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THE COVERING NUMBER FOR SOME MERCER KERNEL HILBERT
SPACES ON THE UNIT SPHERE

Sheng Baohuai, Wang Jianli and Chen Zhixiang

Abstract. In the present paper, we estimate the covering number for some
reproducing kernel Hilbert spaces on the unit sphere. Both the upper bounds
and the lower bounds are provided.

1. INTRODUCTION

It is known that the covering number which is often used to measure the (proba-
bility) error or the number of the samples required for the given confidence and the
error bounds has been playing an important role in learning theory(see e.g. [1-4]).
Some of the investigations on it can be found from F. Cucker and S. Smale[1], R.
C. Williamson, A. J. Smola and B. Scholkopf(see [5]), Y. Guo, P. L. Bartlett and J.
Shawe-Taylor[6],D. X. Zhou [7]-[8],H.W.Sun and D.X.Zhou[9], etc.

Let (X, d(-,-)) be a compact metrics space of the n—dimensional Euclidean
space R", and v be a Borel measure on X. Denote the space of real square integrable
functions on X by L2(X),and the space of continuous functions by C(X).

Let K : X x X — R be continuous, symmetric and positive definite, i.e., for
any finite set {z1,---, 2} C X, the matrix (K (z;, x;));"_,is positive definite.
We call K a Mercer kernel on X x X. The reproducing kernel Hilbert space Hy
associated with the kernel K is defined to be the closure of the linear span of the
set of functions {K(¢t,z) : ¢ € X} with the inner product satisfying reproducing
relation

<K(',1‘),f(')>HK:f($), Vo € X, feHK

Define a Hilbert-Schmidt integral operator by means of this kernel as

LK(f,x):/XK(x,t)f(t) d(t), weX, feliX).
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Then Li(f,z) is a positive,compact operator and its range lies in C(X).
Let ()\j)j;“f denote the nonincreasing sequence of eigenvalues of L and {¢; ;L:Of
be corresponding eigenfunctions. Then,the Mercer kernel theorem(see e.g. [1, 10-

13]) makes
+oo
K(z,t) =Y X ¢j()e;(t),  x, teX,
Jj=1

where the series converges uniformly and absolutely.

Hx can be imbedded into C'(X), and we denote the inclusion as Ix : Hx —
C(X). For this facts, see [1] and [13,Chapter 4].

Let R > 0 and Bpg be the ball of Hx with radius R:

Br:={f€eHx: |flx <R}

Then Ix(Br) C C(X). Denote its closure in C(X) as Ix (Bg) which is a compact
subset in C(X).

Let \V be the set of natural number. S is a compact set in a metric space and
n > 0, the covering number N (S, n) of S is defined to be the minimal integer m
such that there exist m disks with radius n covering S. In learning theory,one only
need the estimate for the case of S = Bg.

Let £ be an N—dimensional Banach space.Then,F.Cucker and S.Smale proved
in [1] that

1) In N (Bgr,n) SNIH(%).

In [7-8],D.X.Zhou sum up the estimates of N (Ix(Br), n) to the estimate of the
12—norm of the inverse of the Mercer kernel matrix and gave the general lower and
upper bound estimates for N'(Ix(Bg),n). In particular,some estimates concerning
the translation invariant kernels are provided(see also [9] and [14]).

In the present paper,we want to investigate the estimates of NV (Ix(Br),n) for
Mercer kernels K (x,y) defined on the unit sphere.For these purposes we need to
restate some notions and results with respect to the spherical harmonics.

Let ¢ > 2 be a given integer which will be fixed throughout this paper and
S9: = {(x1, 72, ,24+1)} be the unit sphere in the Euclidean space R4*1 (g > 2)
with dp, being the usual volume element on S9. The volume of S? is

For a given integer [ > 0, the restriction to S? of a homogeneous harmonics
of order-/ is called a spherical harmonics of order-l. The class of all spherical
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harmonics of degree I will be denoted by H7, and the class of all spherical harmonics
of degree I < n will be denoted by IT},. Of course, II}, = @ H}.
1=0
The dimension of H/ is given by (see e.g. [15])

(2l4+g-1)I'(I+q)
(I+¢—-1T(+1)I'(q)’ b21

dj =dimH] =
1, =0,

and that of II7 is Z df = d%t' ~ nd. Hence, if we choose an orthonormal basis

{Yig: k=12, dq} for each HY, then the set {V;; : 1 =0,1,2,--- ,n;k =
1,2,---,d{} forms an orthonormal baS|s for IT;. One has the well known additional
formula (see e.g. [16, 17])

dq
) E;szk Yirly) = L P @oy), 1=0.10,
q

where Pﬂ“(m) is the degree-/ (generalized) Legendre polynomial which are nor-
malized so that Pﬂ“(l) = 1, and satisfy the orthogonality relations

1

w

/ P (@) I (a) Wiy () do = -
-1 Wg—1 d

where W, (z) = (1 — « 2)3-1, By (2) and the fact ITZ = @ H}' we know for any
p € IIL and x € SY -

n_q
® 0= L[ ) e ), ae st
1=0 9751

The orthogonal projection Y (f, x) of a function f € L*(S?) on H}! is defined
by

q
Yk(fv .’L’) - %/Sq P];H—l(xy) f(y) dﬂq(y)v k:071727"'

Correspondingly, we have the following Fourier-Laplace expansion of f(x)(see
e.g. [16])

x) Ni Yi(f, ), z€S9%
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+
Let K(z,y) = ZZ di N Pq+1(x y), x,y € S% X > 0. Then, by [18, Theorem
0

17.8] we know for given pairwise distinct points X y := {&1,&2, -+ ,&n} C S%the
matrix Ay := (K (&, &;))nxn is positive definite. Therefore, K (z,y) are Mercer
kernels on S7 x S? with \; being their eigenvalues.

Let 0 <~ < 1. Taking Ko(z,y) = — 1= o then by [19] or [16,Theo-
(1=2yz-y+v2)"2
rem 1.2.6] we know

+o0

dl!
Ko(e,y) =3 =R (a-y),  ayest
=0 1

Ko(z,y) shows the existence of the specific Mercer kernel on S9.

In the present paper, we want to estimate the upper and lower bounds of
N(Ix(BRr), n) for the Mercer kernels K (x,y) on S? x S? along the line of [7]
and [8].

The paper is organized as follows. The lower bound estimates for N'(Ix (Bgr),n)
are investigated in Section 2. We shall choose the knot point set X 5 according to
that of [20] and give an upper estimate of HA]‘Vlle( Xy)- Some lower estimates
for the covering number are thus obtained; In Section 3, we shall construct a kind
of local spherical harmonics reproducing basis function, and with which give the
upper bound measures for the regularity of the Mercer kernels.The upper bounds for
N (Ix(Br), n) are estimated in two cases. One case is that the eigenvalues \; have
the decays Nd} ~ 35w, @ > 1, and the another one is that \idj ~ iz, @ > 0.

Throughout this paper, we shall denote by A the set of natural numbers. By
RN we denote the N —dimensional Euclidean space, and by II%, we denote the set
of all spherical harmonics of order < N. The biggest integer which < a will be
denoted by [a]. d;; is the ¢ function whose value is 1 if ¢ = j and whose value is
0ifi+# 5. We say A ~ B if there are two positive constants C; > 0, Cy > 0 such
that C; < 4 < Cy.

2. THE Lower BounD EsSTIMATES

In this section,we shall use the general framework given by [8] for estimating
the lower bounds of the covering numbers. We first give a lower estimate for
N(IK()(BR)7 77)

Theorem 2.1. Let Ky(x,y) be the Mercer kernel given in Section 1. Then,
there are positive constants By, Ag, such that for 0 < n < BlOR there holds

(4) lnN(m,n)Z{Ao[ log1 (;0(2}?7)2> —%]q—l}an.
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If the eigenvalues \; have suitable decays,then,the lower bounds of ' (IK(BR), n)
may be estimated.

Theorem 2.2 Let the spherical Mercer K (x,y) defined on S9 x S satisfy
Al (1+1)m a > 1.Then,there are positive constants A, By, such that for 0 <

n < L there holds
Bo33

0

— 1 Roana |°
5)  WmN(Tx(Br), n) > {AO[ <Bo (5,) )" - 1] ~1}m2.
(4) is similar to the results of example 2 of [8].(5) agrees with the results for
the Sobolev translation-invariant kernels(see [8]).
To show (4) and (5) we give some lemmas.The first one is the general lower
estimate for N'(Ix(Bgr),n) given by D. X. Zhou.

Lemma 2.1. (see [8], [13, Theorem 5.21]). Let X C R"™ be a compact set,
K be a Mercer kernel on X x X, 1 € N, and X; := {z1, 29, --,2;} € X yield
an invertible Gramian matrix A x, := (K (z;, xj))ﬁ’jzl. Then,

(6) N(Ix(Br), 2)>21—1

provided that || A, |2 < 7 ()2

It is known that the Gauss integral and the Marcinkiewicz-Zygmund inequality
on spherical harmonic are good tools in constructing zonal and translation networks
on the unit sphere (see, e.g., [21-26]) and therefore have been studied by many
mathematicians(see e.g., [27-30]). To make the statement more convenient,we cite
the form given by Dai Feng in [20].

Given € > 0,we say a finite subset A C S? is e—separable if

. /
min  d(w,w’) > ¢,
w,w' ENwHW!

while we say it is maximal ¢—separable if it is e—separable and satisfies

maxmin d(z,w) < €.
rEST WEAN

Lemma 2.2. (see [20]). Let B(z,r) = {y € S? : d(x,y) < r} denote
the spherical cap with center z € S? and radius » € (0, 7). Then,there exists
a positive constant ¢ depending only on ¢ such that for any § € (0,¢) and any
maximal %—separable subset A C S7 there exists a sequence of positive numbers
Ao ~ mes(B(w, 2)) ~ 2, (w € A) for which the following holds for all f € I}

nd >

(7) ) dppg(x) =Y Aof(w

weA
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where the cardinality of | A | satisfies | A | ~ n? ~ dimenII4™ with the constant
of equivalence depending only on q.

By [31,Corollary 3.1] we know there is a constant C' := C(d, q) such that for
every f € C(S?) there are A () € I1Z, such that
Aw) = fw), weA

Since ¢ € (0,¢) are arbitrary,we may find suitable positive number v and ¢’
depending only on ¢ such that (C' 4+ 1) < ~ and a maximal ——separable subset
A C S7 such that

®) ) dug(z) = > Aof(w), fell,
weAN

We then have the following Lemma 2.3.

Lemma 2.3. There is a constant C' > 0 and a A} (x) € II&, such that (C' +
1) <~ and for any given real numbers {y,, }.,ca there holds

) /\;;(w) = Yw, we A

We now give a method to estimate the norm for the inverse of the Mercer kernel
matrices.

Lemma2.4. Let the spherical Mercer K (x,y) satisfy \; > 0. A is the knot set
in Lemma 2.2, and A4,, : = (K(w’w/))ww/eA is the corresponding Mercer kernel
matrix. Then, there is a positive B, such that

By

| A| min A,
0<i<n

(10) 14, |2 <

Proof. Let v = (v,)wen € R, Then,by (2) and the definition of K (z,v)
one has

vl Ayu = Z vy K(w,w') vy

w,w'EN

= > Z)\ldl P (w- ) v,

w,w'EN

+o00o q
Aid

- E e 3 E valq”Ll(w-w’) V!

W,
=0 q w,w'EN
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wwE/\
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}/22 V!
i=1

—ZNZ‘ZWYZZ ‘ ;

where {Y; x(z),l=0,1,2,---

i=1 weA

,d}} is the orthonormal basis given in (2). Then,the

Parseval equality for an orthonormal basis in a Hilbert space and (2) makes

v Ay > (min N\

0<i<n

iztzmz )

=0 i=1 weA

= (min A
0<i<n

o/gq
o/gq
/.
o/gq
o/gq
Ja)>

o/gq
/.

= (min A
0<i<n

= (min )\
0<i<n

= (min A
0<i<n

= (min A
0<i<n

= (min )\
0<i<n

= (min A
0<i<n

= (min )\
0<i<n

= (min )

vaxZZY“ )Vl dig()

weAN 02 1

va X Z qu+1 (w-z ‘ dpg()
wWEAN

> M)

wWEAN

DR P

lquw

wq Lq

ZYZ (A x‘ dpq()

2
Ao xS L prig, K
. xlz;wa (w-2)|" dugl)
Aw X Zn:d—?Pq+1(w-x)‘2 dpg ()
w oy ! q
) X Ay X P (w x)‘ dpg ()

) P ) dg(y)| g (o)

A <w>{ dpy(2)

Zw

-
(01211121 A v,

0<i<n

> min — X
wEeAN )‘w

where we have used (8) and (9). On the other hand,since A, ~ n~% and n? ~ | A|,
we have a positive By such that mm > W . (10) thus holds.(10) gives an upper
bound estimate,itself has mdependent meanmg.

Proof of Theorem 2.1. For the Mercer kernel Ko(z,y) we have \; = +'. Take
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I =] A|in Lemma 2.1then,it follows that for 0 < n < R (6) holds if n satisfies
2
<§> . Therefore, for 0 < n < 1/BlOR we may choose n € N such that

2
R B 1 (R\2
<?> < smb, then, 2n + 1 > log, (B—O(;) ) and

_Bao
,YQn—l

IN

Bog
,YQn—l

IN

N (Ik,(Bg), g) > 9lAl _ 1 > olAl-T,

Since | A | ~ nf, there is a constant Ay > 0 such that | A | > Agn?. We then have

q
T D\ A llog_(L 75 2>_l:| 1
N(IKO(BR), g) > 9Aon?—1 > 9 0[2 1\ B ( ,) 5 |

(4) thus holds.

Proof of Theorem 2.2. By Lemma 2.4 we know | A ||| A2 < Bo(2n+1)°.
Take I = | A | in Lemma 2.1, then,for 0 < n < R (6) holds if n satisfies By(2n +

2
1> < <§) . Therefore,for 0 < n < BR;% we can choose n € N such that
0

1 2

2 , x a
Bo(2n+1)* < <%> < By(2n+2)%, ie, 2n+2> <BLO> <%> . Hence,

LNE 7
- B
N (Tx(Br), 5) > 21" =12 2=t > 280m=1 > 9 .
(5) thus holds.

3. THE UpPPER BOUND ESTIMATES

In this section we shall show that if the eigenvalues \; have suitable decays,the

upper bounds of /\/(IK(BR), n) may be estimated.

Theorem 3.1. If the eigenvalues \; of the Mercer kernel K (x,y) defined on

S x S9 satisfy A\; > 0, Nd ~ ﬁ,l — 400, > ¢, then there is a positive

a—3

, 2
constant By such that for 0 < n < min{%, 2B; (%) R} there are constants
A >0,A" > 0, depending on By, ¢ and « such that

(11) N (Tx (Br), n) < A’(%)qm [A(%)]

(11) has the similar form as the Theorem 2 of [9] which and (5) shows that the
kernels with eigenvalues of power decays share the same covering number as that
of Sobolev space(see [7]).
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Theorem 3.2. If the eigenvalues \; of the Mercer kernel K (x,y) defined on
S%x S satisfy \; > 0, and A\;d] ~ m,l — 400, @ > 0, then, there are positive

5 cQ
numbers By > 0,¢o > 0, such that for 0 < n < min{%, 2Bye” o7 R} there are
positive constants B > 0, B’ > 0, B” > 0, such that

- R R R\
12 N (xBr, 1) < B(E)'m [B'<—)] T B"<—> .
n n n

(12) has the similar form as the Proposition 3 of [7]. Since the right side of
(11) is smaller than the right side of (12) we know that the Mercer kernel Hilbert
space whose eigenvalues have the decay of powers have a smaller covering number
than that of the exponential decays. This fact may also be seen from (4) and (5).

To show Theorem 3.1 and Theorem 3.2,we needs some lemmas.

Assume that { X : N € N} is a family of finite subsets of X such that

dy := max min d(z,y) — 0, N — +o0.
rxeX yEXN

This means that the discrete knot X 5 become dense in X as NV tends to the infinity.
Let the function measuring the regularity of K be defined by

ex(N): = sup [inf <K(m,x) -2 Z wy K(x,y)
reX yeX N

+ Z wy K(y,t) we - wy ER)E},
yteXnN

-

the cardinality of the set X be =X and, Ay be the positive definite matrix
AN 1 = [K(y,1t)]ytexy- Then,D. X. Zhou gave the following estimate.

Lemma 3.1. (see [7]). Let K(x,y) be a Mercer kernel on X x X, I be
given as in Section 1. Then for 0 < n < £ there holds

= 3 _ R
(13) N Tx(Br). n) < (EXn) n [S1K 1 EX0) 43 e )

where N are any integers satisfying e x (N) < 5%.

Let V be a finite-dimensional vector space with norm || - ||y and let Z C V*
be a finite set consisting of NV functionals. Here,1V* denotes the dual space of V/
consisting of all linear and continuous functionals defined on V. If a mapping
T: V —T(V)cC RN defined by T(v) = {2(v)}.cz is injective, we call T a
sampling operator and Z a norming set for V.

Lemma 3.2. (see [18, Theorem 3.4]). Suppose V is a finite-dimensional
normed linear space and Z = {z1, 29, -+, 2y} IS @ norming set for V', T being
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the corresponding sampling operator. For every ¢y € V * there exists a vector

N
u € RYN depending only on 1 such that, for every v € V, ¢ (v) = > u; 2;(v),
j=1

and
(14) [ull oy < l[0llve 1T,
where ol
_ vi|v
I~ = sup

ven\io} 1T () llw
We now give a refined Marcinkiewicz-Zygmund inequality for the harmonics,
itself has independent meaning.
Lemma 3.3 For the knot set A in Lemma 2.2 we have

1
(15) g IPlloc(se) = max |p(w)] < [[plloc(se),  » € H([]S'y_n]'

65’

Proof. Let ||pllog(se)y = |p(20)|, w(wo) be the nearest point of A to xg. The
Bernstein inequality for the spherical harmonics (see [32]) makes

x d(xo, w(20))|Plloc(ssy, P E H([]S'y_n]'
65’

o) = plo(an)| < 5

By the definition of A we know d(zo, w (o)) < 2. Hence,

5vyn ¢ 5
= 66’ X 7_n X HpHoo(Sq) < _HpHoo(Sq)-

IP(UCO) ~ p(w(zo))

(15) then holds.
We now give a way to show the existence of the local reproducing basis functions
for the harmonics.

Lemma 3.4 Let A be the knot points on S? in Lemma 2.2. Then, there exist
for w € A functions u,(x) : S7 — R such that
(i). > uy(2)Y(w) =Y (z) forall Y(z) € H([]M_H] and x € SY,
WEAN 65’

(i). S |uo(x)] < 6 for all z € S9.

WEN
Proof. Let (V. |- [I) = (I1%, || - [loo) @nd (T(V), || - lr(v)) = (R™, ]| [loo)-
Then, the sampling operator is T'(p) = {p(w)}wen € RI" and in this case (R, |-

lloo)* = (RIM || [|;1). For € S9 the evaluation functional &, i.e., d,(p) = p(z),
belongs to V* and |6, (p)| = |p(x)] < ||p]|co-
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It follows by (15) that ||7—!|| < 6. According to Lemma 3.2 there exists func-
tions u,(x), w € A, such that (i) holds and by (14) there holds

D luw(@)] < 18|77 < 6.

WEAN
With the help of Lemma 3.4 we now give a kind of estimate for ex (V).
Lemma 3.5 Let the Mercer kernel K (z,y) defined on S x S7 satisfies A\; >
+00
0,1=0,1,2,---,and > A\ df < 4oo. A is the knot set in Lemma 2.2 and

1=0
ex(N) = sup [inf (K(m,x) -2 wa K(z,w)
z€S1 wWEAN
1
+ Z wy K(w, W) wey 1wy, wy € R)Q}
w,w'EN
Then,
+o0 1
(16) ex(A) < (24 DY d?)z.
=137
In particular, if \;d] ~ ﬁ,l — 400, a > 1, then there is a positive
constant B > 0 such that
(17) ex(N) < Bin~ 7.

If Nidf ~ —ay, 1 — +00, o > 0, then there is a positive constant By >
0, ¢g > 0, such that

(18) 8}((/\) < Bgye 0",
Proof. By the definition of A we know d,, = m%)gmei? d(z,w) - 0, n —
redST W
+o00. Take w, = uy(x), then
K(z,z)— Qwa K(z,w)+ Z wy K(w,w') wy
wEA ww EN
= K@ 2) =2 Y @) K@)+ 3 o) K(w,o) u ()
wEA ww EA
+oo
| X S o) (70 -2 ) 1t )|
1=[2"]41 w,w'EN

65’

—+o00
< 24 Z Adf.

=33 +1
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When \id] ~ ﬁ, a > 1, one has a positive constant C; > 0 such that
+o0 +o0 1
S oaisa Y i
=3 +1 1=[23+1
oo ql 5vn 1
< C < -1 .
= 1/m s =@ )< +6(5’>

65’

(17) then holds.
When \id] ~ e~(+0) o > 0, one has a positive constant Cy, > 0 such that

+o00o +00o
Z )\ld? < Cy Z e—oc(l-i—l)
=[5+ I=[35+1

65’

Foo dl CQ 5yan
< _ < — T
_C'z/SW ea(1+l)_ae0<><e 6

65’

65’

Hence, (18) holds.

Proof of Theorem 3.1. For 0 < n < £ we have by1 Bm‘az;l1 < 5k that
1 2 5 ) e
n > (2B1> ot (%) “~'. Therefore, for 0 < n < <2B1> (%) R we have

[SIE

n > > and we can thus choose n € A such that
-

657
a—1
66’\ 2 R
,_ngi%x@&)<_) i3
) 64 5y n

By (10) we know | A [[[ A1 |2 < < ~ ndh. Since df, ~ 19, n — oo, we
0<i<n

have a constant C3 > 0 such that | A ||| A, ]|z < Csn®t4. Then, (13) makes

+o0 3
WA (Ix(Br), m) < |Alln(s Z)\ld?pqurl(x.y)HQ Xcgna+qx§).
=0

[e’e) 77

Also, || P/ || < 1 makes

fxquqH( ) <c+f L___ 4
LT W =M e T (a— 1)

We then have
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1HN(IK(BR)73?7)
5
Ao (Lla X cgnaﬂﬁ)
(a—1)2 n

81/C3Csnota 5)
(a=1)3 m
(a—1)q

5v\? 66’ 2 R\?
< (=L 2B i a
- (65’> * (251) (5’Y> (n)
a+tq (a—=1)(a+q)

qto = /., 2
8y/C7Cs (%) X (231> (%) <R>a+q+1>
X

X In —
(a—1)3

IN

~ nqln<

(S8}

n

(11) thus holds.
Proof of Theorem 3.2. For 0 < n < & we have by Bye=®" < L that

1 2B5R
n>—In 27
Co n

5v¢c
Thus, for 0 < n < 2BQe‘%R we have n > % We can choose n € N such that

<OV op e R
66’ 66" n

+o0o
Since | Al|4 Yl < s ~ die™ ~ n%e™, n — +oo, by the fact Y- —dw; =
0<I<n =0

ea%l and (13) we have a constant Cy > 0 such that

IHN(IK(BR), 77)

+o0 %
> nairr e )|
=0

R
< |Alln (8 X C4nqe”ag>

o0

3
C 2 R
< \A\ln([ 2 ] ><C4nqe”°‘—>
e*—1 n
3
2
~ niln ([ G ] x Cyn? X ea:p{om}§>
e*—1 n
3
10’)’B2 _570/0 R\? Cg 2 10’)/32 _570/0 R\ 1
S( 6 ¢ Z) <In (| 27| < Cx (Tom -

10y Bs _seg R R)
x exp{a X X e~ 65 .

66’ n-n

(12) thus holds.
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Corollary 3.1 Let C5 = 2%(q + 1)(q + 2)(y%)%"?. Then for 0 < 7 <
{%, V96C5R} there are two constants D > 0, D’ > 0, such that

(19) WA (TraBr), 1) < D'(Z)7m [u(ﬁ)].
7 7
Proof. Inthiscase, \y = 7' = —1—, 0<~y<1,1=0,1,2,---.
(1+(2-1)

Whenn > g+ 1,1 >n+1> q+ 2. Therefore,

1 I+q I4+q \,1 o2 _ (1 e =D +q-1)dj
G0 (3 )G 0™ = G ™ o a1y

Y4+2 (21+q) (q+2)(g+1)
(1—7)q+21(1—1)(1+q—1)d?'
Y12 (204 q)(q+2)(q + 1)
(1=l —-1)(1+q—1)

4 q+2
2 (q+1)(q+2)<%> Cs

- e BRCENIEk

and, \; < It follows

)\ld? <

+2
where Cs = 24(q+1)(q+2) <%)q . By (11) we have for 0 < n < {£,/96C5 R}
there are two constants D > 0, D’ > 0, such that (19) holds.
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