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GLOBAL STABILITY OF A REACTION-DIFFUSION SYSTEM OF A
COMPETITOR-COMPETITOR-MUTUALIST MODEL

Shihe Xu

Abstract. In this paper, we study a reaction-diffusion system of a competitor-
competitor-mutualist model with Neumann boundary condition. Using itera-
tion method, we investigate the global asymptotic stability of the unique posi-
tive constant steady-state solution under some assumptions. We also give some
sufficient conditions under which there are no nonconstant positive steady-state
solution exist.

1. INTRODUCTION

In this paper, we investigate the global asymptotic stability of a competitor-
competitor-mutualist model as follows:

U Bv
—d1Au = l————"),(t>0 Q
up — diAu = au( vKl 1—|—mw)’( > 0,2 €9Q),
vt—dgAv:(5v(1—F)—nuv,(t>0,x€Q),
2
w
1.1 — d3Aw = 1—— Q
( ) gt dfﬂa w aﬂ)/w( L0+lu)7(t>07w€ )7
u v w
- = = — = Q .
5 = 50— 9u 0, (t> 0,z € 09)
u(z,0) = up(x), v(z,0) = vo(z), w(, 0) = wo(x).

Here u(t, z), v(t, z),w(t, z) represent the population of two competitor and mutu-
alist with diffusion constants d1,ds and ds, respectively, €2 is a bounded domain
in R™, % is the outer normal derivatives on 0f2. The all parameters in (1.1) are
positive constants, for details see [8].
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The model was initiated proposed and studied by Rai, Freedman and Addicott
in [4] in the ODE form:

u v
— 1— _
Ut Oé’Ll,( {){1 /81+mw)7(t> 0)7
vy = 0v(l — —) — nuv, (t > 0),
(12) =0l 5 (
= 1—
Wt ")/CU( L0+lu)7(t> 0)7
u(t) = ug, v(x,0) = vy, w(x,0) = wp.

Their model was extended by Zheng [8] to the system (1.1). In [8], under some
assumptions the local stability of the unique positive constant steady-state solution
is discussed by the method of spectral analysis of linearized operator. The problem
(1.2) has been extended to periodic systems by several workers (cf.[1,2,5,7]), where
the diffusion coefficients d; and the various reaction rates «, 3, etc. are periodic
functions of ¢. Both the existence and asymptotic behavior of time-periodic solutions
were investigated in the above papers.

To investigate the asymptotic behavior of the solution of (1.1), as well as the
nonexistence of nonconstant positive steady states of (1.1), we also should consider
the corresponding steady-state system

U Bv

—dy Au = au(l — = — 0
d1Au = au(l {){1 1+mw),(m€ ),
—doAv = 0v(l — —) — nuw, (z € ),
(L3) dsAw = (1—&) (z€Q)
) 3 uja_ '.)/wa L0+lu y \ T )
u v w
gu_ v _ 9w _ Q).
ov  Ov v 0, (z € 90)

The main purpose of this paper is to prove the global asymptotic stability of
the unique positive constant steady-state solution of (1.3)(see Theorem 2.1) and the
nonexistence of nonconstant positive steady-state solutions under some assumptions
(see Theorem 2.2).

2. THE MAIN ResuLT

Before giving our main results, we recall some results in [8](cf.[4]) which we
will use later in the proof of our results.

Theorem A. (1) If 1+ mLy = K, and nK; < ¢, then system (1.1) has a
unique positive constant steady-state solution £ * = (u*, v*, w*), i.e., solution of

1 u v
KI’U 14+ mw ’
(2.1) 5(1— F) —nu =0,
. &
Lo+ lu
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and is given by

60 —nKq1)BK
u*:Kl——( nkK1)p Q,U*:Kg—ﬁu*,w*:l)o—i—lu*.
mld 0

(2) If 1+mLy > BK, then system (1.1) has a unique positive constant steady-state
solution E* = (u*,v*,w*) and is given by the positive value of

+ /72 + 4mld2K1 (1 + mLo — BK
u*:T \/7' +4m > 1l§ +mLo— (8 2),v*=K2—gU*vW*:LO+lu*'
m

where
T=mléKq + ﬂnKlKg — 5(1 + mLO)
provided u* < %
Then our main results are the following Theorems:

Theorem 2.1 Let E* be the unique equilibrium of (1.1) stated in Theorem A.
If 1+mLy > 6Ky and nK; < 6, then E* is globally stable, i.e.,

(2.2) lim U(z,t) = E*

t—o00

for any solution U(z,t) := (u(x,t),v(x,t),w(x,t)) of (1.1) with (ug(z),vo(z),
wo(z)) # (0,0,0), where ug, vy, wy are nonnegative functions.
Theorem 2.2 Let uy be the smallest eigenvalue of the operator —A (ex-

cept 0) on © with the homogenous Neumann boundary condition and denote
o, 8,7, 8, Lo, 1, n, K1, Ko, m collectively by A for notational convenience. Then

(i) there exists a positive constant d = d(n, 2, A), such that (1.3) has no non-
constant positive classical solution for d o, ds > d provided that p1d; > 9,

(ii) there exists a positive constant d =d(n, §2, A), such that (1.3) has no non-
constant positive classical solution for d 1, ds > d provided that pq1ds > a,

(i) there exists a positive constant d = d(n, 2, A), such that (1.3) has no non-
constant positive classical solution for d 1, do > d provided that 11ds >"y.

3. THE PrROOF oF THE MAIN RESULTS

Lemma 3.1 (cf. [6]). Let f, K are positive constants, T' € [0, c0), and if w
satisfies

wy —dAw < (>) fu(K —w), (x,t) € Qx (T,0),
3.1
31 g—Z):O, (z,t) € 0N x [T, 00),

then
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limsupmaxw(.,t) < K (liminf minw(z,t) > K).

t—00 Q t—o00 Q

Lemma 3.2  Let U(z,t) = (u(z,t),v(z,t), w(z,t)) be a solution of (1.1),
and if U(x,0) = (uo(z), vo(x), wo(x)) > (0,0,0), = € Q, then

| \/

(0,0,0) < limsupmax U (x,t) < (K1, Ko, Lo +1K3), for t >0,z € Q.

t—oo Q
Moreover if for z € Q,U(x,0) # (0,0,0), then U(z,t) > (0,0,0) forz € Q,¢ > 0.

Proof. The first part easily obtain by Lemma 3.1 and if z € Q,U(z,0) #
(0,0, 0), by maximum principle, we can get U(x,t) > (0,0,0).

Lemma 3.3 For any positive classical solution (u(z),v(x),w(x)) of (1.3)
the following estimates hold

(u(z), v(z), w(x)) < (K1, Ko, Lo + 1K), for z € Q.
To prove Lemma 3.3, we should use the following Proposition from [3].

Proposition 3.4. Suppose that g € (Q x R), then the following results hold:
(i) Ifw e C*(Q)NCY(Q) satisfies Aw + g(z, w(z)) > 0 for z € Q, ¥ > 0 for
x € 09 and w(zg) = maxg w, then g(zo, w(xg 0.

>
(i) Ifw e C?(Q)NCY(Q) satisfies Aw+ g(z, w(z)) < 0 for z € Q, $2 < 0 for
x € 09 and w(zg) = ming w, then g(xp, w(zg)) < 0

-

)

~— —

Proof of Lemma 3.3 Let ¢ = dju. From the first equation of (1.3) we have

~A6 = au(l - 4 - 5 f;w), we): 22 — 0. (zcon)

ov

Let 2o € Q be such that ¢(xog) = maxq ¢. Then by proposition 3.4 and the
positiveness of u, v, w, we get 1 — “%10) — lfr’;(ﬁfgo) > 0. Hence u(zg) < K;
which in turn implies that maxg u < Kj.

Analogously, by setting V' = dyv and W = dsw, we can easily get from

proposition 3.4 that

v(zg) < Ko, w(zg) < Lo + K.

These inequalities certainly implies our assertion.

Proof of Theorem 2.1. We first prove if 1 + mLy > 8K, and nK; < § hold,
then E* is globally stable. Since U(z,t) = (u(x,t),v(x,t),w(z,t)) is a solution
of (1.1), by Lemma 3.2,
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U
up — diAu < au(l — E)
v
(32) V¢ — dQA’U S ’U(l — E),

wr — dsAw > yw(1 — Lio)

By Lemma 3.1, we have

lim sup,_, . maxg u(.,t) < K; =: 4y,
(3.3) lim sup;_, . maxg v(.,t) < Ko =: 71,
lim sup,_,, maxg w(.,t) > Ly =: w;.

For any given ¢ > 0, there exists 77 sufficient large, such that
u(x,t) < iy +e, for x € Q,t>Tf,
v(z,t) < vy +e, for xe€Qt>Tf,
w(r,t) >w; +e, for € Q,t>TF.

By the second and third equations of (1.1), we have for z € Q,t > T,

vy — doAv > dv(1l — L) —n(ay + &)v,
Ko
w
—d3Aw < 1l—- -
Wt 3AW _Vw( L0+l(ﬁ1+€))7
then again by Lemma 3.1, we obtain

liminf minv(z,t) > [1 — Q(ﬁl + )| Ko,

t—o00 Q 5
limsupmaxw(.,t) < Lo+ l(a; + €).
t—oo Q

By the arbitrariness of € > 0, it follows that

liminf minv(z,t) > (1 — Qﬂ,l)Kg =: vy,
t—o00 Q 5

limsupmaxw(.,t) < Lo+ lu; =: 1.
t—oo Q
Hence, there exists 7% sufficient large, such that
w(z,t) <o +¢e for x € Q,t>Ts.

From the equation for « in (1.1)
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U Bu1
—di1Au > l1-— ).
Uy 1Au > au( K 1+mw +o)

Thanks to Lemma 3.1

liminf minwu(.,t) > (1 — L)Kl
) 1 +m(w; +¢)
By the arbitrariness of € > 0, it follows that
o . By
1 f L) > (1 — ——)Kq =: uy.
im in ménu(, ) > ( 1—|—mg1) 1=

Hence, for any 0 < € < @ there exists 7% sufficient large, such that
u(w,t) > uy —¢ for x € Q,t > T5.

From the equation for w and v in (1.1)

w

— d3Aw > 1-—
R e

),

vy — daAv < av(l — KLQ - g(gl —€)).

Thanks to Lemma 3.1

liminf minw(.,t) > Lo + l(u; — ),

t—o00 Q

)
lim supmaxv(.,t) < (1 — g(ﬂl —e))Kos.
Q

t—o00

By the arbitrariness of € > 0, it follows that

liminfminw(.,t) > Lo + lu; =: w,
t—o00 Q

)
lim supmaxwv(.,t) < (1 — le)Kg =: V9.
t—00 Q )

Then there exists 7} sufficiently large, for = € Q,t> T} such that
w(z,t) > wy — ¢,
v(z,t) < vy +e.

From the equation for « in (1.1)

u B0z +¢)
—dAu> au(l — — - RTE)
up — diAu > au( K T+ma,—9)

Thanks to Lemma 3.1 and by the arbitrariness of £ > 0, it follows that

liminf minwu(.,t) > (1 — ———
t—oo 1+ mw,
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Applying the inductive method we can construct sequences {u;},{v;}, {@i}, {1},
{v;}, {w;} as follows: @1 = Ky, 01 = Ko, @1 = Lo+l uy = (1 - 12 ) K, v
=(1- gal)KQ,gl =ILgand forn >1

o
3.4 -
¢4 @n:L0+lﬁn,gn:(1—%)Kl,an:(l—lfﬁnﬁ K.
The constants @, v1, w1, us, v1,w; CONstructed above satisfy the relation:
v; <01,y < g,
(3.5) wy < liminf; o ming u(.,t) < limsup,_,, maxg u(.,t) < uy,

v; < liminf; o ming v(.,t) < limsup,_,, maxg v(.,t) < vy,

and the sequence {'Ijz},{’l_)z}, {@Z}v {Mz}v {Q’i}v {gz} SatiSfy
w; < liminf; o ming u(.,t) < limsup,_, . maxg u(.,t) < 4,
v; <liminf, . ming v(.,¢) < limsup,_,,, maxg v(.,t) < v;,

(36) O<u <uy<..<u

Actually, since 1 +mLy > BK2, we have

~ Boq
1 =11 > uy = ( 1+m£1) 1= (

Then noting that n K7 < §, we obtain

vy =(1- gu1)K2 > =(1- gﬁl)K? >0,

Ly < wy = Lo +luy <y = Lo+ lus.

Thus 5o 5
(%] _ V1 _
=(1—-—)K; < =(1—-——K; <
up = 1+ mw, 1=z = 14+ moy 1=,
and 5o 5o
Vo U1
=(1——)K; > =(1——)K; >0.
U ( 1—|—mg2) 1= ( 1—|—mgl) !

The above conclusions show that

0<u <uy <up <up = K.
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Use induction principle, it is not hard to prove that
O<wy Swy<...<w, 1 <u, <Up <Up1 < ... <up <up = Ky

Then using inductive principle, the proof of the remainder of (3.6) is immediately
get from (3.5) and

mn—1> @n == LQ + l'L_Ln

Up = (1— gﬂn—l)K%Qn =(1- gﬂ,n)Kg and w, = Lo+ lu
By monotone bounds principle, we get
lim 4, =4, lim u, = u.
n—oo n—oo

In (3.4), letting n — oo, we have

(3.7) v=(1- gM)K%Q =(1- gﬂ)K%
(3.8) w = Lo+ lu,o = Lo+ lu,
po _ pu
. =(1-— K =(1-—
(3.9) u=( 1—|—mw) b= 1—|—mu7) !

(3.10) @—g:l(ﬁ—u),ﬁ—yzg(ﬂ—g).

Next, we will prove that u = u, and hence v = v, @ = w by (3.10). Substituting
the first equation of (3.7)and (3.8) to the first equation of (3.9), we get u satisfies
the following equation:

(3.11) mldu? — Tu — §K1(1+mLg — BK3) = 0,
where
T=mléKi + nK1Ks — 5(1 + mLO)

Similarly substituting the second equation of (3.7)and (3.8)to the second equation
of (3.9), we get © also satisfies the equation (3.11). From [8], we known that under
the condition

1+mLy > 8K and nK; < 6,

E* exists uniquely. This implies « = v = u*. Consequently v = v =v*,0 =w =
w*. The fact combined with (3.6)implies

lim U(z,t) = E*
t—00
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uniformly on Q. The proof is complete.

Next, we prove that if 1+mLy = 8K5 and nK; < §, then E* is globally stable.
By Lemma 3.2, for any nonnegative initial function which is not identical to zero
the solution of (1.1) is positive. therefore there exists ¢* > 0,6; > 0, (i = 1,2,3)
such that

§; < minfu(t, z),v(t, z),w(t,x);t* <t <t* + 1,2 € Q},

then ((51, b9, 53) < (u(t, 1‘), ’U(t, x),w(t,x)) < (Kl, Ko, Lo—f—lKl) on [tl—’i‘, tl] x Q)
where t; = t* + 7. Using (u(t,z),v(t,z),w(t,z)) as the initial function in the
domain [t; — 7,00) x €, similar to prove the first part of Theorem 2.1 above,
we construct sequences {u;},{v;}, {@:}, {w}, {v;}, {w;} as follows: @ = (1 —
WQO_FKI))KL’M = ( — ggl)Kg,u_Jl = Lo+ lﬂ,l,gl = (1 — 1_5;:11&1)K17Q1 =
(1= 4u1)Ks,wy = Lo and for n > 1

)
(3.12) Bun Bun
14+ min,_1

Wn, :Lo—f—l’L—Ln,@n:(l— )Kl,ﬁn:(l— )Kl

1+ nmw,
Consequently under condition 1 + mLy = K. and nK; < § we have u; =
(1— lfrzlgl)Kl > 0,0, = (1 - %u1)Ky > 0,w; = Lo > 0. By inductive principle,
we can get the sequence {@; },{v;}, {@:}, {w;}, {v;}, {w;} satisfy (3.6) . Then letting
n — oo, the following proof is similar to the proof of part one above, we omit it
here. The proof of Theorem 2.1 is complete.

Proof of Theorem 2.2. For any ¢ € L'(Q), we write ¢ = ﬁ Jo pdx. Let
u, v, w be any positive classical solution of (1.3). Multiplying the corresponding
differential equation in (1.3) by v —u, v — v, w — @ respectively, and then integrating
over € by part, by the e— Young’s inequality, we have

dl/ IV (u— @) 2dz
Q

— v pu — o _i— pY U — u)dx
= [tlout = g = 7))~ i1 - -~ e Hu = @)

< /(a\u a2+ B |u — Glv — ] + aBK Kl — @l|w — &|)dz
Q

S(a—l—&t)/ \u—ﬂ\de—l—C&(&?,A)/\v—f)\Q—i—Cg(g,A)/\w—@\de,
Q Q Q

d2/ V(v — 5)2dz
Q
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_ R L B S LA L VR
- /Q (01— 2= = %) - ot SINCEDLE
S/((5\1)—ﬁ\2+nK2\u—ﬁHv—T)\dx

Q
SE/ \u—ﬁ\2dw+03(€7/\)/‘U_T)dev

Q Q

dg/ IV (w — @) 2z
Q

=/Q[vw(1— LOHU)—W‘J(I— L0+lﬁ)](w—@)dx

l
< [Olo=aP +90+ K allo - olds
Q 0

ge/ \u—ﬁ\2dx+C4(5,A)/\v—ﬁ\2dx+C5(5,A)/ w — & [2da.
Q Q Q

Here, we used Lemma 3.3. Consequently, there exists a sufficient small positive
constant £ which only depends on A such that

dl/ \V(u—ﬁ)\de+d2/ \V(v—ﬁ)\2dx+d3/ IV (w — @)2de
Q Q Q
S(a—l—a)/ \u—ﬁ\%lx—i—C(e,A)/ \v—m2dx+0(g,A)/ v — 3[2da.
Q Q Q
It follows from Poincaré inequality that
Ml[/ dl\(u—ﬁ)\2dx—|—/dg\(v—ﬁ)\2dx+/dg\(w—@)\2]dx
Q Q Q
S(a—l—a)/ \u—ﬁ\%lx—i—C(e,A)/ \v—m2dx+0(g,A)/ v — 3[2da.
Q Q Q

Since u1d; > o we may chose ¢ > 0 sufficient small, such that p1dy; > a + e.
Consequently, by above inequality, we have

m[/gdzuv—ﬁ)\ZdH/ng\(w—a»)P]dw

SC(g,A)/ \v—m2dx+0(g,A)/ v — 5|2dz.
Q Q

This implies that v = v = w = @ =constant, and in turn « = @ =constant, if
do,ds > d := &QA), which asserts our result (i).

and are thus omitted.
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