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SOME INEQUALITIES FOR DIFFERENTIABLE MAPPINGS AND
APPLICATIONS TO FEJER INEQUALITY AND WEIGHTED
TRAPEZOIDAL FORMULA

Kuei-Lin Tseng, Gou-Sheng Yang and Kai-Chen Hsu

Abstract. In this paper, we establish some inequalities for differentiable con-
vex mappings whose derivatives in absolute value are convex. This result is
connected with Fejér’s inequality holding for convex mappings. Some appli-
cations for the weighted trapezoidal formula, » —moment, and the expectation
of a symmetric and continuous random variable are given.

1. INTRODUCTION

Throughout this paper, let I be an interval on R and let ||g|(. 4 o, = suPse(c.q)

g (8)]-
Let f : I — R be a convex mapping and let a, b € I with a < b. The inequality

(L.1) f(”b) /f )ds < ()+f()( —a)

2

is well known in the literature as Hermite-Hadamard inequality for convex mappings
[8].

It follows easily from the midpoint and trapezoidal approximation to the middle
term of (1.1).

For some results which generalize, improve, and extend Hermite-Hadamard in-
equality (1.1) and trapezoidal inequality, see [1]-[7] and[9]-[15].

In [4], Dragomir and Agarwal established the following results connected with
the right-hand side of Hermite-Hadamard inequality (1.1).

Theorem 1. Let f : I° — R be differentiable on 7° and let f' € L [a,b] for
a,b e I°with a < b. If | f'| is convex on [a, b], then the following inequality holds:

2 "(a /
1z |20 /f ao| < = U @117 O,
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Theorem 2. Let f : I° — R be differentiable on 7° and let f' € L [a,b] for
a,be I°with a < b. If p > 1 and |#/[”/®~Y is convex on [a, b], then the following
inequality holds:

O [ sy

(1.3)

(b— a)2 Lff (a)‘p/(p_l) +|f (b)‘p/(p—l) (p—1)/p
 2(p+ 1)1/17 [ 5 ] i

In [7], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequality (1.1):

Theorem 3. Let f: I — R be convex on I and let a,b € I with a < b. Then
the inequality

b b b
@ 1 (5 [a@ars [r@eta< MO [0
holds, where g : [a, b] — R is nonnegative, integrable, and symmetric to (a + b) /2.

In this paper, we establish some weighted generalizations of Theorems 1-2 and
give some applications connected with the right-hand side of Fejér inequality (1.4).
We also give several applications for the weighted trapezoidal formula, » —moment,
and the expectation of a symmetric, continuous random variable.

2. MaIN REsSuULTS

In order to prove our results, we need the following lemma.

Lemma 4. Let f : I° — R be differentiable on /°and a,b € I° with a < b and
let g : [a,b] = R. If f’, g € L][a,b], then, for all x € [a, b], the following identity
holds:

f@lﬁ@mﬁf@éﬁ@@—AUQM@@

= /ab [/;g(s)ds] I (t)dt.

Proof. By integration by parts, we have the following identity:

/ab [/; 9(s) dé’] £ () dt

:[AE@mﬁfmz—lﬂumth
:ﬂ@[%@w+f@é%@@—l@@M@@.

2.1)
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This completes the proof.

Remark 5. In Lemma 4, let g be symmetric to (a +b) /2 and letz = (a + b) /2.
Then (2.1) can be written as

a b b b t
e IO [Py [ 519 )as= | [ /a_@g@)ds] 7 (8)

Now, we are ready to state and prove our results.

Theorem 6. Let I°, a, b, f be defined as in Theorem 1 and let g : [a,b] — R
be continuous on [a, b]. Then, for all = € [a, b], we have

1f<a>/;g<s>ds+f<b>/:g<s>ds—/abf<s>g<s>ds

o a)” (36— 2a — @) l|gllg.0.00 + (0= 2)° llg 41,00

. — |/ (a)|
(2= @)% gl g0 + (0 —2) (26— 30+ 2) gl e
(2.3) " 6 (b—a) o
( [(m —a)?(3b—2a—z)+ (b— w)g} |f" (a)]
<
< 6(b—a)
(2= ) + (b= 2)* 26— 3a+2)] I (b)
n 6(b_a) HgH[a,b],oo'

Proof. Let x € [a,b]. Using Lemma 4 and the convexity of | f'|, we have

‘f(a)/:g<s>ds+f<b>/:g<s>ds—/abf<s>g<s>ds

g/j /;g(s)ds |f’(t)|dt+/: /;g(s)ds

T b
@9 =l [ @017 O+ ol [ 0= 0)|F )]

B P | (b=t t-a
_HgH[a,m],oo/a (1‘ t) f <b—aa+b—ab dt

b b—t t—a
ol [ ¢ =) | (=50t =0 )|

|/ (1) dt

b—a
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/

< Iolocyo @) / o
/

ng[m] Ire / i

ugu[mb] \/ o
b—a

1911z, 49,00 £ (B)
+ ) —a /m(t—x)(t—a)dt.

Since . )
/ (2 — 1) (b—t)dt = (r —a) (32—20,—%)7
b ~ (b—2)*(2b—3a + )
A (t—2) (t—a)dt = . ,
b B (b—(L‘)g
LL(t—be—wdt— -
and

(¢ —a)’

A(m—ﬂ@—@ﬁ: mul

using (2.4), we obtain (2.3). This completes the proof.
Using Theorem 6, we have the following corollaries which are connected with
the right-hand side of Fejér inequality (1.4).

Corollary 7. Let 0 < a <1 and z = aa + (1 — «) b in Theorem 6. Then we

have
aa+(1—a)b b
‘f(a)/a g(s)ds+f(b)/w+(1 . ds—/f

(b—a)’
6

([1-a) @+0) 19l aesramoe + 0 19 nas s, }!f ()

+ [(1 - 06)3 HgH[a,aa—l—(l—a)b],oo +a? (3 -a) ”9”[aa+(1 —a)b,b], } |f D

b—a)?
) gg”[a”’]’“’ [(2—3a +20%) | £/ (a)] + (1 — 3a + 602 — 20°) | ' (b)]] -
Corollary 8. Let g : [a,b] — R be symmetric to (a +b)/2 and o = 1/2 in
Corollary 7. Then we have the inequality
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LRI [ [ s

< = (gl ay .. +mmib)v )

(2.5)
o (gl 127,00+ 5 lgllpest 400 ) 117 ®)]]

_ B @) |9lla.01.00 (1 (@) + 11 (B)])
= 8

which is the “weighted trapezoid” inequality provided that | f /| is convex on [a, b] .

Proof. Using the symmetry of g, we have the following identity

atb

1 b b
@ [T gds+ro) [ grds— [ 190)ds
a b b
= LOEIO [y as— [ re)atsas

From this identity and Corollary 7, we have the inequality (2.5). This completes
the proof.

Remark 9. If we choose ¢ (t) = 1 on [a, b], then the inequality (2.5) reduces
to (1.2).

Remark 10. Let f : [a,b] — R be a convex and differentiable mapping on
[a,b] and let g : [a,b] — [0,00) is continuous and symmetric to (a + b) /2. Then
(2.5) is an error bound of the second inequality in Fejér inequality (1.4)

)< 1@ HI0) / @_/f

s“g”me[] +mwib)v (o)
o (gl s o0 + 5 gl g, 00) 17 ®)]]

_ (b= gl (1 @1+ 1 ®))

- 8

provided that | f’| is convex on [a,b] and f' € L (a,b).

Theorem 11. Let I°, a, b, f, p be defined as in Theorem 2 and let g be defined
as in Theorem 6. Then, for all = € [a, b], the following inequality holds:
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v@A%QMHj@A%®®—AU®M@®

”gH[a b] [e'e]
2.6 < — 7
(26) (p+1)»

XKme:yf@Fjw_ﬁ

Proof. Let = € [a,b]. Using Lemma 4, Holder’s inequality, and the convexity
of | /|77, it follows that

[(m —a)Pt (b - x)pﬂ} v

p—1
p

V@ﬁ%@mﬁf@éﬂ@@—AUQM@@

s[/ab /:g(s)ds 1 . 1
ol [ [ 1-aral] [ [ (L1 @l =ty o ) ai]

pdt]% [/ab|f’(t)|p%1 dt] ’

_ ”gH[a,b],fo [(x _a)p—i—l_'_(b_x)p-f-l}% [(\f’ (a)|7 T +|f’ (b)\ﬁ> (b—a)] e

(p+1)¥ 2

which is the inequality (2.6).

Using Theorem 11, we have the following corollary which is connected with
the right-hand side of Fejér inequality (1.4).

Corollary 12. Let 0<«a <1 and z = cwa + (1 — «) b in Theorem 11. Then we
have the inequality

aa+(1—a)b b b
(f@/ o (s)dsf ) g()ds—[ 1(5)g(s)ds

a+(1—a)b

(b= )" lgllp).00
(p+1)» B
X[wmwﬁﬂﬂ@ﬁ17f

7 = [(1 — )Pty ap+1} v

2

Corollary 13. Let g : [a,b] — R be symmetric to (a +b) /2 and o = 1/2 in
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Corollary 12. Then we have the inequality

310 e 1,

(2.8) ) e
< (b—a)? 1901fa.4),00 [\f’(a)\p? _Hf/(b)‘pj] P

2(p—|—1)% 2

which is the “weighted trapezoid” inequality provided that | f ’\p/(p_l) is convex on
[a,b] and f’ € L (a,b) where p > 1.

Remark 14. If we choose ¢ (t) = 1 on |a, b], then the inequality (2.8) reduces
to (1.3).

Remark 15. Letp > 1, f : [a,b] — R be a convex and differentiable mapping
on [a, bl and let g : [a, b] — [0, o) is continuous and symmetric to (a + b) /2. Using
Theorem 3 and Corollary 13, we obtains an error bound of the second inequality in

(1)
a b b
0< W/ s ds= [ 1 (s)a(s)ds

< (b—a)’ 1901fa.8),00 [\f’ (a,)\EiLl +|f (b)‘g%] P
T 2+ D)7 2
provided that | f[*/®~Y is convex on [a,b] and ' € L (a,b).

3. APPLICATIONS TO WEIGHTED TRAPEZOIDED FORMULA

Throughout this section, let g : [a,b] — R be continuous, f : [a,b] — R be
integrable and let I, : a = zp < 21 < --- < x,, = b be a partition of [a, b] and
l; = Tit1 — T4 (’L =0,1,....,n— 1) . Define

n—1
T (1) = Z f () +f(xi+1)l~

b

E(f1n) = | f(@)de=T(f1n),T(f,g,In)

= I (xi) g(s)ds+ f(xit1) m:; g (s) ds]
ZZ;[ /ﬂﬁz i /gc—l 2”'1
and

E(f 9,1 / f(@)g(z)dz =T (f g,1n).

In [4], Dragomir and Agarwal also established the following two propositions:
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Proposition 16. Let f be defined as in Theorem 1. Then we have

-1
‘E(fJn)\S% (1" ()| + | (@iza)|) 2
(3.1) =0 |
< max {|f’ (a (4)\ Af (b \}ZZQ

Proposition 17. Let p > 1 and f be defined as in Theorem 2. Then we have

B < —1 % 1<\f’( )P+ | (i) |7 >’%.l2
(3.2) 2+ D)7 2
_ max{lf (@] |0 \}DQ

2(p+1)

Using the generalized triangle inequality and Corollary 8, Corollary 13 on
[€i, zi+1] (1 =0,1,...,n—1), we have the following proposition which reduces
Propositions 16-17 as g (t) = 1 on [a, b].

Proposition 18. Let f be defined as in Corollary 8. Then we have

1n—1
B (f:9. 1)l < 5 3 (1 @)+ [ @) ) B 119l 41100

(3.3) ol '
max {| ' (a (4)\ A O § ZFHgH[m zi4a)00

IN

Proof. Apply Corollary 8 on [z;, z;11] (¢ =0,1,...,n— 1) to get

" s | g(s)ds+f<xz~+1>ﬁi+§ilg<s>ds—$i f (5)g (s) ds

l2 HQH[J;Z Tip1],00 |

f @) |+ f (xig)]) -

Using (3.4), the generalized triangle inequality and the convexity of |f/|, we
have the inequality (3.3). This completes the proof.

Remark 19. If we choose ¢ (t) = 1 on a, b], then the inequality (3.3) reduces
to (3.1).
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Proposition 20. Let p > 1 and f be defined as in Theorem 11. Then we have
|E(f,9,1n)]
tl

1 Z (\f’ ()71 +|f <xi+1>\#> v

B9 T 2p+1)r S 2

lz2 ”g”[mi,mi+1],oo

n—1
< max{‘f/(xz)‘v‘f/(xl-f—l)‘}ZZQHQH[ |
— 1 7 ZTi,T; ,00 ©
2(p+1)» i=0 o
Proof. The proof uses Corollary 13 and similar to that of Proposition 18.

Remark 21. If we choose g (t) = 1 on a, b], then the inequality (3.5) reduces
to the inequality (3.2).
4. SOME INEQUALITIES FOR RANDOM VARIABLES

Throughout this section, let 0 < a < b, » > 1, and let X be a continuous
random variable, ¢ : [a,b] — R be the continuous probability density function of
X which is symmetric to (a + b) /2 and the » — moment

b
E.(X) ::/ s"g(s)ds,
which is assumed to be finite.

Theorem 22. The inequality

a” +b"
2

T (b—a) 19/l 7,00 (@™~ +6771)

(4-1) Er (X) - = )

holds.

Proof. Let f (s) =s" (s € [a,b]) in Corollary 8. Then we have the following
identities

and
|f/ (a)| + |f/ (b)| — (ar—l +br—1) )
Using the above identities and the inequality (2.5), we have the inequality (4.1).
This completes the proof.

If we choose » = 1 in Theorem 22, then we have the following remark:



1746

Kuei-Lin Tseng, Gou-Sheng Yang and Kai-Chen Hsu

Remark 23. The inequality

4.2)

ET’(X)_

b_ 2
a—i—b' _ (=) llglljapy.00
2 |~ 8

where E (X) is the expectation of the random variable X.
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11.
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