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MAXIMAL REGULARITY FOR INTEGRAL EQUATIONS
IN BANACH SPACES

Shangquan Bu

Abstract. We study maximal regularity in periodic Besov spaces B; (T, X)
for the integral equations (P): wu(t) = A ffoo a(t—s)u(s)ds)+ B ffoo b(t —
s)u(s)ds + f(t) on [0, 27] with periodic boundary condition «(0) = w(27),
where A and B are closed operators in a Banach space X, a, b € L}(R})
and f is a given function defined on [0, 27| with values in X. Under suitable
assumptions on the kernels a, b and the closed operators A, B, we completely
characterize B, ,-maximal regularity of (P).

1. INTRODUCTION

In a series of recent publications operator-valued Fourier multipliers on vector-
valued function spaces are studied (see e.g. [1-4, 13, 14]. They are needed to
establish existence and uniqueness as well as regularity of differential equations in
Banach spaces, and thus also for partial differential equations (see e.g. [1-3, 5-10].
In this paper, we use operator-valued Fourier multiplier result established in [3] to
study B, -maximal regularity for the following integral equations:

u(t)y=A ffoo a(t — s)u(s)ds
@) + B ['_b(t—s)u(s)ds+ f(t), 0<t<2r
u(0) = u(2m),

here A, B are closed linear operators in a complex Banach space X, f € B; (T, X),
and a, be LY(R,).
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Equations of the form (1) has been motivated by Pugliese [11] and Pruss [12,
page 235]. LP-maximal regularity for (1) has been studied by Lizama and Poblete
[8], using operator-valued Fourier multiplier result obtained in [2], they completely
characterized LP-maximal regularity for (1) under suitable assumptions on the ker-
nels a, b and the operators A, B.

In this paper, we study the maximal regularity of (1) in periodic Besov spaces
By (T, X), where 1 < p, ¢ < oo, s > 0. We do not make any parabolicity
assumptions on A, B, not even that A generates a semigroup. Thus semigroup
theory is no longer applicable in our situation. The main tool in our study is
operator-valued Fourier multiplier results on B, (T, X) established in [3]. In fact,
we will transform B} -maximal regularity problem of (1) to a problem of whether
an operator-valued sequence (M},)xcz defined by the kernels a, b and the operators
A, B is a By -multiplier. We will show that the resulting sequence (My)kez
satisfies the sufficient conditions given in [3] ensuring an operator-valued sequence
to be a B; ,-multiplier. We notice that the presence of two closed operators A and
B makes this verification particularly complicated and more careful computation is
needed.

Since our necessary and sufficient condition for (1) to have B, -maximal reg-
ularity does not depends on the choice of 1 < p, ¢ < oo, s > 0, one immediate
consequence of our main result is that under suitable conditions on the kernels a, b,
the problem (1) has B, ,-maximal regularity for some 1 < p, ¢ < oo, s > 0 if and
only if it has B, -maximal regularity for all 1 < p, ¢ < oo, s > 0. Moreover since
periodic Holder continuous function space Cy,,. ([0, 27}, X) is a particular case of
the periodic Besov spaces B, (T, X') when taking p = ¢ = oo and s = «, our main
result gives a characterization of Cj,-maximal regularity for (1). Our result may
be applied to the case when A is sectorial and B = A€ for some 0 < € < 1, in this
case one can use the functional calculus of A to determine a concrete expression of

the resulting sequence (My)kez.

2. PRELIMINARIES

Let X be a complex Banach space. For f € L'(T, X), we denote by

27
fo) =5 [ eattnpo

the k-th Fourier coefficient of f, where k € Z , T = [0, 27] (the points 0 and 27
are identified), and ey (t) = e***. For x € X, we denote by e, ® = the X-valued
function defined on T by (e ® x)(t) = ex(t)x.

Firstly, we briefly recall the definition of periodic Besov spaces in the vector-
valued case introduced in [3]. Let S(R) be the Schwartz space of all rapidly de-
creasing smooth functions on R. Let D(T) be the space of all infinitely differentiable
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functions on T equipped with the locally convex topology given by the seminorms
1 flla = supzer|f @ (z)| for o € Ny := NU {0}. Let D'(T, X) := £(D(T), X)
be the space of all bounded linear operator from D(T) to X. For k € Z and
f € D/(T, X), one defines the k-th Fourier coefficient of f by f(k) := f(e_g). In
order to define periodic Besov spaces, we consider the dyadic-like subsets of R:

Iy={teR: [t|<2}, [ ={teR: 2" < |t < 2F+1}

for £ € N. Let ¢(R) be the set of all systems ¢ = (¢)ren, C S(R) satisfying
supp(¢y) C I, for each k € N,

Z orp(z) =1 for z eR,

keNp
and for each o € Ny

SUPLeR 2’“0‘\(;520‘)(@\ < 00.
keNp

Let ¢ = (¢r)ken, € ¢(R) be fixed. For 1 < p,q < o0, s € R, the X-valued
periodic Besov space is defined by

BT, X) = {7 € DT, X) 5 |1

S =
B3

(T2 E e osmi]) " < oo}
J=0 kez

with the usual modification if ¢ = co. The space B; (T, X) is independent from
the choice of ¢ and different choices of ¢ lead to equivalent norms | - [[ps ~on
B; (T, X). By (T, X) equipped with the norm || - || s is a Banach space. See
[3, Section 2] for more information about the space B, ,(T, X). We only recall that
when s > 0, then B, (T, X)) C LP(T, X) and the inclusion is continuous.

Let X and Y be Banach spaces. We denote by £(X, Y") the space of all bounded
linear operators from X to Y. If X =Y, we will simply denote it by £(X). let
M = (My)kez be a sequence in £L(X,Y). We define the first derivative of M as
the sequence in £(X,Y") given by

(AM)j == Mgy — My, (k€ 7).
The second derivative of M is defined by
(A’M)y, := (A(AM)), = Myyo — 2Mpy1 + My, (k€ Z).

If @ = (ax)rez 1S a scalar sequence, we define the first and second derivatives of a
in a similar way.

The main tool in our study of B; -maximal regularity of (1) is the operator-
valued Fourier multiplier theory established in [3].
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Definition 2.1. Let X, Y be Banach spaces, 1 < p, ¢ < oo, s € R and
let (My)kez C L(X,Y). We say that (My)rez is a B, ,-multiplier, jf for each
f € B, (T, X), there exists u € B, (T,Y), such that a(k) = My f(k) for all
k € Z.

It follows from the closed graph theorem that when (My) ez is a B, ,-multiplier,
then there exists a constant C' > 0, such that for all f € B;vq(’IF,X), one has

| Shez en ® My f(K)| 5, < ClIfll;,. In particular, (M) ez must be bounded.
The following result has been obtained in [3]:

Theorem 2.2. Let X, Y be Banach spaces, 1 < p, ¢ < o0, s € R and let
(My)kez C L(X,Y). We assume that

(21) sup((1 My + [E(AM)) < oo,
keZ
(2.2) sup |[k2(AZM) | < oo.
keZ

Then (My)rez is @ By -multiplier. Moreover, if X and Y are B-convex, then the
first order condition (2.1) is sufficient for (M y)xez to be a B, -multiplier.

Recall that a Banach space X is B-convex if it does not contain /7 uniformly.
This is equivalent to say that X has Fourier type 1 < p < 2, i.e., the Fourier
transform is a bounded linear operator from LP(R, X) to [9(Z, X), where 1/p +
1/q = 1. It is well known that when 1 < p < oo, then LP(u) has Fourier type
min{p, -5 }.

Given a € L'(R;) and u € B; (T, X) (extended by periodicity to R), we
define

(2.3) (a*xu)(t) := /t a(t — s)u(s)ds.

—00

Let a(\) = [;™° e *a(t)dt be the Laplace transform of a for Re > 0. An easy
computation shows that:

(2.4) a*u(k) = a(ik)a(k), (k€ Z).

It follows that when u € By (T, X), then a xu € By (T, X) and [la * ul s, <
lal[z1|lullBs , by the inequality of Young.

3. A CHARACTERIZATION OF Bj .-MAXIMAL REGULARITY FOR (1)

We consider the integral equations
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u(t) = A/ a(t — s)u(s)ds

GD + B /t b(t — s)u(s)ds+ f(t), 0<t<2rm

—00

u(0) = u(2m),

where A, B are closed linear operators in a complex Banach space X, f €
B (T, X), and a, b € L*(R,). Using the notation (2.4), (3.1) may be writ-
ten in the more compact form: w(t) = A(a x u)(t) + B(b *u)(t) + f(t), (¢t €
T), u(0) = u(27).

Definition 3.1. Let 1 < p,q < o0, s > 0 and let f € B, ("]1‘ X) be given.
u € B, (T, X) is called a mild B,  -solution of (3.1), if a * u € B, (T, D(A)),
bx*u e BS (T, D(B)) and (3.1) holds for a.e. t € T. Here we con5|der D(A)
and D(B ) as Banach spaces equipped with their graph norms. We say that (3.1)
has B, ,-maximal regularity, if for each f € B, (T, X), (3.1) has a unique mild
B, ,-solution.

It follows easily from the closed graph theorem that when (3.1) has B; ,-maximal
regularity, then there exists a constant C' > 0, such that for f € B ("]1‘ X) if uis
the unique mild B,  -solution of (3.1), then

(3.2) lullsy, + |A(axw)llBs,, + [I1B(b*w)llss, < Cllfl;,-

p,q —

Let a € L'(R,) be given, for k € Z we denote by

ag ::/ a(t)e *dt
0

the Laplace transform of a. Let b € L'(R,) and A, B be closed operators in X.
We will consider the operator

Crp:=1—arA—b.B, (keZ).

The natural domain of definition D(C}) of Cy, depends on the values of a; and by
(1) if ax # 0 and by, # 0, then D(C) = D(A) N D(B);

(2) if ax # 0 and by, = 0, then D(Cy) = D(A);

(3) if bx # 0 and a;, = 0, then D(Cy) = D(B);

(4) if g = by = 0, then D(Cy) =

We define the resolvent set of A, B with respect to a, b by
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pas(A, B) = {k € Z: C is bijective from D(Cy)
to X and ', b,BC,* € L(X)}.

It is clear from the definition that when & € po(A, B), then a, AC, ! € £(X).

The notion of 1-regular and 2-regular scalar sequences were introduced in [7].
Let (ax)rez C C be a scalar sequence such that there exists N € N such that for
|k| > N, we have aj # 0. We say that (ax)rez C C is 1-regular if

P S

It is said to be 2-regular if it is 1-regular and

< Q.

e W

sup
|k|>N

It is clear from the definition that when (ax)xez is 1-regular, then limy ., <L =1.

ag

In order to give a characterization of B; -maximal regularity for (3.1), we need
the following key preparation.

Theorem 3.2. Let 1 < p, ¢ < 00, s > 0, let a, b € L'(Ry) be such that
the corresponding sequences (i x)rez and (bx)xcz be 2-regular, and let A, B be
closed operators in a complex Banach space X. Assume that p . ,(A, B) = Z. Then
((I —apA — ka)_l)kEZ’ (ka(I —apA — ka)_l)kEZ and (dkA(I —apA —

bkB) '),y are B -multipliers.

Proof.  Since (ax)rez and (by)recz are 2-regular by assumption, we have

(3.3) |k1|im Apy1/ar = |k1|im bit1 /b = 1.

Assume that p, (A, B) = Z. We let M), :== (I — agA — bpB)~" for k € Z. Then
(My)kez, (BkBMk)kez and (ay AMy)kez are bounded in £(X). Firstly, we show
that (Mg)kez is @ B, -multiplier. For this we are going to show that (Mg)rez
satisfies the conditions (2.1) and (2.2). A simple computation gives

(AM)), = My11((Aa)RA + (Ab)xB) M

(34) k(Ad k(AD)
K(AM) = My (&k)’“akAMHMkH (5 k5, BM,
k
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for large |k|.

This shows that supycy ||k(AM)g|| < oo by assumption. On the
other hand by (3.4) we have

(A2M)g = (AM)g41((A@)k414 + (Ab)k11B) M4
(3.5) + M1 ((A%a)A + (AD)B) My 11
+Mjs1 ((Aa)pA + (Ab)x B) (AM)y,
and thus for large |k|
E2(A2M)y, = Ab)

¢5k+lBMk+1>
bry1

k(Aa - k
[k(AM)k+1] (% k1AM 1 + (

kE2(A2%4); - k2(A2p
+Mk+l<%akAMk+1+ ( )i

£5kB My )
k

k(AQ)y - k(Ab
+Mk+1< (ak)kakAMkH-i— (45)

kBkBMk—l—l)
k

(k(Aa)k~ AM, +k(Ab)k

ag

b BMy).
k
This implies that supcy |k2(A2M)x|| < oo by assumption and (3.3). We have

shown that (M},) ez satisfies the conditions (2.1) and (2.2). Consequently (Mp)kez
is a B, -multiplier by Theorem 2.2.

Let Ny = bpBMj, for k € Z. Then for large |k|

(AN)k = (Ag)kBM/H_l + BkB(AM)k
k(Ab k(Aa) .
(3.6) kE(AN), = ( L R b BMyy1 + kaMk+1< C):

k(Ab)

bk

bBM)

Thus supycz [|EK(AN)g|| < oo by assumption and (3.3). By (3.6)

E2(A2N)), = k?(A%0), BMj o + 2k*(AD) . B(AM ) y1 + b B(A% M),
=+ + @,

It is clear from the assumptions and (3.3) that (Qg))kez is bounded. On the other
hand by (3.4) for large ||

Q;f) _9 [k(Ab)

k

k(Aa k(Ab
by BMj 1 }( (&Ij)kdkAMk LY

k BkBMk>
k
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and by (3.5)

- k(Aa)y - k(AD)
QY = B My Bz an, + MkaMk)
ag b

k(Aa 5 k(Ab ~
-<wak+1AMk+1 + wbk—HBMk—H)
ak+1 k+1

- k2(A2a); E2(A2b) -
+ b BMp41 <%%AM/§+1 + %kaMk—f—l)
k

- k(AdQ), k2(Ab)g -
+bBMy (&k)’“akAMk+1+ B0,
k

k(Aa k2(Ab)g -
-<w&kAMk n MkaMk)
ag b

Therefore supycy [|[k2(A2N);|| < oo by assumption and (3.3). Hence (Ny)kez is
a B, -multiplier by Theorem 2.2 as we have shown that (N )xez satisfies (2.1)
and (2.2). Similar argument shows that (G AMp)rez is also a By, -multiplier. This
completes the proof. [ |

Remark 3.3. It is clear from Theorem 2.2 and the proof of Theorem 3.2 that
when the underlying Banach space X is B-convex, then we may replace the as-
sumption that (ay)xez and (by)rez are 2-regular sequences in Theorem 3.2 by the
weaker assumption that (dy)rez and (by)rez are 1-regular.

The following is the main result of this paper.

Theorem 3.4. Let a, b € L'(R,) be such that (dy)rez and (by)rez are 2-
regular, 1 < p, ¢ < oo, s > 0, and let A, B be closed operators in a complex
Banach space X. Then the following assertions are equivalent:

(i) (3.1) has B, ,-maximal regularity.
(i) pap(4, B) =Z.
Proof.  (ii)=-(i): Assume that p, (A, B) = Z. For k € Z we let My :=
(I —arA—0b,B)~t. Then (My)kez is a By ,-multiplier by Theorem 3.2. Therefore,
for f € B, (T, X), there exists u € B, (T, X) such that
(3.7) (k) = My f(k)

when k£ € Z.



Maximal Regularity for Integral Equations in Banach Spaces 237

The sequence (Ek)kez is bounded sequence by Riemann-Lebesgue Lemma as
b e L'(R.). This fact together with the assumption that (by)xcz is 2-regular implies
that (bpl)rez is a B, ,-multiplier by Theorem 2.2. We conclude that (b My ) rez
is a B, ,-multiplier as the product of two B, ,-multipliers is still a B, -multiplier.
Hence there exists v € B; (T, X) such that

o(k) = b ML (k). (k € 2).

This implies by (3.7) that 0(k) = byu(k) when k € Z. We conclude that v = b u
by (2.4) and thus b x u € B} (T, X)

(BkBMk)kez is a By, ,-multiplier by assumption and Theorem 3.2. There exists
h € B, (T, X), such that

h(k) = bpBMy f(k), (keZ).

One deduces that h(k) = by Bi(k) when k € Z by (3.7). Thus (bx u)(t) € D(B)
and h(t) = B(bxu)(t) for a.e. ¢t € T by [2, Lemma 3.1] and (2.4). We have
shown that b u € B, (T, X) and B(b+u) € B, (T, X). Consequently, b xu €
B, (T, D(B)). A similar argument shows that a x u € B, (T, D(A)).

Now from (3.7) we have (I — aA — by B)i(k) = f(k) or equivalently a(k) =
arAt(k) + bpBa(k) + f(k) for k € Z. We deduce that

u(t) = Ala+u)(t) + Bb+u)(t) + f(1)

for a.e. ¢ € T by the Uniqueness Theorem in [2, page 314]. This shows that a mild
B, ,-solution of (3.1) exists.

It remains to show that the mild B; -solution of (3.1) is unique. For this
we assume that v € B, (T, X) is such that a x u € B, (T, D(A)), b*u €
B, (T, D(B)) and u(t) = A(a*u)(t) + B(bxu)(t) for a.e. t € T. Taking Fourier
transform on both sides, we obtain that (I — axA — biB)a(k) = 0 for k € Z. We
conclude that @(k) = 0 as p. (A, B) = Z by assumption. Thus v = 0. This
implies that for each f € B; (T, X), the mild B,  -solution of (3.1) is unique. We
have shown that (3.1) has B, ,-maximal regularity.

()= (ii): We assume that (3.1) has B, ,-maximal regularity and let k£ € Z be
fixed. We are going to show that k € p, (A, B).

Assume that dj, # 0 and b # 0. Let y € X and let f € B (T, X) given
by f = ex ®y. By assumption, there exists u € B, (T, X), such that a * u €
By (T,D(A)), bxue B, (T, D(B)) and

(3.8) u(t) = A(axu)(t) + B(b*u)(t) + f(t)

for a.e. t € T. Taking Fourier transform on both sides of (3.8), one obtains that
(k) € D(A) N D(B) and by [2, Lemma 3.1]

(3.9) (k) — apAa(k) — bpBiu(k) =y
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and
(3.10) @(n) — anAi(n) — b,Bi(n) =0

when n # k. This implies that I — a, A — by B is surjective from D(A) N D(B) to
X.

In order to show that 7 — @z A — by B is also injective, we assume that = €
D(A) N D(B) is such that (I — azA — b B)z = 0. Then it is easy to verify that
u = e, ® x is the unique mild B, -solution of (3.1) when taking f = 0. Thus
z = 0 by uniqueness. We have shown that I — @, A — by B is injective. Hence
I — axA — by B is bijective from D(A) N D(B) to X.

It remains to show that (I — azA — bxB) ™!, by B(I —arA — bpB)~! € L(X).
Letye X, f=e.®ye€ B, (T, X) and let u be the unique mild B  -solution
of (3.1). Then

U

( ) (I — apA — BkB)_ly, ifn==%
n)=
0, ifn+#k

by (3.9) and (3.10). This gives u = e, ® (I — axA — bpB)~'y. By (3.2), there
exists a constant C' > 0 independent from f and « such that

lullgs, + | Ala*u)|lBs, + 1 B(b*u)llBs, < CllflBs,-
Consequently
I(I — arA — b B) 'yl + larA(I — axA — b B) ™ 'y||
bk B(I — axA — b B) "yl < Clly|.-

This implies that k € p, (A, B). )
The same argument shows that in case when a; = 0 or by = 0, we still have
k € pap(A, B). The proof is completed. ]

Periodic Holder continuous function space is a particular case of periodic Besov
space B, (T, X). From [3, Theorem 3.1], we have BS, (T, X) = Cp,, (T, X)

per
whenever 0 < a < 1, where Cp. (T, X) is the space of all X-valued functions

[ defined on T satisfying f(0) = f(27) and sup,_, L@ =Wl Moreover

lz—y|*
the norm | f[lcs,, = maxier || F(1)] + sup,., L= on cg, (T, X) is an
equivalent norm of By, (T, X). If 0 < a < 1, we say that the problem (3.1)
has Cj.,-maximal regularity if for every f € G, (T, X), there exists a unique
u € Cp,.(T, X) such that a x u € C*(T, D(A)), bx*u € C*(T,D(B)) and
equation (3.1) holds true for all ¢t € T. Theorem 3.4 and Theorem 2.2 have the
following immediate corollary.
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Corollary 35. Leta, b€ L'(R;), 1 <p, ¢ < oo, s> 0, and let A, B be
closed operators in a complex Banach space X. Then

(i)

if (ax)rez and (by)rez are 2-regular, the (3.1) has Cp.,.-maximal regularity
if and only if p, (A, B) = Z.

(ii) when X is B-convex, (ax)rez and (by)rez are 1-regular, then (3.1) has
Cpe--maximal regularity if and only if p ., ,(A, B) = Z.
Remarks 3.6.

(i)

(iii)

2.

3.

We notice that the assertion (ii) in Theorem 3.4 is independent from the choice
of 1 <p, ¢ < oo and s > 0. Therefore, under the assumptions of Theorem
3.4, (3.1) has Bj ,-maximal regularity for some 1 < p, ¢ < oc and s > 0
if and only if (3.1) has B, ,-maximal regularity for all 1 < p, ¢ < oo and
s> 0.

When the underlying Banach space X is B-convex, we may replace the as-
sumption that (dy)rez and (by)rez are 2-regular sequences in Theorem 3.4,
by the weaker assumption that (az)rez and (by,)rez are 1-regular sequences.
This follows from Remark 3.3 and the proof of Theorem 3.4.

LP-maximal regularity of (3.1) has been studied by Lizama and Poblete [8],
they gave a characterization of IP-maximal regularity for (3.1) under some
suitable conditions on the kernels a, b and the operators A, B [8, Theorem
3.5]. Using the same argument used in the proof of Theorem 3.4, it is easy
to verify that the assumption in [8, Theorem 3.5] that (aA, b, B) is coercive
pair is not needed.

We may also consider the maximal regularity for (3.1) in periodic Triebel-
Lizorkin spaces F,; (T, X). Using operator-valued Fourier multiplier results
established in [4], similar argument used in the proofs of Theorem 3.2 and
Theorem 3.4 gives a characterization of £ -maximal regularity for (3.1), but
in this case the appropriate assumptions on a, b will be that the corresponding
sequences (ax)rez and (by) ez are 3-regular sequences.
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