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NEW CHARACTERIZATIONS OF WEIGHTED
MORREY-CAMPANATO SPACES

Dachun Yang and Sibei Yang

Abstract. Let« € (0,00), ¢ € [1, 0], s be a nonnegative integer, w € 4; (R™)
(the class of Muckenhoupt’s weights). In this paper, the authors introduce the
weighted Morrey-Campanato space L(«, ¢, s, w; R™) and obtain its equiva-
lence on different ¢ € [1, c0] and integers s > |na] (the integer part of na).
The authors then introduce the weighted Lipschitz space A(«, w; R™) and
prove that A(a, w; R™) = L(a, ¢, s, w; R™) when a € (0,00), s > |na]
and ¢ € [1,00]. Using this, the authors further establish a new characteri-
zation of L(a, q, s, w; R™) by using the convolution ¢;, * f to replace the
minimizing polynomial P f on any ball B of a function f in its norm when
a€ (0,00), s > [nal, we A1(R") N RHy41/o(R™) and ¢ € [1, 0o], where
 is an appropriate Schwartz function, ¢ denotes the radius of the ball B and
pin(-) = t5"p(ts").

1. INTRODUCTION

It is well-known that the classical Morrey-Campanato spaces play an important
role in the study of partial differential equations and harmonic analysis; see, for
example, [4, 13, 15, 1, 2, 3, 11, 10]. Let a € [0,0), ¢ € [1,00] and s be an
integer that is no less than |naJ, where and in what follows, |s| denotes the
maximal integer no more than s. It was proved by Taibleson and Weiss [17] that
the classical Morrey-Campanato spaces L(«, ¢, s; R™) are dual spaces of Hardy
spaces on R™. It was also pointed out by Janson, Taibleson and Weiss in [10]
that for « = 0, the spaces L(«, ¢, s; R™) are variants of BMO (R") (see [11])
and for a € (0, 00), they are variants of homogenous Besov-Lipschitz spaces with
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smoothness of order na (see [9]). Throughout the whole paper, we only consider
the case when a € (0, c0).

For o € (0,1/n), ¢ € [1,0¢], s = 0 and w € A;(R"™), Tang [18] recently
introduced the weighted Morrey-Campanato spaces L(«, ¢, s, w; R™) and obtained
their certain equivalent characterizations. Here and in what follows, A;(R™) denotes
the class of Muckenhoupt’s weights. We should point out that when n = 1, the
weighted Morrey-Campanato spaces L(«, ¢, s, w; R"™) were essentially introduced
by Garcia-Cuerva [6] as the dual spaces of the corresponding weighted Hardy spaces.

In this paper, for a € (0,00), ¢ € [1, 0], s being a nonnegative integer and
w € A;(R™), we introduce and investigate the weighted Morrey-Campanato spaces
L(a, q, s, w; R™), which generalize the classical Morrey-Campanato spaces by tak-
ingw = 1and s > [na], the weighted Morrey-Campanato spaces introduced in
[18] by taking s = 0 and « € (0,1/n) and the corresponding results in [6] to any
n € N. Some equivalent characterizations of L(«, g, s, w; R™) are also obtained.
These results essentially improve the known results in [6, 17, 10, 5, 18].

To be precise, we first recall the notion of the classical Morrey-Campanato
space L(«, ¢, s; R™). Let ¢ € [1,00) and L . (R") denote the set of all locally
integrable functions on R™. Let a € (0, 00), ¢ € [1,00) and s be an integer no less
than [na]. Following [10] (see also [17]), the classical Morrey-Campanato space
L(c, q, s; R™) is defined to be the set of all functions f € L . (R™) such that

1/q
I lstoginy = sup 1B 1B [ 1f0) = Ppr@ras] < o,
BCR"? B

where the supremum is taken over all balls B in R", and P} f denotes the minimiz-
ing polynomial of f on the ball B with degree at most s, namely, for all multi-indices
0 (NU{0}H)™ with0 < 0] < s,

(L) [ @)= Pis(@)a® dz =0,

It is well-known that if f is locally integrable, then P f uniquely exists; see, for ex-
ample, [17] or [12]. In the case ¢ = co and « € (0, o), the space L(«, oo, s; R™)
in [10] is defined to be the set of all functions f € LS. (R™) such that

loc

Hf”L(oc,oo,s;R") = Sup esssup ‘B‘_a‘f(x) - P%f(fl')‘ < 00,
BCR"™ zeB
where the supremum is taken over all balls B in R™.
In what follows, for any w € A;(R"), let w(E) = [, w(z)dx, where E is
a measurable set in R™. We introduce the following weighted Morrey-Campanato
spaces.
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Definition 1.1. Let « € (0, 00), s be a nonnegative integer and w € A;(R"™).
When ¢ € [1,00), the weighted Morrey-Campanato space L(«, g, s, w; R"*) is
defined to be the set of all functions f € L} . (R") such that

HfHL(a,q,s,w;R")

(1.2) 1/q

= swp o | s [0 = RSt tae] <o
Bekn [w(B)]

where the supremum is taken over all balls B C R™ and P f is as in (1.1). When

q = oo, the weighted Morrey-Campanato space L(«, oo, s, w; R™) is defined to be

the set of all functions f € L} _(R™) such that

) f(@) — Pyf(a)
A3l = SUp essup

< 00,
where the supremum is taken over all balls B Cc R™ and P} f is as in (1.1).

We point out that the weighted Morrey-Campanato space L(«, g, s, w; R™) is
actually defined as a space of equivalence classes modulo the polynomials with de-
gree at most s. Moreover, obviously, if w = 1and s > |na|, then L(a, ¢, s, w; R?)
is just the classical Morrey-Campanato space L(«, ¢, s; R™) in [10]. We also re-
mark that the space L(«, ¢, s, w; R™) in Definition 1.1 when n = 1 was essentially
introduced by Garcia-Cuerva [6, p.29] and when s =0, n € N and o € (0,1/n)
by Tang in [18]. In Section 2 of this paper, we obtain the equivalence of the spaces
L(a, q, s, w; R™) with respect to different ¢ € [1, oc] and integers s > |na|, which
generalizes the corresponding result on [6, p. 29] to all n € N and completely covers
[10, Theorem 1] and [17, p.132, (8.17)] when « € (0, c0) and [10, Theorem 2]
by taking w = 1, and [18, Theorem 2.1] by taking o € (0,1/n) and s = 0; see
Theorems 2.1 and 2.2 below.

In what follows, let S(R™) be the space of all Schwartz functions on R". Choose
¥ € S(R™) such that supp ¥ C {£ € R” : 1/2 < [¢] < 2}, W(¢) > 1/4 when
3/5 < l¢] < 5/3, and Y00 W(277¢) = 1 for all € € R™\ {0}, where and
in what follows, f denotes the Fourier transform of f, namely, for all ¢ € R,
F(&) = [nn e 2™ f(x) dx. Forall j € Z and = € R”, let U, () = 27"¥(27z).

Following Triebel’s [19], set

Soo(R") = {Lp e S(R"): / o(z)x” dz = 0 for all multi-indices vy € Zﬁ}
and let S’ (R™) be the topological dual of S.,(R™). We now introduce the weighted

Lipschitz space as follows.
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Definition 1.2. Let ¥ be as above. For any « € (0,00) and w € A;(R™), the
weighted Lipschitz space A(«, w; R™) is defined to be the set of all f € S, (R")
satisfying that there exists a nonnegative constant C' such that for all z € R™ and
jezZ,

(L4) 1A;F(@)] < Clw(Bla, 279 o2,

where A; is given by A; f = f x W,—;. Moreover, the smallest bound C in (1.4) is
defined to be the norm of f in A(a, w; R™) and denoted by [ f{|(q,w; Rn)-

Obviously, the space A(«, 1; R™) is just the classical Lipschitz space; see, for
example, [8, Theorem 6.3.6]. The only difference is that here, following [19, Chap-
ter 5], we use S, (R™) to replace S'(R™)/P(R™), where and in what follows,
S'(R™) denotes the space of Schwartz distributions and P (R™) the set of all poly-
nomials on R™. We also remark that the space A(«, w; R™) was defined to be the
set of all locally integrable functions such that (1.4) hold by Tang in [18]. Thus,
Definition 1.2 generalizes the notion of the corresponding weighted Lipschitz spaces
in [18]. In Section 3 below, we prove that for o € (0, 00), s being an integer satis-
fying s > [na| and g € [1, 0], L(«, q, s, w; R") = A(a, w; R™) with equivalent
norms, which implies that the space A(«, w; R™) is independent of the choices of .
Recall that Tang in [18, Theorem 2.2] showed that when o € (0,1/n) and s = 0, if
f is locally integrable and has compact support, then f € L(a, ¢, s, w; R™) if and
only if f € A(«a, w; R™). Thus, Theorem 3.1 below essentially improves Theorem
2.2 in [18]. A new ingredient appearing in the proof of Theorem 3.1 below is that
we invoke the useful Calderon reproducing formula on S, (R™) obtained in [20,
Lemma 2.1].

Now we choose ¢ € S(R™) such that the following two conditions hold:

(A1) There exists an s € Z such that

1, when 6 = 0;
15 Ode =4 7 ’
(15) /n pla)aide {0, when 0 < |6] < s,

where 0 = (6;,...,6,) € (NU{0})" and |0] = 61 + - - - + O,,.

(A2) The function ® = ¢ — ¢ * @ satisfies the Tauberian condition, namely, for
all ¢ € R\ {0}, there exists a ¢ € (0, o) such that ®(t¢) # 0.

In what follows, for any ball B, ¢5 denotes the radius of the ball B. Motivated
by Deng, Duong and Yan [5], we introduce the weighted Morrey-Campanato-type
space Ly(a, g, s, w; R™) by using ¢, * f to replace the minimizing polynomial
Py, f in Definition 1.1, where ¢, (z) = éap(%) for all z € R™.

Definition 1.3. Let o € (0,00), s be a nonnegative integer, w € A;(R")
and ¢ € S(R™). When ¢ € [1,00), the weighted Morrey-Campanato-type space
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Ly(a, g, s, w; R™) is defined to be the set of all functions f € L} _(R™") NS’ (R™)
such that for all balls B ¢ R",

1AW Lo g 5,01 m)

1 1
=sup ——— |—— T) —  f(2)]9w(z)] %z < 00,
sup e | i [ 170 = gy o)
where the supremum is taken over all balls B ¢ R™. When ¢ = oo, the weighted
Morrey-Campanato-type space L,(a, oo, s, w; R™) is defined to be the set of all
functions f € L} _(R") N S'(R™) such that for all balls B ¢ R™,

HfHLg;(oc,oo,s,W;R")

_ 1 [f(@) = o x f(2)]

= sup esssup
BcRr zeB  |(wW(B)]® w(z)

< 00,
where the supremum is taken over all balls B C R".

When w = 1, the space L,(a, g, s, 1; R™) was initially introduced by Deng,
Duong and Yan in [5], but with L} _(R™) N S'(R™) replaced by N; where N
is the set of all f € L (R") such that [, |f(z)|[1+ |z]]~" ) dr < oo
(see [5, Definition 2.1]). Deng, Duong and Yan proved in [5, Theorem 3.4] that
if ¢ € S(R™) satisfies the conditions (A1) and (As), then Ly (a, g, s, 1; R™) =
L(a, q, s, 1; R™) with equivalent norms. In Section 4 of this paper, for any « €
(0, 00), s being a nonnegative integer and w € A; (R™), we establish the equivalence
of the spaces L, («, ¢, s, w; R™) on different ¢ € [1, o0] if ¢ € S(R™) satisfies the
condition (A1), which completely covers [18, Theorem 3.4]; see Theorem 4.1 below.
Here and in what follows, given p € (1, 0o), we say thatw € RH,(R") if w satisfies
a reverse Holder condition with exponent p, namely, there exists a positive constant

C such that for all balls B ¢ R", <ﬁ [glw(@)]P dx)l/p < Crp; [pw(z) da. Using
Theorem 4.1, for any w € A;(R") N RH, 4 /,(R") and o € (0, 00), s being an
integer satisfying s > [na| and ¢ € [1, oo], we prove that if ¢ € S(R") satisfies
the conditions (A1) and (As), then L,(«, ¢, s, w; R") = L(«, ¢, s, w; R™) with
equivalent norms, which completely covers [5, Theorem 3.4] by taking w = 1.
Recall that Tang in [18, Theorem 4.2] showed that when - € (0,1/n), s = 0 and
¢ € S(R™) satisfies the conditions (A1) and (As), if f is locally integrable and has
compact support, then f € L(a, ¢, s, w; R™) ifandonly if f € L,(«, ¢, s, w; R™).
Thus, Theorem 4.3 below essentially generalizes Theorem 4.2 in [18].

Finally we make some conventions on notation. Throughout the whole paper,
we denote by C' a positive constant which is independent of the main parameters,
but it may vary from line to line. The symbol A < B means that A < CB. |If



146 Dachun Yang and Sibei Yang

A < Band B < A, then we write A ~ B. For any given “normed” spaces .A and
B, the symbol A C B means that for all f € A, then f € Band ||f|zg < || £l
For a measurable set F, denote by x the characteristic function of E. We also set
N={1,2,---} and Z; = NU{0}. For a multi-indices 6 = (6,,...,6,) € Z",
we let |6] = 61 + -+ 0y, 6! =6, -0, and 9 = — ol

— -
a:llmaa:fl"

2. SoME CHARACTERIZATIONS OF L(«, ¢, s, w; R™)

First we recall some notation and properties of the Muckenhoupt weights. In
what follows, B(x,t) denotes the ball centered at = and of the radius ¢. Given
B = B(z,t) and X € (0, 00), we write AB = B(x, At).

A nonnegative function w on R”™ is called a weight if it is locally integrable.
A weight w is said to belong to the Muckenhoupt class A (R™) if there exists a
positive constant C' such that for almost all z € R”, M (w)(z) < Cw(zx), where
M denotes the Hardy-Littlewood maximal operator on R"; see, for example, [7, 8].
The following facts on A; (R™) can be found in [7, 8]. If w € A;(R"™), then there
exists a positive constant C' such that for all balls B1, By € R™ with By C B,

w(Bg)
w(Bl)

| Ba|
|By|’

2.1) <C

also there exists a positive constant C'and § € (0, 1) such that for all balls B, By C
R™ with B; C By,

w(By) |Bi| 0
22) (B2) SC(\BQ\) |

In particular, if w € A;(R™), by (2.1), we have that there exists a positive constant
C such that for all balls B ¢ R",

(2.3) w(2B) < Cw(B).

On the equivalence of the spaces L(«, g, s, w; R™) with respect to different ¢,
we have the following conclusion.

Theorem 2.1. Let w € A;(R"), o € (0,00) and s € Z. Then the following
propositions (I), (II) and (III) are equivalent:
() feL(a,l,s w; R");
() feL(a, oo, s, w; R");
() For any given g € [1,00), f € L(a, g, s, w; R™).
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Moreover, their norms are equivalent with equivalent constants independent of f.

Proof. (I) = (II). In this case, we adopt some ideas from [10]. Let p = #1
Then p € (0,1). First we recall the notion of (p, s)-atoms on R™. A function g is
called a (p, s)-atom on R", if g is supported on a ball B, ||g|(5) < |B|~1/P and
Jgn 9(x)2% dz = 0 for all multi-indices § € Z7 with 0 < |¢] < s.

Let f € L(a, 1, s, w; R™). Without loss of generality, by homogeneity, we may
assume that HfHL(aJ s,w;Rn) = L. We first observe that if g is a (p, s)-atom and
f€L(a, 1, s, w; R"), then f € L1 . (R™) and

[ f@g@)ds| = | [ (£ - Pif(@lgta) da
(2.4)
S 1B ~ BELE
- 5]

Let o € C°(R™) be such that ¢ is supported on B(0, 1) and ¢ satisfies (1.5).
Set pi(z) =t "p(x/t) for all z € R™ and t € (0,00). We have the following
facts (i) and (ii).

(i) If p € (0,1) and 0 < t/2 < 7 < t, then there exists a (p, s)-atom ¢g and a
X € R satisfying |A| < ¢*(1/P=1) such that ; — ¢, = Ag;

In fact, by the definition of ;, we know that ¢, — ¢, is supported on B(O t),
and there exists a positive constant C' such that [[¢; — @rl|L=(B04) < (1 +
Wﬁﬂwwuwmm@)séﬁ“””ﬂBwJM*”-megg:;ﬁ%ﬁigmd -
Ct(1/7=1) then yields (i).

(i) If f € L(a, 1, s, w; R™), then for almost all x € R™, we have f x ¢, (x) —
f(z)ast— 0.

In fact, since f € L(a, 1, s, w; R™), then f is locally integrable. Thus, for
almost all z € R", f *¢; — f ast — 0. Hence, (ii) holds.
Fix B = B(xo,r). By the fact (ii), we know that for almost all = € B,

o0

(2.5) f@)=f*ep(a -+§jf*wﬂk — [ @raon(@)].

By [10, p.111], we know that there exists a kernel gz (¢; ) such that for all
x € B, gp(+; ) is supported on B and

(2.6) Py f (o (/f \gn(t:z) d

In addition, we have |gg(t; )| < |B|7L.
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By [10, pp. 111-112], there exist functions Ao on R™ and ay on R™ xR"™ satisfying
that for each fixed = € B, |\o(z)| < |B|* and ag(-; x) is a (p, s)-atom supported on
2B such that ¢,.(z — t) — gp(t; ) = Ao(x)ag(t; z). Also, by the previous fact (i),
for each k € N, there exist functions Ax on R™ and a; on R™ x R"™ satisfying that for
each fixed » € B, |\x(z)| < |B|*27%" and ax(-; x) is a (p, s)-atom supported on
B(z, 2= 1) such that ¢y, (x — t) — o), (x — t) = Mx(2)ar(t; z). These
facts together with (2.4), (2.5), (2.6), (2.2), (2.3) and the definition of w € A;(R")
yield that for almost all = € B,

[f(@) = Ppf(@)| =1 [ f®lpr(x—1t) —gp(t;z)] dt

Z )pra—r(x —t) = @rp-e-n (z — t)] dt

f®)ax(t; x) dt

<18 {§2 e [ (B, 2B D]t [w(B(xo,zrmHa}

= [Bla, 2 - Dp)[te " [B(ag, 20|
< [w(B(z, 1)) () {Zr'f”aé + 1} < [w(B(a, ) %w(a),
k=1

which implies f € L(a, oo, s, w; R™). Hence, we obtain (II).

(IT) = (III). In this case, let ¢ € [1,00) and f satisfy (II). Without loss of
generality, by homogeneity, we may assume that || f{|;(a, 0, s,w; &) = 1. By (2.3),
we then have that for any ball B = B(zg,r),

S ot L@ - Pl ]

1 q aq 1—¢q Ha
< BB [@/B[w(w)] [w(B(x,7))]*w(z)] dw] S,

which implieSthatf € L(Ct, q, S, W; Rn) and HfHL(oc,q,s,w;R") S Hf”L(oc,oo,s,w;R")-
Thus, (III) holds.

(III) = (I). In this case, from Holder’s inequality and (III), we immediately
deduce (I), which completes the proof of Theorem 2.1. [ |

Remark 2.1.

(i) Theorem 2.1 when n = 1 was essentially obtained by Garcia-Cuerva [6, p. 29]
via the duality and equivalence of weighted atomic Hardy spaces, which is
different from the method used in the above proof of Theorem 2.1.
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(if) We remark that it is easy to show that when w € A;(R™), s = 0 and
a € (0,1/n), f € L(a, o0, s, w; R™) if and only if there exists a positive
constant C' such that for almostall z, y € R™, | f(x)—f(y)| < Clw(B(z, |x—
Y)Y w(x)+w(y)], which is [18, Theorem 2.1(l1)]. Thus, Theorem 2.1 when
w=1and s > [n«a| covers [10, Theorem 2] and when « € (0,1/n) and
s = 0 covers [18, Theorem 2.1].

(iif) We point out that when w = 1, ¢ € [1, 0], s = 0 and na > 1, then the space
L(a, q, s, w; R™) = C. In fact, in this case, letting f € L(«, g, s, w; R™),
by Theorem 2.1, we have that for any ball B ¢ R” and almost all x € B,
‘f( ) fB‘ N Hf”L(ocq s, w; R™) ‘B‘a where fB - |B| fB d(L‘ For any
x,y € R", taking a ball B such that z,y € B and rg = \x — yl, then
1f(@) = f)| < (@) = fsl + 1f(w) = f5] S IBI* ~ |& —y|™. Since
na > 1, this implies that f equals to a constant. Hence, the above claim
holds.

However, when w = 1, for ¢ € [1,00], s € Z; and « € (0, 00) such that
s+ 1 = na, we have {S(R") UP*(R")} C L(a, g, s, w; R™). In fact, let
f € S(R™). For any ball B = B(xy,r), let P, f be the Taylor polynomial
of f about xy with degree s. By Lemma 2.1(ii) and (iii) below, we have that

i [ @) = Po@lds S e [ 11(6) = P (o) de
1
/\x—xo\s+ldx§1.
B

< -
~ ‘B‘l—i—a
Then by Theorem 2.1, we know that f € L(«, ¢, s, w; R™). Thus, the claim
is true.

From the above discussion, we see that when 0 < s < [n«/, the space
L(a, g, s, w; R™) depends on s.

Next, we give two properties of L(«,q, s, w; R™). First, we recall some nec-
essary facts on the minimizing polynomials; see, for example, [12, p.55].

Lemma 2.1. Let f € L] .(R"), B C R" be a ball, s € Z, and P}, f be the
minimizing polynomial of f on B with degree at most s.
(i) Let {pP : 1 €727, |l| < s} denote the Gram-Schmidt orthonormalization of
{z': 1 €z, |l] <s}on B with respect to the weight 1/|B|, then for all
z e R,

Pyfx) = > (LoDl (x)

{tezy: |l<s}

= ¥ {ﬁ/szB(y)f(y) dy} ol (x).

{tezy: |l<s}
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(ii) There exists a positive constant C' such that for all f € L1 _(R") and balls

B cCR", c
sup [P f(0)| < 5 [ 17(0)]
zeB ‘B‘ B
(iii) If P is a polynomial with degree at most s, then for all z € R", P;P(z) =
P(z).

Proposition 2.1. Let w € A;(R"), a € (0,00), s be an integer satisfying
s > |na) and f € L(a, 1, s, w; R™). Then there exists a polynomial P; €
P#(R™) such that f — Py € L(a, 1, s—1, w; R") and || f — Pt (a, 1,51, w;R7) <
Cllfll(a, 1, 5,w; ®r), Where P*(IR™) denotes the set of all polynomials on R™ with
degree at most s and C' is a positive constant independent of f.

Proof.  We prove this proposition by following a procedure used in the proof
of [10, Theorem 1]. First we fix s > |na and f € L(a, 1, s, w; R™). By
homogeneity, without loss of generality, we may assume that || f|lz(a, 1, s,w; rn) = 1.
For any fixed 2o € R™ and r¢ € (0, c0), let B = B(xq, rg). We write

Pafw)= Y. a(B)( - a0).

{vezn:|v|<s}

To prove Proposition 2.1, we need the following fact. For any balls B;, B, C R"
with By C By and that the radius of B, is at most twice the radius of Bi, any
v € Z with |v| = s, by a slight modification of [10, Lemma 2.1], we have that

2.7 |av(B1) = ay (B)| S | By |~/ D w(By)] .
For any k € N, let B; = B(x,2") and By = B(x,25!). By (2.7), we have that

[w(B)]'+
_ < WD
‘aV(Bl) aV(BQ)‘ ~ ‘Bl‘s/n"’l .
Similarly, if 28 < r < 2¥+1 then

[w(B(wg, 7))] T
| B(@o, r)|*/m+t

|ay(B(x0,7)) = av(B1)| S

Hence, by (2.1), we have that
lay (B(z0,7)) — ay(B1)| < [w(B(xo, 1)) For— (570,

Consequently, a, (xo) = lim,_,o a, (B(xo, 7)) exists and by (2.7) and (2.1),



New Characterizations of Weighted Morrey-Campanato Spaces 151

lay(20) — au(B)| = i[au(Q’““B) — a,(2"B)]
@9 [k<OB> 1+ & [w(B)] 1t
w — S—no
S WZ Hemme) g B[/

Next we show that a,,(zo) is independent of . If 2o # yo, we let B = B(zg,T)
and B, = B(yo,27) with 7 > |yg — xo|. Then B, C B,. By (2.7), (2.1) and
s > |na/, we have that

|ay(B1) = au(Bs)| S [w(B(xo, 1)) 77 — o,
as 7 — oo. Thus, a,(zo) = ay(yo). Therefore, lim, . a, (B(xo, 7)) = a, exists,
which is independent of xq, and by (2.8),

w B) 1+a
(29) ‘G,V(B) — G,V‘ S [‘BS‘S%
For all z € R", let Pf( ) = Z{ueZ . |vj=s} @v@”. Notice that Py € P*(R"). Let

Qp(z) = Py f(x) — Pr(z) — Z{Vezn sy [aw(B) — a,)(z — x0)”. Observe that
Qp € P*~1(R") and for all x € R™,

[f(@) = Pr(@)] = Qp(z) = [f(x) - Ppf@)]+ Y [au(B)—a)])(z —a0)".

{VEZ:‘_: lv|=s}
Thus, by (2.9), we have
B>1+a/‘ D) - Qu(a) ds
1

S [ @) = Pa (@)l da

| B Iv]
+ sup ——————|a,(B) — ay||z — x| < 1,

B 1+O¢ ~Y

v€B {yerls Tims) [w(B)]

which together with Lemma 2.1(ii) and (iii) implies that

1+°‘/‘ )] = Py (f = Py)(2)| do
< W /B [/ (@) = Pr(2)] = Qp(x)| do S 1.
This finishes the proof of Proposition 2.1. .

From Proposition 2.1, it further follows the equivalence of L(«, ¢, s, w; R™)
on different s as below.
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Theorem 2.2. Let w € A;(R"), a@ € (0,00), s be an integer satisfying
s > |naj and ¢ € [1,00]. Then L(a, ¢, s, w; R") = L(a, 1, [na], w; R™) with
equivalent norms.

Proof. By Theorem 2.1, we only need to prove L(«, 1, s, w; R") = L(a, 1,
|na), w; R™). Notice that if f € L(a, 1, s, w; R") and Py € P*(R") is as in
Proposition 2.1, then f and f — Py represent the same element of L(«, 1, s, w; R™).
This observation combined with Proposition 2.1 implies that L(«, 1, s, w; R™) C
L(a, 1, |naj, w; R™) when s > [naJ. On the other hand, by Lemma 2.1(ii) and
(iii), we easily obtain that when s > |na], L(a, 1, [nal, w; R™) C L(a, 1, s, w;
R™), which completes the proof of Theorem 2.2. |

Remark 2.2. Theorem 2.2 completely covers [10, Theorem 1] and [17, p. 132,
(8.17)] when « € (0, c0) and [10, Theorem 2] by taking w = 1, and [18, Theorem
2.1] by taking o € (0,1/n) and s = 0. Notice that when w = 1, Remark 2.1(iii)
implies that the restriction that s > |n«a/| in Theorem 2.2 is sharp.

Proposition 2.2. Let w € A1(R"), a € (0,00), s € Z; and € > max{:, a}.
Then there exists a positive constant C' such that for all f € L(«, 1, s, w; R™) and
all balls B = B(xzg, r) with g € R™ and r € (0, c0),

e - .
/Rn (r 1 |2 — o |)"(0F9 |f(z)=Pgf(z)| dz < C|BI" w(B) I fll (a1, 5, s m)-

The proof of Proposition 2.2 is an obvious modification of [12, p. 59, Proposition
4.1] and we omit the details. As an application of Proposition 2.2, we have the
following Remark 2.3, which is used in the proof of Theorem 3.1 below.

Remark 2.3. Let all the notation be the same as in Proposition 2.2 and B =
B(0,1). Then by Proposition 2.2, for all f € L(a, 1, s, w; R™), we have

/. W\f@) ~ Pyf (@) dz S (B llp(a1,0m:kn)

which implies that (1 + |z|) (119 f ¢ L1(R™) and hence, f € S'(R™).
3. EQUIVALENCE BETWEEN L(«, ¢, s,w; R™) AND A(a, w; R™)

In this section, we establish the equivalence between L(«, ¢, s, w; R™) and
Ao, w; R™). Here is the main result of this section.

Theorem 3.1. Let w € A;(R"), a € (0,00), s be an integer satisfying s >
|na and ¢ € [1,00]. Then L(a, ¢, s, w; R™) = A(a, w; R™) with equivalent
norms.
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Proof. By Theorem 2.2, it suffices to show that L(«, 1, |nal, w; R™) =
Ao, w; R™) with equivalent norms. For simplicity, we write sy = |na] in the
remaining part of this proof.

We first prove L(a, 1, sp, w; R") C Ao, w; R™). Let f € L(a, 1, sp, w; R™).
By homogeneity, without loss of generality, we may assume that || f{|r,(a, 1, so, w; R?) =
1. By Remark 2.3, we know that f € S'(R™). To show that f € A(a, w; R™),
we still need to prove that f satisfies (1.4). For any j € Z and xg € R", let B =
B(z0,277). By the support condition of U, itis easy to see that Jen P(y)¥(y) dy =
0 for any polynomials P on R". Thus,

A;f(w0) = f Uy y(z0) = / F(y) — P F(0)]Wams(z0 — ) dy.

n

Since ¥ e S(R™), then |¥(z)| < (1 + |=]) ™2+ for all # € R™. Thus,
Aol S 27 [ 15) = P F0)I(1+ Plao ) " dy

< o / () — P f(y) dy
|zo—y|<2~7

—|—2jn Z 2—lm(2+o<) / ' \f(y) _ Pf;of(y)\ dy=T + 1.
k=1 |zo—y|<2k—7
By Theorems 2.1 and 2.2, we have that for all k € Z, and almost all y € 2B,
(3.1) 1f(y) = P pf ()] S wly)[w(2°B)]*.

Hence, by (3.1) with & = 0, we obtain that I; < 29"[w(B(zq,27))]}Te.

Let Jy. = fm)_ﬂdk_j |P5 f(y) — Py 5 f(y)|dy for k € N. Then for I, by
(3.1) with £ € N and (2.1), we have that
I, < oJn ZQ—Im(Ha) / ' |f(y) — p;}ng(y)‘ dy + Jy

k=1 |lwo—y|<2k~I
(3.2) < 2jn22—lm(2+o¢) {an(H—a) w(B)] + Jk}

k=1

S 9Jn {[w(B)]l—I—oc + ZQ—Im(2+o¢)Jk} )
k=1

Now we estimate | P’ f(y) — P,y 5 f(y)| for almost all y < 2¢B. Let k € N and
By, = 2"B. Since Py f € P*(R"), we write that for all z € R",

ay (o, 2879
Z (z0, 2 )(x—xo)”,

V!
{vezry:v|<so}

Py, f(x)
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where a, (x0, 2577) = 9% (Pg. f)(xo). Thus,

sup |Pg f(z) — Pg'f(z)|
€ By,

o (k=) o p
< > o law(@0, 2777 — ay (0, 277))

{vezn: |v|<so}

< D

{vezn: |v|<so}

|k1

Q(k ) ,
Z\a,, 0, 21791 — a, (w0, 2179).

By the estimate in [12, p.61, (4.3)] that for any polynomial P € P (R"), ball
By = B(yo, ro) and multi-index v satisfying |v| < so,

1
@3 0Pl < O [ PG
|B1| J,
where C' is a positive constant only depending on sq, (3.3) and (2.1), we have

sup |Pg f(x) — Pg'f(z)|

xE€By,
9(k—i)lv| k= v 1 ;
DS i Z ”jhﬂ/‘ml PRI W)y
{vezr: |v|<so} =0
9(k—j)lv| k=1 1
—(=Pvl _~_
N AR
{vezr: |v|<so} =0
+/ Py (y)—f(y)\dy]
B
< v 2SS L (B (B
~ vl |Bi
{vezy: v|<so} =0

|BI "L w(B)]'Fe2kme na > s
S Bl w(B)] k2t

|B| 7 [w(B)]'Tok2k%0, na = s

which together with the previous estimate (3.2) of I yields that
k=1

I < 2 [w(B(zo, 277))]+ {1 s ’“2"“} < 2 w(B(w, 277))]1

By the arbitrariness of j € Z and xy € R™, we obtain that f € A(a, w, R™)
and Hf”/\(oc,w;R" S Hf”L(oc,l,so,w;R")' ThUS, L(a, 1, S0, W; Rn) C /\(Oé, w; Rn).
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Next we show that A(«, w; R™) C L(a, 1, sg, w; R™) by borrowing some
ideas from [14]. Let f € A(a, w; R™). By homogeneity, without loss of generality,
we may assume that || f|[x(a,u;rn) = 1. By the Calderon reproducing formula
obtained in [20, Lemma 2.1], we have f = "2 A, f in S._(R™). Notice that

j=—oc

Aj = Aj(Aj—l + Aj + Aj+1). We further have

(3.4) F= > Ajfi i SLRY,

j=—o0

where f; = (Aj_1 + Aj+ Ajq) f. From (1.4), it follows that for all z € R™ and
Jj €z

(3.5) fi(@)| S [w(B(z, 277))] He2m.
For all multi-indices v, x € R™ and j € Z, by (3.5), (2.2), (2.1) and (2.3), we have
07 (A f5) ()|
< [ 151 )@ ) dy
Rn

< 21950 [ o(Bly, 2900 4 Ve yl) ) ay
69) swww{/ [o(By. 2] dy
|z —yl|<2~7

—kn(2+«o
3o |
k=1 |

x—y|<2k-i

< 2j|”|2jn[w(B(x,2_j))]1+o‘ {1+§: 2—kn6}

k=1

[w(B(y,277))) dy}

S M2 (B, 2],

where ¢ is as in (2.2).
Now, for any given a2yp € R™ and m € Z, and all z € R", let

haym(z) = Y [Ajfi(z) = PRfi@+ D Ajfi(x)
(3.7) P j=—(m=1)

= I (z) + Ia(2),

where Pfo f; denotes the Taylor polynomial of A, f; about x — 2 with degree s.
We now claim that for all o € R™ and m € Z,

(38) / By ()] d < [w(Blo, 27))]
B(zo,2™)
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First we estimate I;(x). For all x € B(xzg,2™), by the mean value theorem,
(3.6), (2.1), (2.3) and sp + n+ 1 > n(1 + «), we have that

L@l < 3 A - PR

j=—o0

S D > 105 (A f) (@)l = ol

j=—oo {vezy: |v|=so+1}

S 2m[so+1—n(1+o¢)][w(B(x072m))]1+a _Z: 2j(so+1—na)
Jj=—00
[w(B(zo, 2™))]

S 7
| B(zo, 2™)]

where z; = 6,2 + (1 — 60;)x, for certain ; € (0,1). To estimate Ip(z), by (1.4),
(2.2) and the definition of w € A;(R™), we obtain that for almost all x € B(x¢,2™),

L@ < Y Al Y 2"w(Bl@27)
j=—(m-1) j=—(m-1)
<27 w(B(,2M))w(z) Y 27 S [w(B(,2™)] w(w),
j=—(m-1)
where ¢ is as in (2.2).
Thus,

/ L (2) + I(2)| dz g/ \Il(x)\dx—i—/ IL(2)| do
B(mo,Q"L) B(mo,Q"L) B(mo,Q"L)

< [w(B(xo, 2™))]',

namely, (3.8) holds.
By (3.4), we obtain that for all ¢ € Soo(R"™),

o0 —m o0

(foo)= D (Djfined= D A —Plfo+ Y, (Ajf0),
J=—00 Jj=—0 j==(m-1)
namely, f = hy, m in SL (R™) for all zop € R™ and m € Z.
Next we claim that there exists a locally integrable function h such that f = h
in 8. (R™) and for all zop € R™ and r € (0, c0),

h(z) — P;O(mo’r)h(x) dr < 1.

1
B9 LB /B@O,r)
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In this sense, we have that f € L(a, 1, so, w; R?) and [|fllz(a,1,50,wiRm) S
Hf”/\(oc,w;R")-

In fact, by taking » = ho 1, we then prove that h satisfies (3.9). Obviously,
f = hoa in S (R™) by the construction of kg ; as above.

By (3.8) and Lemma 2.1(ii), we obtain that for any ¢ € R™ and m € Z,

(3.10) /
B(y0,2™)

For any r € (0,00), there exists mo € Z such that 2m0~1 < r < 2™, By the
constructions (3.7) of ho 1 and ko ,,, We know that there exists a polynomial P70
with degree s such that hg 1 = hom, + Pyo. By (3.8), (3.10), Lemma 2.1(ii) and
(iif) and (2.3), we have

1 .
ST o, 0200 = Pl o) d
1 .
~ (B, )] /B o) (ho,mo(w) - PB(O’r)hO,mo(x)‘ da

hyo.m () — Ppj

.2yt m (2| 4 S [w(Blyo, 2]

hO,mo (1‘) — PSO

B(O’Qmo)ho,mo (fI,') ‘ de,'

1
< GBEIT™ Jooam
1 . )
+W /B(O’r) ‘PB(OQ"LO)hO’mO (1') a PB(O,r)hO,mo (1‘)‘ dx
(B, 2mo)] e
~ Tw(B(0, 2mo-1))]iFa ~ -

For any fixed xp € R™, from the constructions of hg 1 and hy, ., it follows that

—myg

hO,mO - hmo,mo = Z (Pj‘mofj - Pjofj> :
j=—00
Now we show that Z;:T”_OOO(Pfofj - Pjofj) is a polynomial with degree at most
so. Similarly to the estimate of I; (z), we have that for all x € R,

_Z P fy(w) = PO ()|
< Y |A@ - PRA@|+ Y |85 - PY@)

S 27l Dl (B(a), 270))] 0w — 0| Hw (B(aF, 270))] O] 0,
where z} = 0jzo+ (1—0})z, 27 = 05, 0 € (0,1) depends on 2 and =, and 65 €

(0, 1) depends on x. By the estimate just above, we know that 3 7> [P f;(z) —

j=—oc
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Pjofj(x)] is absolutely convergent and locally integrable. Hence, for any ball B C
R"™, by Lemma 2.1(i) and (iii), and the Lebesgue dominated convergence theorem,
we obtain that for all x € R",

Py ( S [Py - Pﬁfj]) (@)

Jj=—00
= > ﬁ /B ST IPRfi) = Pl (v) dy p o ()
{lezy: | <so} jm—oo

e 1
= — [ [P fi(y) — P)fi(w)]el’ (v) dy ¢ o ()
jz_:oo {ZEZ%SSO}{\B\/B Y y)lpr\y y} P

—mo —mo

j=—oc j=—oc

Thus, > (P f; — Pjofj) is a polynomial with degree at most sy. Let

j=—00
—mo
P = Z <PJ¢OfJ - PJQfJ) :
j=—00
Then, home — hagme = Prop for all zg € R™. Thus, ho1 = home + Ppo, =

hag.mo + Prgto + Prsy» Which fogether with Lemma 3.1(iii), (3.10) and (2.3) further
implies that for all zg € R",

1 S
ST o,  |Po1@) = P yhos @) da

hl‘o,mo (1‘) — P

B(mo,r)hmoamo(x)‘ dr < 1.

1
B [w(B(xo, r))]1+a /B(mo,r)
Thus, (3.9) holds, which completes the proof of Theorem 3.1. ]

4. EQUIVALENCE BETWEEN L(«, ¢, s, w; R™) AND Ly (o, g, s, w; R™)

We begin with two technical lemmas, which are from [18, Propositions 3.1 and
3.2], respectively.

Lemma 4.1. Let o € (0,00), s € Z4, w € A1 (R™) and ¢ € S(R™) satisfy the
condition (A). Then there exists a positive constant C' such that for all ¢ € (0, o0),
K € (1,00), f € Ly(e, 1, s, w; R™) and almost all z € R™,

v £(a) = o+ 1(0)] < Clo(Bla, KSR 1,
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Lemma 4.2. Let o, s, w and ¢ be the same as in Lemma 4.1. Then there exists
a positive constant C' such that for all ¢t € (0,00), f € L,(, 1, s, w; R") and
almost all z € R",

B 1+«
ov s (If — oo % f)(@)] < C%Hﬂm(m,s,w;w)-

On the equivalence of the spaces L,(c, ¢, s, w; R™) with respect to different
q, we have the following conclusion.

Theorem 4.1. Let o, s, w and ¢ be the same as in Lemma 4.1. Then the
following propositions (I), (II) and (III) are equivalent:

() feLly(a, 1, s, w; RY);
() f e Ly(a, oo, s, w; R™);
(1) For any given ¢ € [1,00), f € Ly(cv, g, s, w; R™).
Moreover, their norms are equivalent with equivalent constants independent of f.
Proof.  (I) = (II). Let f € L,(a, 1, s, w; R™). By homogeneity, without
loss of generality, we may assume that || f||.(a,1,s,u;rn) = 1. For any ball B, let

x € B be a Lebesgue point of both f and w. Let By = B and B; = B(x,2 7 7tp)
for j € N. Then

[f(2) = et * f(2)] = A )L 1F(Y) =i * [(y)] dy

N
E.
o
=
T

|f(y) = wip, * fy)] dy
j—oo | Bjl B, B
. 1
“timsup e [ g, f0) =iy, = £0)] dy=Ty+1o
J J

j—oo |B

For I, by the definition of the Lebesgue point, we have
B 1+«
I < limsupM = 0.
im  |Bjl

Next, we estimate Io. By Lemma 4.2 and (2.3), we know that forall € {1,---,j}
and almost all y € B,

w(B(y, te,_ )" _ [w(B(z,tp,_,))] "
“‘PtBl * f(y) - (PtBl_l * f(y)‘ ~ ‘B(y, tBl_l)‘ S ‘B((L‘, tBl_l)‘ )
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which together with (2.2) and the definition of w € A;(R™) yields that

G L ot + 500 =, 5 ] dy
J J

1 L [w(B(a,tp, )]
<33 / o 1) = Sy S Y e

=1

174N

[w(B(z,tp))]"w(@) Y 277D < [w(B(a, tp)))"w(z),
=1

where ¢ is as in (2.2). Thus, we obtain that Iy < [w(B(z,tp))]*w(x). Therefore,
for almostall z € B, |f(x) —pr, * f(2)| S [w(B(z, tr))]“w(x), which implies that
[ € Ly(a, 00, 5, w; R™) and || fll L, (a, 00, 5,w8m) S [ fllLo(a, 1,5, w;rn). HENCE, We
obtain (II).

(II) = (III). In this case, let ¢ € [1,00) and f satisfy (II). By homogeneity,
without loss of generality, we may assume that || f||.,(a, o0, s,0;rn) = 1. By (2.3),
we then have that for any ball B = B(zg,r),

m [ﬁ /B (@) = uy * fla) ()] dw]
1/q
S GBI |5 JL e B et da] S

which impliesthatfeLg,(a, q, S, W; Rn) and HfHLg,(oc,q,s,w;R") SHf”Lg,(oc,oo,s,w;R")-
Hence, we obtain (III).

(III) = (I). In this case, from Holder’s inequality and (III), we immediately
deduce (I), which completes the proof of Theorem 4.1. [ |

Remark 4.4. Theorem 4.1 when o € (0,1/n) and s = 0 completely covers
[18, Theorem 3.4].

Next, we clarify the relations between L(«, ¢, s, w; R™) and L, (v, ¢, s, w; R™).
We first establish the following embedding theorem.

Theorem 4.2. Let a € (0,00), w € A;(R") and s € Z;. Assume that ¢ €
S(R™) satisfies the condition (A ). Then L(c, g, s, w; R™) C Ly(o, ¢, s, w; R™)
for all ¢ € [1, o0].

Proof. By Theorem 2.1 and Theorem 4.1, it suffices to prove that L(«, 1, s, w;
R"™) C Ly(a, 1, s, w; R™).
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Let f € L(a, 1, s, w; R™) and B = B(xo, tp) be a fixed ball centered at z
and of radius t5. By homogeneity, without loss of generality, we may assume that
1 £1l2(a,1,5,w;rn) = 1. Since ¢ satisfies the condition (A1), we obtain that for all

€ (0,00), € R™ and multi-indices # with 0 < |0| < s,

/n or(z—y)y dy = / o(y)(z — ty)? dy = 2.
This gives ¢y, * P5f = P f. Thus,
|f(2) = oty * f(2)] < |f(z) = PRf(2)| + |ty * (f — PRf)(@)].

Notice that for all z € B,

i+ (= BN@I < [ oo = )llf0) = Parwldy

tEn s
@ < [ il - el

tg+ |z —y n(l+e)
X { ( ‘ ten D ‘(PtB(x - y)‘ dy,
B

where ¢ is a positive constant satisfying ¢ > max{>, a}. By Proposition 2.2, we
have

/R" (ts + \xt%y\)n(ug) [f(y) = Ppf(y)ldy S |B| 7 w(B)] '

z—y|)n(1+e) Z—v|\n(lte e
By ¢ € S(R") and the fact that %\ap@(x y)| = (1 +%) (14+6) | (| =,
we obtain that
(tg + |z —y)n+

esssup o loty(x —y)| S 1.
yeER™ B

This combined with (4.1) and the definition of w € A (R"™) implies that for almost
all z € B, we have that |¢;, * (f — P5f)(2)| < | Bl w(B)]' < [w(B)]%w(z).
From this, it further follows that for almost all = € B,

[f(@) = i * f(2)] < |f(2) = PRf(2)| + e+ (f = PEO(2)] S [W(B)]"w(2).

Then applying Theorem 4.1yields that f € Ly (cv, 1, s, w3 R™) and || f[| 2, (a, 1,5, w; B)
S 1 f1lz(a,1, 5, w; ®r), Which completes the proof of Theorem 4.2. ]

Next, we show that the equivalence between L(«, ¢, s, w; R™) and L, (o, g, s,
w; R™).
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Theorem 4.3. Let o € (0,00), s € Z; satisfy s > |na), w € A1 (R") N
RHy1/,(R™) and ¢ € S(R") satisfy the conditions (A1) and (Ag). Then for any
q € [l,00], L(av, q, 5, w; R") = Ly(a, g, s, w; R™) with equivalent norms.

Proof. By Theorem 4.2, we know that L(«, ¢, s, w; R") C Ly(«, ¢, s, w; R™).
It remains to prove L,(c, ¢, s, w; R™) C L(e, g, s, w; R™). By Theorems 2.1 and
3.1, it suffices to prove that L, (e, 1, s, w; R™) C A, w; R™). By the fact that
S’(R™) is a subset of S’_(R™), it suffices to prove that if f € L,(a, 1, s, w; R™),
then it satisfies (1.4), whose proof is as in the proof of [18, Theorem 4.2] and we
omit the details. This finishes the proof of Theorem 4.3. ]
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