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HYBRID VISCOSITY ITERATIVE APPROXIMATION OF ZEROS OF
M-ACCRETIVE OPERATORS IN BANACH SPACES

L. C. Ceng', A. Petrusel and M. M. Wong?*

Abstract. In this paper, let X be a reflexive Banach space which either is
uniformly smooth or has a weakly continuous duality map. We prove, under
the convergence of no parameter sequences to zero, the strong convergence
of their iterative scheme to a zero of m-accretive operator A in X, which
solves a variational inequality on the set A=1(0) of zeros of A. Such a
result includes their main result as a special case. Furthermore, we also give a
weak convergence theorem for hybrid viscosity iterative approximation method
involving a maximal monotone operator in a Hilbert space.

1. INTRODUCTION

Let X be a real Banach space with the dual space X *. The normalized duality
mapping J from X into the family of nonempty (by Hahn-Banach theorem) weak-
star compact subsets of X is defined by

J(@) = {a" € X"+ (z,27) = ||z]|* = [2"|*}, Vze€X,

where (-, -) denotes the generalized duality pairing between X and X *. It is known
that the norm of X is said to be Gateaux differentiable (and X is said to be smooth)
if

|z +tyll — =]

.
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exists for every =,y in U = {z € X : ||z|| = 1} the unit sphere of X. The norm
of X is said to be uniformly Frechet differentiable (and X is said to be uniformly
smooth) if the limit in (1.1) is attained uniformly for (x,y) € U x U. Every
uniformly smooth Banach space X is reflexive and smooth.

Recall that a Banach space X has a weakly continuous duality map if there
exists a gauge ¢ for which the duality map J, is single-valued and weak-to-weak*
sequentially continuous (i.e., if {z,} is a sequence in X weakly converging to a
point z, then the sequence {.J,(z,)} converges weak*ly to J,(z)).

Let C be a nonempty closed convex subset of a real Banach space X, and
T : C — C be a mapping. Recall that 7" is nonexpansive if ||Tx — Ty|| < ||z — y||
forall z,y € C. A point z € C is a fixed point of T provided Tx = z. Denote
by Fix(T') the set of fixed points of T', ie., Fix(T) = {z € C : Tx = z}. It is
assumed throughout the paper that 7" is a nonexpansive mapping with Fix(7T") # (.
Recall that a self-mapping f : C — C'is a contraction on C' if there exists a constant
a € (0,1) such that

1f(x) = fW)ll < ellz —yll, Va,yeC.

As in [3], we use the notation I ~ to denote the collection of all contractions on
C,ie,
IIc ={f: C — C a contraction}.

Note that each f € II- has a unique fixed point in C.

Recall also that an operator A (possibly multivalued) with domain D(A) and
range R(A) in X is called accretive, if for each z; € D(A) and y; € Ax; for
i=1,2, there exists a j(zo — x1) € J(x2 — x1) such that

(Y2 — y1,j(x2 — 1)) > 0,

where J : X — 2% is the normalized duality mapping. An accretive operator A
is called m-accretive if R(I +rA) = X for each » > 0. Throughout the paper,
we assume that A is m-accretive and has a zero (that is, the inclusion 0 € Az is
solvable). The set of zeros of A is denoted by F'. For each » > 0, we denote by J.
the resolvent of A4, ie., J. = (I +rA)~!. Note that if A is m-accretive, then J,
is a nonexpansive mapping from X to C' := D(A) which is assumed convex, and
Fix(J,) = F for all » > 0. We also denote by A, the Yosida approximation of A,
ie, A, = 1(I—J,).

Recently, Kim and Xu [15] and Xu [9] studied the sequence generated by the
iterative scheme

(1.2) Tyl = apu+ (1 —ap)dy, n, Y >0,

and proved strong convergence of the iterative scheme (1.2) in the framework of
uniformly smooth Banach spaces and a reflexive Banach space which has a weakly
continuous duality map, respectively.
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Inspired by the iterative scheme (1.2), Qin and Su [4] introduced the following
iterative scheme:

(13) { Yn = ﬁnxn + (1 - ﬁn)Jrnxnv

Tpt1 = apt+ (1 — ) Yn,

where v € C' is an arbitrary (but fixed) element of C' and {«,} in (0,1), {3,} in
[0,1]. If 5, = 0, then (1.3) reduces to (1.2). Subsequently, Ceng, Khan, Ansari
and Yao [12] proposed and analyzed a variant of the iterative scheme (1.3). They
proved, under the same assumptions on the sequences {«,}, {5,} and {r,} as in
Theorem 1.1 in Qin and Su [4], that {x,} defined by such a variant converges
strongly to a zero of an m-accretive operator A.

In 2009, Chen, Liu and Shen [13] suggested and analyzed an iterative scheme for
viscosity approximation of a zero of an m-accretive operator in a reflexive Banach
space which has a weakly continuous duality map.

Theorem CLS. (see [13, Theorem 2.1]). Let X be a real reflexive Banach
space and has a weakly continuous duality map J, with gauge ¢ and A be an
m-accretive operator in X such that C = D(A) is convex with F = A~10 # 0,
and f : C' — C be a fixed contraction mapping, {a,}>>, in (0,1) and {5,},

in [0, 1], suppose {15, {5n}5, and {ry,}22, satisfy the following conditions:
(i) Y02y Bn=o00and 3, — 0 (n — c0);
(if) By €0, a) for some a € (0,1) and r,, > € for all n;

(i) 3200 langr —am| <00, 3200 [Bntr — Bl <ooand 3202 [rapr — 7| <

Q.
Let {x,}7° , be the composite process defined by

Yn = QpTn +(1- 7% Jrnxnv
(1.4) { ( )

Tnt+1 = ﬁnf(xn) + (1 - ﬁn)ynv Vn > 0.
Then {z,}5°, converges strongly to a zero of A.

On the other hand, Yao, Chen and Yao [16] combined the viscosity approxi-
mation method [17] and the modified Mann iteration [15], and gave the following
hybrid viscosity approximation method:

Let C be a nonempty closed convex subset of a Banach space X, T: C — C
a nonexpansive mapping such that Fix(7) # () and f € IIo. For any arbitrary
xo € C, define {z,} in the following way:

(1.5) { Yn = Qnln + (1 - O‘n)Txm

Tn+l = ﬁnf(xn) + (1 - ﬁn)ynv Vn >0,
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where {a,,} and {3,} are two sequences in (0,1). They proved under certain
different control conditions on the sequences {«,,} and {£,} that {z,,} converges
strongly to a fixed point of 7'. Their result is the extension and improvement of the
main result in Kim and Xu [15].

Very recently, under the convergence of no parameter sequences to zero, Ceng
and Yao [14] proved the strong convergence of the sequence {z,} generated by
(1.5) to a fixed point of T', which solves a variational inequality on Fix(T").

Theorem CY (See [14, Theorem 3.1]). Let C be a nonempty closed convex
subset of a uniformly smooth Banach space X. Let T': C' — C be a nonexpansive
mapping with Fix(T') # () and f € Il with contractive constant a € (0,1). Given
sequences {ay, } and {5, } in [0, 1], the following control conditions are satisfied:

(C)) 0< B, <1 —a,VYn > ng for some integer ng > 1;

(C2) 3 020 Bn =

(C3) 0 < liminf,, o0 oy < limsup,,_, o n < 1;

M ﬂn ﬂn J—

For an arbitrary zy € C, let {z,,} be defined by (1.5). Then,

where Q(f) € Fix(T') solves the variational inequality

(I =NQW),JQ(f) —p) <0, [fellp, peFix(T).

In this paper, let X be a real reflexive Banach space which, either is uniformly
smooth or has a weakly continuous duality map J,,. Assume that A is an m-accretive
operator in X. Combining Theorem CLS with Theorem CY as above, we prove,
under the convergence of no parameter sequences to zero, the strong convergence
of the sequence {x,,} generated by (1.4) to a zero of A, which solves a variational
inequality on A=10. Such a result includes Theorem CLS as a special case. Fur-
thermore, we also give a weak convergence theorem for hybrid viscosity iterative
approximation method (1.4) involving a maximal monotone operator in a Hilbert
space H. The results presented in this paper can be viewed as the supplement,
improvement and extension of some known results in the literature, e.g., [4, 9-18].

2. PRELIMINARIES
Let X be a real Banach space with the topological dual space X* and (z, z*)

be the pairing between z € X and z* € X*. We write z,, — x to indicate that
the sequence {z,} converges weakly to z. z, — = implies that {z,} converges
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strongly to z. Let 2X" denote the family of all subsets of X*. Recall that the
normalized duality mapping J : X — 2% is defined as

J(@) = {a" € X"+ (z,27) = ||z]|* = [2"|*}, VzeX.

In order to establish new strong and weak convergence theorems for hybrid
viscosity iterative approximation of zeros of m-accretive operators, we need the
following lemmas. The first lemma is a very well-known (subdifferential) inequality;
see, e.g., [1].

Lemma 2.1. ([1]). Let X be a real Banach space and .J the normalized duality
map on X. Then for any given z,y € X, the following inequality holds:
lz +ylI* < [l + 2y, j(z +y)), Vi(z+y) € J(z+y).

Lemma 2.2. ([8, Lemma 2]). Let {x,} and {y,,} be bounded sequences in a
Banach space X and let {(3,,} be a sequence in [0, 1] with 0 < liminf,, . 3, <
limsup,,_,. Bn < 1. Suppose x,+1 = (1 — Bn)yn + Bz, for all integers n > 0
and lim sup,, oo ([Yn+1 = Ynll = [|[Zn+1 —24l[) < 0. Then, limy, oo |yn — 2|l = 0.

Lemma 2.3. ([5]). Let {s,} be a sequence of nonnegative real numbers
satisfying the condition

Snt1 < (1 - Mn)sn + pnln, Vn=>1,

where {u,}, {v,} are sequences of real numbers such that
() {pn} C[0,1] @nd >°>7 , p, = o0, Or equivalently,

x n
[T =)= lim T~ ) = 0;
n=1 k=1

(i) lim sup,, o, v, <0, OF
(i) >°07 pniy is convergent.
Then, lim,,_,o s, = 0.

Lemma 2.4. ([17, Theorem 4.1]). Let X be a uniformly smooth Banach space,
C be a nonempty closed convex subset of X, T : C' — C be a nonexpansive
mapping with Fix(T') # (), and f € II-. Then {z;} defined by

Tt = tf((I,'t) + (1 — t)TfI,'t
converges strongly to a point in Fix(T"). If we define Q : II¢ — Fix(T) by
(2.1) Q(f) = }ant,

—0
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then Q(f) solves the variational inequality

(2.2) (I =NRN), J(Q(f) —p)) <0, VpeFix(T).

In particular, if f = w € C is a constant, then (2.1) is reduced to the sunny
nonexpansive retraction of Reich from C onto Fix (7)),

(2.3) (Q(u) — u, J(Q(u) — p)) <0, ¥p € Fix(T).

Recall that an operator A with domain D(A) and range R(A) in X is said to
be accretive, if for each z; € D(A) and y; € Ax; (i = 1,2), thereisa j(ze—x1) €
J(x9 — x1) such that

(Y2 — y1,J (72 — 1)) > 0.
An accretive operator A is m-accretive if R(I + AA) = X for all A > 0.

Denote by F' the set of zeros of A, i.e.,

F:=A10={reD(A):0c Az}.

Throughout the rest of this paper it is always assumed that A is m-accretive and
F is nonempty. For each » > 0, we denote by J. the resolvent of A, i.e., J. =
(I +rA)~t. Note that if A is m-accretive, then J,. : X — X is nonexpansive and
Fix(.J,) = A~=10 for all » > 0. Indeed, observe that

r€AT0 & 0€ Ax
& zxe(l+rAex
o z=UT+rA) 1z
s x=Jx
< z € Fix(J,).

We also denote by A, the Yosida approximation of A, i.e., A, = %(I —Jr). Itis

known that .J, is a nonexpansive mapping from X to C' := D(A), which will be
assumed convex.

Lemma 2.5. (The Resolvent Identity [7]). For each A, > 0 and each x € X,

Ja = JM(§x (1 %)Jm.

Recall that a gauge is a continuous strictly increasing function ¢ : [0,00) —
[0, 00) such that ¢(0) = 0 and ¢(t) — oo as t — oo. Associated to a gauge ¢ is
the duality map J,, : X — 2X" defined by

Jo(x) = {a" € X*: (2, 27) = |[zlle(([z])), [27]] = (=D}, Ve € X.
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Following Browder [2], we say that a Banach space X has a weakly continuous
duality map if there exists a gauge ¢ for which the duality map J,, is single-valued
and weak-to-weak* sequentially continuous (i.e., if {z,,} is a sequence in X weakly
convergent to a point x, then the sequence {.J,(z,)} converges weak*ly to J,(z)).
It is known that [P has a weakly continuous duality map for all 1 < p < co. Set

t
(1) = / o(r)dr, V>0,
0
Then
Jo(z) =00(||z), VzeX,

where 0 denotes the subdifferential in the sense of convex analysis. The first part of
the following lemma is an immediate consequence of the subdifferential inequality,
and the proof of the second part can be found in [19].

Lemma 2.6. Assume that X has a weakly continuous duality map J, with
gauge .
(i) For all z,y € X, there holds the inequality

Ol +yl) < @(llzl) + (v, Jo(z + ).

(if) Assume a sequence {z,} in X is weakly convergent to a point . Then
there holds the identity

lim sup &(||zy — y||) = limsup &(||zn —z[)) + ¢([ly —z|)), Vye X.
n—oo

n—oo

Lemma 2.7. ([18, Theorem 3.1 and its proof]). Let X be a reflexive Banach
space and have a weakly continuous duality map J, with gauge ¢, C' be a nonempty
closed convex subset of X, T': C' — C' be a nonexpansive mapping with Fix(7T) #
0, and f € IIc. Then {z;} defined by

o =tf(xe) + (1 —t)Txy
converges strongly to a point in Fix(T"). If we define Q : II¢ — Fix(T) by
(2.4) QUf) = limay,
then Q(f) solves the variational inequality

(2.5) (I =NQf), Jo(Q(f) —p)) <0, Vp e Fix(T).

In particular, if f = u € C is a constant, then (2.4) is reduced to the sunny
nonexpansive retraction of Reich-type from C' onto Fix(7T),

(2.6) (Q(u) = u, Jp(Q(u) —p)) 0, ¥p € Fix(T).
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Recall that X satisfies Opial’s property [20] provided, for each sequence {z,,}
in X, the condition z,, — = implies

limsup ||z, — z|| < limsup ||z, —y|, Yy € X, y#z.
n—oo n—oo
It is known [20] that each [P (1 < p < co) enjoys this property, while L does not
unless p = 2. It is known [21] that any separable Banach space can be equivalently
renormed so that it satisfies Opial’s property. We denote by wy,(x,) the weak
w-limit set of {z,}, i.e.,

wy(zn) = {7 € X : x,, — 7 for some subsequence {x,,} of {z,}}.
Finally, recall that in a Hilbert space, there holds the following equality
Az + (1= Nyll* = Alz[* + (1 = Vlyl* = A1 = Nl - y?

for all z,y € H and X € [0, 1]; see Takahashi [22].
We also use the following elementary lemmas.

Lemma 2.8. ([23]). Let {a,} and {b,} be sequences of nonnegative real
numbers such that > >° b, < oo and a,+1 < a, + b, for all n > 0. Then
lim,, oo @y, eXists.

Lemma 2.9. ([3]). Demiclosedness Principle. Assume that 7" is a nonexpansive
self-mapping of a nonempty closed convex subset C' of a Hilbert space H. If T
has a fixed point, then I — T" is demiclosed. That is, whenever {z,} is a sequence
in C' weakly converging to some x € C and the sequence {(I — T))x,} strongly
converges to some y, it follows that (I — 7))z = y. Here I is the identity operator
of H.

3. MaIN ReEsuLTS

We now state and prove the main results of this paper.

Theorem 3.1. Let X be a reflexive Banach space. Assume, in addition, X
either is uniformly smooth or has a weakly continuous duality map J , with gauge
¢. Let A be an m-accretive operator in X such that C' = D(A) is convex with
F := A7'0 # 0, and f € IIc with contractive constant o € (0,1). Given
sequences {ay }, {Bn} C [0,1] and {r,} C (0, c0), the following control conditions
are satisfied:

(C)) 0< B, <1—a,Vn > ng for some integer ng > 1;

(CZ) Z:—)LO:O ﬁn = 0Q;

(C3) 0 < liminf,, o0 oy < limsup,,_, o n < 1;
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: Bn Bn — 0
(C4) hmn_)oo(l_(l_ﬂnj-ll)anﬁ-l B 1_(1_ﬂn)an) =0

(C5) 1, > €,Yn > 0 for some e > 0 and lim, o |71 — 70| = 0.
For an arbitrary zy € C, let {z,,} be generated by
Yn = QnTy + (1 - an)Jrnxnv
(3.1)
Tp4+1 = ﬁnf(xn) + (1 - ﬁn)ynv Vn > 0.

Then,
zn = QUf) = Bu(f(zn) —2n) =0,
where one of the following two statements holds:
(1) if X is uniformly smooth, then Q(f) € F solves the variational inequality

(I =NQ(f),J(Q(f)—p)) <0, felc, peF;
(ii) if X has a weakly continuous duality map J,, with gauge ¢, then Q(f) € F
solves the variational inequality

(I =NQf), Jo(Q(f) —p) <0, [fell, peF.

Proof.  First, let us show that {x,} is bounded. Indeed, taking an element
p € F = A~10 arbitrarily, we obtain that p = J,. p and

[2n1 = pll < Bullf(2n) —pll + (1 = Bu)llyn = pll
< Bullf (zn) = (D)l + Bull f(p) — P
+(1 = Bo)lanllzn —pll + (1 = an)[[Jr, 20 = Jr,pll]
< lafntan(l = Bn)+(1 = Fa)(1 = an)ll|zn — pll+8all £ (p) =P
=[1 = (1= a)bnllzn = pll + Bullf (p) — pll

f P
< max{||zn — pl. I () H}
By induction, we have
f P
o — pll < maxe{ g — p, WAL=y

Hence {z,} is bounded, and so are the sequences {Jrnxn}, {yn} and {f(xn)}.
Suppose that z,, — Q(f) € F (n — o0). Then Q(f) = J,,,Q(f) foralln > 0.
From (3.1) it follows that

lyn = QAN = llom(zn = Q(f)) + (1 = an) (Jr, 20 — Q)]
< anllzn — QU+ (1 — an)l[Jr, 20 — QUS|
< apllzn = QNI+ (1 = an)llzn — QU]

= [lzn = QNI =0 (n— o0),
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that is, v, — Q(f). Again from (3.1) we obtain that
1Bn(f (2n) = zn) || = l[2n1 — 20 = (1= Bn)(Yn — 2a) |
< lent1 = zall + (1 = Bo)llyn — |
< [lzngr = QUNI+ llzn — QUAI
+(1 = Bn)(lyn — QUOI + [l2n = QA
< [lznsr = QUAI+ 2llzn — QAN + llyn — QU

Since =, — Q(f) and y,, — Q(f), we obtain 5, (f(z,) — z,) — 0.
Conversely, Suppose that G,(f(z,) — ) — 0 (n — o0). Put 7, = (1 —
Bn)am, ¥Yn > 0. Then it follows from (C1) and (C3) that

Qp ZVn:(l_ﬁn)an > (1_(1_05))0571:@@7’“ Vn > nyg,

and hence

(3.2) 0< 1i7fﬂglf7” < liiri)sip’yn < 1.
Define

(3.3) Tot1 = YnZn + (1 — Yn) 2n.

Observe that
Zn+l1 — Zn

_ Tn42 — Tn+1Tn+1 In+1 — InTn

L = Ynt1 )
_ Bpif @ng1) + (1 = Bt 1)Ynt1 = Vnr1Zn41 Bnf(2n) + (1 = Bn)yn —nZn
- L —=Ynp1 )
_ (ﬁn+1f(xn+1) _ ﬁnf(xn)) _ (1 = Bp)lanzn + (1 — o) Jr, Tn] — Ynn
L = Ynt1 L= L=
+(1 — Brt)[an1Znt1 + (1 — 1) Jr, 1 Tt ] — Vo1 Tt
1=yt
_ (ﬁn+1f($n+1) N ﬁnf(xn))
L = Ynt1 )
+(1—ﬁn+1)(1—06n+1)Jrn+1$n+1 B (1=6n)(1—ap)Jp, xn
L=9nt1 L=
— (ﬁ”fl_fiiil) - ﬁff(jz)) + (Jrpir Tng1 — Jr, o)

ﬁn—f—l

1- Tn+1

n

1_771

Jrn+1xn+1 + Jrnxn
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Bni1 B p
= ( e ) (@ng1) +(f (Tng1) = f(2n)) —— +(Jr 1 Tnt1 = I, n)
1_7%+1 1_7ﬁ 1- n
/Bn—f—l ﬁn /Bn
— 1_ P — 1 Vn)Jrn+1xn+1 - (Jrn-»-lxn-f-l - JT’nxn) 11—,
/Bn—f—l ﬁn /Bn
— — - J -
o T %)(f(xn+1) roi1 @nt1) + (f(@ni1) — flan)) 11—,
1~ — B
+#(‘]M+1xn+1 B Jrnx”)'
— Tn
It follows that
Hzn—I—l - an
Bn+1 p b
< \1_”7 o 1J”Y 1 @n1) =Ty e [ (@) = f (@) [ 1=
n n "
l—m—p
(3.4) +1+»ynnHJrn+1x”+1 = Jrnl|
Bn+1 B B
< 2 2P (1 )l ) =l 2
1~ 90— 8
+MHJM+1$”+1 — Jr, @l
1__7n

Here, we consider two cases.

Case 1. 7, < rp41. In this case, Lemma 2.5 (the resolvent identity) implies

that - r
Trpp1@na1 = Jp (——Tpp1 + (L= ——=) Ty, Tnt1).-
T'n+1 T'n+1

Using the nonexpansivity of .J. we get

HJT’n+1xn+1 — Jrp Tl

r r
< Hrnil Tpp1 + (1 — ﬁ)Jmen—i—l — Zn |

T T
= H?“ :1 (xn-i—l - xn) + (1 - ﬁ)(t]rn+1xn+l - xn)”
n n
Tn Tn
(3_5) < 1 Hxn-i—l - an + (1 - +1)HJrn+1xn+1 - an
n n
T T
= _’:1Hwn+1—an+(1—r :1)(!!Jrn+1wn+1—wn+1H+Hwn+1—wnH)
n n
Tnael — T
= [[Zn+1 — ol + %HJMH%H — Tpt|
n

rn—f—l - rn H

< #nt1 — x| + Jrpi1Tnt1 — Tnsa -
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Substituting (3.5) in (3.4), we have

| 2n+1 — 20l
Brt1 B
<l3 _nv o1 _nv [N f (@)
n n
af
Hrn 1 @nti]) + [@nss = 2nll5 -
— Tn
l—wm-20 Tnil — T
(3.6) o = @all + =M1 a1 — o]
— Tn
Brt1 B
< llntr = zall + 15 - . (I f (@nt )l + 1 Frpys Tnga )
- Tn+1 — Tn

+rn+1 —Tn HJr

c nt1Ln+l = Tn+l l

Boy1i  Bn
L=v41 1=

< @ns1 = nll + M| |+ [rpt1 = ral),

where M is a constant such that

I | Tn — 20| 1,

My > max{]| f(zn) || + [|Jr, 2n] vn > 1.

Case 2. r41 < r,. Similarly we can derive (3.6).

Therefore, from (3.6) and conditions (C4), (C5), we conclude that

lim sup(||znt1 — 2n|l = [|[Znt1 — za||) <O.

n—oo

Hence by Lemma 2.2 we have
(3.7) nli)rgo |zn, — zp| = 0.
It follows from (3.2) and (3.3) that
(3.8) Tim ([ — 2ol = lim (1= )l|20 = 2l] = 0.
From (3.1), we have
Tni1 = Tn = Pu(f(2n) — 2n) + (1 = Bn) (yn — zn),
which hence implies that
allyn —zal = (1= (1 = ))|lyn — znl|
< (1= Bn)llyn — zn
= [[&ns1 = n — Bu(f(zn) — 20|

< #ntr = zall + [[8a(f (20) = 20|l
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Since zy,4+1 — x, — 0 and B, (f(z,) — x,) — 0, we get

(3.9) i [y — 2| = 0.
Observe that

(3.10) Yn — Tp, = (1 — ap)(Jy, Tn — Tp).

It follows from (C3), (3.9) and (3.10) that

(3.11a) nh_)rglo |xn — Jr,zn] = 0.

Since Lemma 2.5 (the resolvent identity) implies that

T @n = Jo(~2n + (1 = =)y ),

Tn Tn

it follows from (3.11a) and the nonexpansivity of J. that
|Jexn — zn|l < | Jry@n — Jen || + |20 — Jr, 20l

€ €
<=2+ (1= =) e, 20 — ol + |20 — Jr, 20|
Tn r

n

(3.11d) c
=(1- r_)HJrnxn —zoll + |20 — ey 20|

<2z — Jr,xn]] — 0 (n— 00).
Firstly, suppose that X is uniformly smooth. Let us show that

(3.12) limsup(f(z) — z, J(z, — 2)) <0,

n—oo

where z = Q(f),
Q(f) = %i_{%xtv

and z; is the unique fixed point of the contraction mapping 7; given by
Tix =tf(z)+ (1 —t)Jex, te(0,1).
By Lemma 2.4, Q(f) € Fix(J.) = F solves the variational inequality
(I =R, J(Q(f)—p) <0, VpeF

Note that
xp — T = t(f(xy) — ) + (1 =) (Jexy — ).
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We apply Lemma 2.1 to deriving

e~

< (1= t)?||Jewp—wn|*+2{ f (20) —n, J (wr—2n))
(313) < (1=t)* (|l Jews— Jenl| + || Jewn —anl])?

20 f (1) =, T (2 —2)) 421 |2 — 20|

< (L=t)?[lwe—anl|* +an(t) + 26 f () =21, I (2t —an) 2|21~ 0%,

where
an(t) = || Jexn — zp||(2||xt — 20| + || Jexn — xpn]|) — 0 (due to (3.11b)).

The last inequality implies

(o = F(@0), T = w)) < e — 2l + gn(0).

It follows that

(3.14) limsup(a: — f (), (o0 — 7)) < M,

n—oo

where M > 0 is a constant such that M < ||z; —z,||?> foralln > 1 and t € (0, 1).
Taking the limsup as ¢ — 0 in (3.14) and noticing the fact that the two limits are
interchangeable due to the fact that the duality map J is uniformly norm-to-norm
continuous on any bounded subset of X', we obtain (3.12).

Now, let us show that z,, — z as n — oo. Indeed, observe that

Tny1 — 2 = Bu(f(2n) = 2) + (1= Bn)(yn — 2)
= Bu(f () = 2)+ (1= Ba) (1= tn) (T 20— 2) + (1= B (a0, — 2).
Then, utilizing Lemma 2.1 we get
|zn41 = 217 < (1= Ba)an(@n — 2) + (1 = Ba) (1 = an) (I, 20 — 2)II?
+200(f (2n) — 2, J (Xni1 = 2))
< (1= Ba)amllzn — 2l + (1= Ba) (1 = ) |25 — 2[1]?
+200(f(2n) = f(2), J(@nt1 = 2))
(

+260(f(2) = 2, J(#nt1 = 2))

< (1= Ba)*lzn — 2|° + 208l — 2| [2ns1 — 2|
+260{f(2) = 2, J(#nt1 = 2))

< (1= Bn)llzn = 2I° + aBu(llon — 2)17 + [lons — 2]1%)

+2B8n(f(2) — 2, J(Tny1 — 2))-
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It hence follows that for all n > ng

1—(2—a)B,+3? 20,
fonn—al? < T CZI Iy g By =)
= (1= 20 st 2 2) 2 Sz —2)
b ool
1-— 20n
< (1= 22 o 24— 2 S — 2)
(1- O‘)ﬁn 2
+m”xn — ||
n 2 n
= 1= S22 o, 24 22 (7(2) 2 T = 2,
due to (C1). For every n > ng, put
_ (1 B O‘)ﬁn
= oG
and 5
o = 2 {f(2) ~ 2 T — ).
It follows that
(3.15) |Zni1 — 212 < (1= )| — 2|12 + ftatm, V0 > ng.

It is readily seen from (C2) and (3.12) that

n—oo

o
ZM” =o0 and limsupy, <0.

Therefore, applying Lemma 2.3 to (3.15), we conclude that z,, — z as n — oc.
Secondly, suppose that X has a weakly continuous duality map J,, with gauge
. Let us show that

(3.16) limsup(f(z) — 2, Jy(xn, — 2)) <0,

n—oo

where z = Q(f),
Qf) = %i_{%xtv

and z, is the unique fixed point of the contraction mapping 7} given by

Tix =tf(x)+ (1 —t)Jex, te(0,1).
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By Lemma 2.7, Q(f) € Fix(J.) = F solves the variational inequality
(3.17) (I = NR), Jo(Q(f) =p)) <0, VpeF.

We take a subsequence {z,, } of {x,} such that

(3.18) limsup(f(z) — 2z, Jo(zp, — 2)) = lim (f(2) — 2, Jp(zp, — 2).

n—00 k—oo

Since X is reflexive and {x,} is bounded, we may assume that x,, — z. Note
that [|z,, — Jp., 75| — 0 as n — oo. Hence, {J,, =y, } converges weakly to z, and

1 1
| Ar, 20l = Hxn el < EHxn — Jrxnl — 0.

Consequently, taking the limit as £ — oo in the relation
Arnkxnk € AJrnkxnk,
we get 0 € Az; i.e.,, z € F. Thus, from (3.17) and (3.18) it follows that

limsup(f(z) — 2z, Jo(zn — 2)) = (f(2) — 2z, J,(z — 2) < 0.

n—oo

This implies that (3.16) holds.
Now, let us show that z,, — z as n — oo. Indeed, observe that

P(llyn — 2ll) = 2(lan(zn — 2) + (1 — an)(Jr, 20 — 2)|)
< P(apllzn — 2| + (1 = an) || Jr, 20 — 2]])
< P(||lzn — 2]).
Therefore, we apply Lemma 2.6 to getting

P([[nt1 — 21

= @([|8n(f (2n) = 2) + (1 = Bn)(yn —P)I)
([18n(f (xn) = £(2) + f(2) = 2) + (1 = Bn)(yn — 2)|)
O(I|(1 = B)(yn — 2) + Bu(f (@n) = F()ID) + Br(f(2) — 2, Jp(@nt1 — 2))
(1= Bu)llyn = zll + Bull f (2n) = f(2)I) + Bn(f(2) = 2, Jp(@nt1 — 2))
(1= Bu)llyn = 2ll + aBullzn = 2[) + Bn(f(2) = 2, Jp(@ni1 = 2))

< (1 = (1= a)Bn) 2([lzn — 2]) + Bu(f(2) — 2, Jp(ant1 — 2))-

Applying Lemma 2.3, we get

O([Jzn = 2[) =0 (n— o0),
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which hence implies that ||z, — z|| — 0 (n — o0), i.e., &, — 2z (n — o0). This
completes the proof. [ |

Corollary 3.1. Let X be a reflexive Banach space. Assume, in addition,
X either is uniformly smooth or has a weakly continuous duality map J , with

gauge ¢. Let A be an m-accretive operator in X such that C' = D(A) is convex
with F := A710 # 0, and f € IIc. Given sequences {ay,}, {3,} C [0,1] and
{rn} C (0,00), the following control conditions are satisfied:

(C1) limy—og Bn = 0;

(C2) 3 020 fn = o

(C3) 0 < liminf, o oy < limsup,,_, . apn < 1;

(C4) r,, > €,Vn >0 for some e > 0 and lim,,, |[Tp+1 — 7n| = 0.

Then for an arbitrary xy € C, the sequence {z,} defined by (3.1) converges
strongly to a zero Q(f) of A, where one of the following two statements holds:

(i) if X is uniformly smooth, then Q(f) € F solves the variational inequality
(I=HR), J(Q(f)—p)) <0, [felle, peF;

(if) if X has a weakly continuous duality map .J, with gauge ¢, then Q(f) € F
solves the variational inequality

(I =NQf), Jo(Q(f) —p) <0, [fellg, peF.

Proof. Repeating the same argument as in the proof of Theorem 3.1, we know
that {x,,} is bounded, and so are the sequences {.J,., ..}, {y»} and { f(x,)}. Since
lim, o Bn = 0, it is easy to see that there hold the following:

(1) Bn(f(zn) —2n) — 0 (0 — 00);
(if) 0 < B, <1—«,Vn > ny for some integer ng > 1;

- . ﬂn 1 _
(i) Timy—o0 (== ya — 1_(1%”)%) = 0.

Therefore, all conditions of Theorem 3.1 are satisfied. So, utilizing Theorem 3.1
we obtain the desired result. |

Corollary 3.2. Let X be a reflexive Banach space. Assume, in addition,
X either is uniformly smooth or has a weakly continuous duality map J , with
gauge ¢. Let A be an m-accretive operator in X such that C' = D(A) is convex
with F := A=10 # 0, and f € IIo with contractive constant a € (0,1). Given
sequences {ay}, {Bn} C [0,1] and {r,} C (0, c0), the following control conditions
are satisfied:
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(C1l) 0< B, <1—a,Vn > ng for some integer ng > 1;

(C2) limp—oo(Bn — Bry1) =0and Y27 B, = oo;

(C3) limy ooy — apt1) = 0and 0 < liminf, o o, < limsup,,_, . oy, < 1;
(C4) r,, > €,Vn >0 for some e > 0 and lim,, oo (ry, — rpy1) = 0.

For an arbitrary z¢ € C, let {z,,} be defined by (3.1). Then,

where one of the following two statements holds:

(i) if X is uniformly smooth, then Q(f) € F solves the variational inequality

(=R, JQ(f)—p) <0, [fello, peF;

(if) if X has a weakly continuous duality map .J, with gauge ¢, then Q(f) € F
solves the variational inequality

(I =HRf), Jo(Q(f) —p)) <0, fellg, peF.
Proof. Observe that

Bt 3 P
1= (1=Bni1)antr 1= (1= Bn)an
(ﬁn-i—l - ﬁn) - ﬁn-l—lan + ﬁnan-i—l + ﬁn-}—lﬁnan - ﬁnﬁn-}—lan—i—l

(1= (1= Brt1)ans1)(1 = (1 = Bn)om)
(Brt1 = Bn) = Bnt1(an — ant1) — ant1(Bnt1 — Bn) + BubBnti1(on — ant1)
(1= (1= But1)ans1)(1 = (1 = Bn)an)

(Brt1 = Bn)(1 = ant1) = Bugi(an — ans1)(1 = )

(1= (1= Brt1)ans1)(1 = (1 = Bn)ow) '

Since limy, 00 (Bn, — Bnt1) = 0 and limy, o0 (, — apt1) = 0, it follows that

. ﬁn—f—l ﬁn
”h_’rglo(l - (1 - ﬁn—l—l)an-f—l - 1- (1 - ﬁn)an

Consequently, all conditions of Theorem 3.1 are satisfied. So, utilizing Theorem
3.1 we obtain the desired result. ]

) =0.

Remark 3.1. Repeating the same argument as in the proof of Theorem 3.1, we
know that {x,,} is bounded, and so are the sequences {.J,,, z,}, {y»} and {f(x,)}.
Under the assumptions of Theorem CLS in Section 1, it can be easily seen that all
conditions of Corollary 3.2 are satisfied. Thus, we conclude that {x, } converges
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strongly to a zero of A. This shows that Corollary 3.2 includes Theorem CLS as a
special case. Note that the following condition in Corollary 3.2

lim (o, — apt1) =0, lim (6, — Bp41) =0 and  lim (r, —7p41) =0

n—oo n—oo n—oo

is much weaker than the following one in Theorem CLS
o o o
Z lant1 — | < 00, Z |Bn+1 — Bl < 00 and Z |Tnt1 — | < 00.
n=1 n=1 n=1

In addition, Corollary 3.2 removes the condition “3, — 0” in Theorem CLS as well.
Therefore, the advantages of Theorem 3.1 in the present paper are that weaker and
fewer restrictions are imposed on the parameter sequences {a, }, {3,} and {r,}.

Corollary 3.3. Let X be a reflexive Banach space. Assume, in addition, X
either is uniformly smooth or has a weakly continuous duality map J , with gauge
©. Let A be an m-accretive operator in X such that C' = D(A) is convex with
F := A710 # (). Let the real sequences {a,},{3,} € [0,1] and {r,} C (0, 0)
satisfy the control conditions (C1)-(C4) in Corollary 3.1. For arbitrary z o, u € C,
let {x,} be defined by

{ Yn = QnTy + (1 - Oén)Jrnxnv
Tpt1 = Ppu+ (1 - ﬁn)ynv Vn > 0.

Then,
Ty — Qu) <= [Lplu—x,) — 0,
where one of the following two statements holds:

(i) if X is uniformly smooth, then Q(u) € F solves the variational inequality
(Qu) —u, J(Qu) =p)) <0, weCl, pelF;

(if) if X has a weakly continuous duality map .J, with gauge ¢, then Q(f) € F
solves the variational inequality

(Qu) —u, J,(Q(u) —p)) <0, ueC, peF.

Proof. Put f(z) = wu for all z € C. Then by Corollary 3.1 we obtain the desired
result. [ ]

It is known [6] that when X = H a Hilbert space, m-accretive operators coincide
with maximal monotone operators. Next we give a weak convergence theorem for
hybrid viscosity iterative approximation method (3.1) involving a maximal monotone
operator A in a Hilbert space H.
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Theorem 3.2. Let H be a Hilbert space. Let A be a maximal monotone
operator in H such that C = D(A) is convex with F':= A=10 # 0, and f € Il
with contractive constant « € (0,1). Given sequences {ay},{8,} C [0,1] and
{rn} C (0,00), the following control conditions are satisfied:

(C1) >0 fn < o0
(C2) 0 < liminf, o oy < limsup,,_,. apn < 1;
(C3) ry, > €,Vn >0 for some e > 0 and lim,,, |[Tp+1 — Tn| = 0.

Then for an arbitrary z( € C, the sequence {x,,} defined by (3.1) converges weakly
to a zero of A

Proof. Take a zero p of A arbitrarily. Repeating the same argument as in the
proof of Theorem 3.1, we know that {z,} is bounded, and so are the sequences

{Jrnxnt, {yn} and {f(zn)}.
Observe that

41 —p?

< (1= Bu)llyn — 0l + Ball £ (2n) — pII?

< lyn = plI* + Ball f(2n) = pl>

= llan(zn = p) + (1 = @n)(Jr,@n = D)|I* + Bull f () — pII?

= anllzn = pl* + (1 = an) 1, 20 — p|I?
—an(1 = an)llen = T, zall® + Bullf(20) = pl®

< agllen = pl? + (1 = an)llzn = pl* = an(l = an) |2 — Jr, 20
+0allf (n) — pII?

= |lzn = pl* = an(l = an)llzn = T, all* + Bull f(n) — ol

< lwn = pl1* + Ball f(z2) — pII*.

Since Yo% B < oo and { f(z,,)} is bounded, we get >0 o B, f (zn) —pl|? < <.

Utilizing Lemma 2.8, we deduce that lim, .. ||z, — p|| exists. Furthermore it
follows from (3.19) that for all n > 0

(3.19)

(3.20) an(l—ay)|lzy — Jrnan2 < |lzn _pH2 —[|Znt1 —p”2+ﬁan($n) _pH2-

Since B, — 0 and 0 < liminf, . o, < limsup,,_, . o, < 1, it follows from
(3.20) that lim,, .o ||@n, — Jr,,zn|| = 0. As proved in the proof of Theorem 3.1, we
have ||z, — Jexy| < 2|z, — Jp, x| for all n > 1. This implies immediately that

(3.21) lim ||z, — Jex,|| = 0.
n—oo
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Now, let us show that w,,(x,) C F. Indeed, let z € wy,(x,). Then there exists
a subsequence {x,, } of {z,} such that x,,, — z. Since (I —.J¢)x, — 0, by Lemma
2.9 we known that z € Fix(J¢) = F.

Finally, let us show that w,,(z,,) is a singleton. Indeed, let {x,, } be another
subsequence of {z,,} such that x,,, — &. Then & is also a zero of A. If = # 2, by
Opial’s property of H, we reach the following contradiction:

lim ||z, —Z| = lim ||z, — Z||
n—oo 1—00
< Timn [, — 2 = Timn [, —
1—00 j—o0
< lim ||z, — 2| = lim |z, —Z|.
j—00 n—o0

This implies that w.,,(x,,) is a singleton. Consequently, {z,,} converges weakly to
a zero of A. n

Remark 3.2. Compared with Theorem CLS in Section 1, Theorem 3.2 is a
weak convergence result. It can be viewed as the supplement of Theorem CLS.
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