «(0,¢) remains positive.
Assuming [0, T') is the maximal existence interval, then either lim inf, ,7_ «(0,t) =
0,0r T = oco.
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The problem (1.1) arises in the study of linear friction welding for a hard
material. The physical model is given by

00 -1-1/p
(1.2) Up = Ugy — </ u_p(x,t)dx> u P, 0<z<oo, t>0,
0
(1.3) ugr(0,8) =0, wuz(oco,t)=1, t>0,
(1.4 u(z,0) = ug(z), = >0.

In the physical model, the parameter p is close to 4 (cf. [6] and references therein).
For some related works on nonlocal parabolic problems, we also refer the reader to
[1-6].

In order to understand the model (1.2)-(1.4), it is proposed in [6] the following
approximated problem:

K -1-1/p
(1.5) Up = Ugg — </ u_p(x,t)dx> u P, 0<z<K,t>0,
0
(1.6) ugy(0,8) =0, w(K,t)=K, t>0,
A7) u(e0)=ule), 0<z<K,

where K is any positive constant. Then, by a suitable re-scaling, (1.5)-(1.7) is
reduced to the problem (1.1) with X := A\ (K) := K'~1/P,

The steady states of (1.1) has been studied in [5]. The main purpose of this
paper is to answer the question raised in [5], namely, whether the solution of (1.1)
exists globally (in time). In [6], numerical simulations indicate that the solution of
(1.1) exists globally. The main purpose of this paper is to prove this result rigorously
as follows.

Theorem 1. The solution of (1.1) exists for all time 0 < ¢ < oo, and there exists
a positive constant ¢4 such that co < u(z,t) <1lforall0 <z <1,0<t < .

The details of proof of Theorem 1 is given in the next section.

2. ProoF oF MAIN THEOREM

The proof of Theorem 1 is divided into the following lemmas. In this section,
we shall let u be the solution of (1.1) with the maximal existence time interval [0, T')
for some T' < .

Lemma 2.1. There exist positive constants n and C'*, independent of 7', such
that

(2.1) g(t) < C*uP*(0,t) for 0 <t <T.
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Proof. Since p > 1, we can choose « € (0, 1) such that

p+1
2.2 — < 1
(22) (I1+a)p
We take
" (I+a)p
By parabolic estimates, for any 71 < T,
(2.3) [ull grveatarzoaixjo,my)) < Ca sup g(t)u™P(x,t),

0<z<1, 0<t<T}

where the constant C,, is independent of 73 and 7'. In view of (2.2), we can choose
C* to be large enough so that

CoC*

p+1

(1+a)p * * Pt
C 0) < C*uf™(0).

ST <o g0) < Cru0)

- 21+1/p[

With our choice of C*, (2.1) is clearly valid for ¢t = 0. If (2.1) is not valid,
then there must be a 77 < T such that

(2.4) g(t) < C*uPt(0,t) for 0 <t < Ty, g(Ty) = C*uPt(0,Ty).
Using this in (2.3) we find that
HuHCHa’(l‘*‘a)/Q([O,l]><[0,T1]) < CaC™.
In particular,
0 <wug(x,t) =ug(x,t) —up(z,0) < CpC*z% 0<2<1, 0<t<T.
It follows that, for 0 < x <1, 0 <¢ < 1Ty,

(1 + a)u(0, £)71/(1+a)

u(z, t) <u(0, t)+%x1+a <2u(0,t) for 0<z < f::[ O

1+«
Thus, for 0 < ¢ < Ty,

[u(0, t)]—p+1/(1+a)7

! T (1+ ) l/0+e)
u P(x,t de/ 27PyTP(0,t)dx = 27P
Ry e [

which implies that, for 0 < ¢ < Ty,

C,C* } (p+1)/Ip(1+a)]

P-H?Ot C*p-l—ﬂ()t_
(I+a) w08 < Cu0: )

g(t) < A21+1/p[

This is a contradiction to (2.4). Hence the lemma follows. ]
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Lemma 2.2. There exists a positive constant cq, independent of T, such that
(2.5) uw(0,t) <1—¢o for 0<t<T.
Proof. We take positive constants ¢; and ¢, such that
up(0) <1 < eg < 1.

In view of (2.3), if u(0,#) = ¢; and w(0, t3) > co, then

Coy — C1 } 2/(1+a)

(26) [t —ta 2y = |2

Let o be the solution of

@t:@mm_)\cllﬂ—l, O<z<l,t>0,
@m(()?t) = 07 @(1775) = 17 t > 07

It is clear that (2.5) is true for small ¢. If (2.5) is not always true, then there exists
t1 and t, such that

w(0,t1) =¢c1, ¢ <u(0,t) <1l—cy for t; <t <te, wu(0,t2)=1-cp.
Note that we always have
g(t)uP(z,t) > g(t) > AP0, 8) > AETH for 4 <t <to,
so that, by comparison principle,
u(z,t) < oz, t —t1) for ¢ <t <ts.
In particular, recalling (2.6) (t2 — t1 > ) and the definition of ¢y, we conclude
u(0,t2) < (0,2 — t1) < 1 — o,

which is a contradiction. ]

Lemma 2.3. There exists a positive constant cg, independent of 7", such that

(2.7 ugp(z,t) > cgr for 0<z<1,0<t<T.
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Proof. We take ¢ = ¢o in (2.5) so that (2.5) holds. Take a smaller cj if
necessary so that 1 — ¢y + ¢z > uo(z). Then the comparison principle implies that
u(z,t) <1—cy+cor for 0 <t <T.
In particular, this implies that
ug(1,t) > ¢y for 0 <t <T.

Take a smaller ¢ if necessary so that ug(x) > cjx. Differentiate the equation
for u with respect to « and apply comparison principle, we derive (2.7). ]

Lemma 2.4. There exists a positive constant ¢, independent of T, such that
u(0,t) >¢cy for 0<t<T.
Proof. Let ¢ be given by the above lemma. Take ¢ and ¢; such that
crel < e, o < e < up(0).
If the conclusion is not true, then there exist ¢t > ¢; > 0 such that
uw(0,t1) =¢1, o <u(0,t)<eé for ¢ <t <ty, wu(0,t2) = co.
Using Lemma 2.1 we find that
gt)yu P(x,t) < C*u(0,t) <cy for 0 <z <1, t; <t<to.

Using Lemma 2.3 we find that
G0 2
u(z,t1) > ¢+ 5%

Therefore by comparison principle

*

u(x,t)ZEl—i—CQ—OxQ for 0<ax <1, t;1 <t<tg,
which implies that «(0,t2) > ¢; > ¢y, which is a contradiction. [
Combining these lemmas, we conclude the proof of Theorem 1.
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