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REMOTELY ALMOST PERIODIC SOLUTIONS TO PARABOLIC
BOUNDARY VALUE INVERSE PROBLEMS

Fenglin Yang and Chuanyi Zhang

Abstract. Some properties of remotely almost periodic functions are studied.
The existence and uniqueness of remotely almost periodic solution to Parabolic
Inverse Problems for a type of boundary value problem are established. Sta-
bility of the solution is discussed.

1. INTRODUCTION

Sarason in [12] proposed the space RAP(R) of remotely almost periodic func-
tions. This is a C*subalgebra of C(R), the space of bounded, continuous, complex-
valued functions f on R with the supremum norm || f|| = sup{|f(z)| : = € R}.
Comparing with the space AP (R) of almost periodic functions, RAP(R) is a quite
large space (see [12, 19]). AP(R) and some of its generalizations have many appli-
cations to the theory of differential equations (e.g., [10, 13, 14, 16-18] and references
therein). It is reasonable to believe that R.AP(R) has applications in this aspect
too. The present paper is denoted to this. The central question is to investigate the
remotely almost periodic solution of parabolic boundary value inverse problems.

To this end, we need first to extend the space R.AP(IR) to a more general setting.
Let J € {R,R™}. LetC(J) (respectively, C(J x€2), where Q C R™) denote the C*-
algebra of bounded continuous complex-valued functions on J (respectively J x 2).
For f € C(J) (respectively, C(J x ©)) and s € J, the translate of f by s is the
function R f(t) = f(t+s) (respectively, Rsf(t, Z) = f(t+s,Z), (t,Z) € J x Q).
Let

disteo(f,g) =lim sup |f(t) — g(t)]

[t]—o0
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Definition 1.1.

(1) Afunction feC(.J)iscalled remotely almost periodic if for every e > 0the set

T(f,e) ={1 € J: disto(R-f, f) < €}

is relatively dense in J. Denote by RAP(J) the set of all such functions.
The number (vector) 7 is called remote e-translation number (vector) of f.

(2) A function f € C(J x Q) is said to be remotely almost periodic in ¢t € J and
uniform on compact subsets of Q if f(-, Z) € RAP(J) for each Z € 2 and
is uniformly continuous on J x K for any compact subset X' C §2. Denote by
RAP(J x Q) the set of all such functions. For convenience, such functions
are also called uniformly remotely almost periodic.

(3) Let X be a Banach space and let C(.J, X') be the space of bounded continuous
functions from J to X. If we replace C(.J) in (1) by C(J, X) then we get the
definition of RAP(J, X).

As in [12], we always assume that f € RAP(J) is uniformly continuous.

In the next sections, we will present some properties of remotely almost periodic
functions. The main results are in Section 3, where a type of boundary value
problem is investigated. The results in Section 3 are probably new even for the
almost periodic functions.

2. SOME PROPERTIES

The following proposition can be proved in the same way as Corollary 1.1.4 in
[16], or Theorem 1.8 in [5] and Theorem 1.16 in [6].

Proposition 2.1. Let f € RAP(J) (RAP(J x Q)) be such that 0f/0x; is
uniformly continuous on .J. Then 9f/0xz; € RAP(J) (RAP(J x Q)).

Proposition 2.2. Let f; € RAP(J), i = 1,2,---,m. Then for every ¢ > 0
the set

T(f1, for- o frmn€) = {7 € J ¢ distoo(Rrfi, fi) <€, i=1,2,---,m}

is relatively dense in J.

Proof. The main result in [12] shows that R AP (R) is the closed subalgebra
of C(R) generated by AP(R) and SO(R), the slowly oscillating function space
consisting of the functions ¢ such that R,p(x) — ¢(z) — 0 as |z| — oo for
all « € R. Without difficulty this result can been generalized to R™. Thus, if
f € RAP(J) then for € > 0 there exist g1, g2 € AP(J) and 1, p3 € SO(J)
such that || f — g1 + ¢1 + g292]|| < €/4. If 3 = 0 then any e-translation number
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of g1 is a remote e-translation number of f. In the case that o, # 0. Let § =
min{e/4, €/ (4|lp2||)} and let 7 be a d-translation number common to g; and go.
We show that 7 is a remote e/4-translation number of g; + ©1 + g22 and therefore
is a remote e-translation number of f. In fact,

|g2(t + 7)pa(t + 7) — ga(t)p2(t)]
< |ga(t + 7)pa(t + 7) — ga(t + T)p2(t)| + |g2(t + 7)a(t) — g2(t)2(?)]
lg2llle2(t + 1) = ()| + [l2l|[| Rrg2 — g2l
and so
distos(Rrg2¢2 — g202) < |[2[ll[Rrg2 — g2ll < [l2]l0 < €/4.

Now we show the proposition. By the fact we just showed, for f; € RAP(J)
there exist g;1, gi2 € AP(J), wi1, iz € SO(J), and o; > 0 such that any ¢;-
translation number = common to g;; and g2 is a remote e-translation number of
fi- Let 6 = min{d; : 1 < i < n}. Since the set of J-translation number common

t0 g;;: i=1,2,---,n, j =1,2is relatively dense in J, so is the set of remote
e-translation number commonto f;: i=1,2,--- n.
The proof is complete. ]

For H = (hy, ho,---,h,) € C(R)", suppose that H(t) € Q for all t € R.
Define H x + — Q x R by

H x o(t) = (hi(t), ha(t), -, hn(t), 1) (t € R).
The following proposition shows the remote almost periodicity of the composite.

Proposition 2.3. Let f € RAP(Rx Q). If H € RAP(R)" and H(t) € Q2
forallt € R then fo (H x 1) € RAP(R).

Proof. Without loss of generality, we may assume that €2 is bounded and closed
because the set { H(¢) : t € R} is bounded in C™.

Let ¢ > 0. The uniform continuity of f implies that there exists ¢ > ¢ > 0 such
that

€
‘f(Zl,t) — f(ZQ,t)‘ < 5 (t < R, ‘Zl — ZQ‘ < 5, Zl, Zy € Q)

Since f € RAP(R x Q) and H € RAP(R)", we have, for any remote 4/2-
translation number 7 common to f and H,

lim sup |foH xu(t+7)— foH xut)]

[t]—o0

<lim sup [f(H(t+7),t+7)— f(H(t+7),1)]

[t]—o0

+lim sup |f(H(t+7),t)— f(H(t),t)] <e.

[t]—o0
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The proof is complete. ]

In the sequel we will use the notations: R7" = R™ x (0,7), ||F|lr = sup{
|F(z,t)|: 2 €R", 0<t<T}. FeRAP(R" x R%) means that F(z™1), 2 1)
is remotely almost periodic in z(1) € R™ and uniformly for (z(?),t) € R%:; F €
RAP(R"™ x R™) means that F(z(1), z(2)) is remotely almost periodic in z(!) € R™
and uniformly for 2(2) ¢ R™,

Let

. _ 1 > (xi —&)° ntm

Z(%,t7f,8)—(2 W(t—s))”+mexp{ 4(t—8) } (IL',SER )

be the fundamental solution of heat equation [7].

Proposition 2.4. Let T > 0. If p € RAP(R" x R™) and
u(etis) = [ pl€)2(w 16 5)de
Rnt+m
then for each fixed s € [0,7"), u € RAP(R™ x R™ x [s,T}).
Proof. Let 7 € R™ be a remote ¢/3-translation vector of .
w(@® + 7,23 £, 5) —u(zM, 23 t; )
= [ el€D D)2 + 7,0, 10,63,
—Z(zW | 2@ ;6D £?) 5))deMde®
(2.1) =/ [p(z®) 47+ W) £
Rn+m
@) — (2 + 60,2 1 €2 2(0, 8: ¢, 5)dé
—A A o0
:</ +/“+/“>w@m+7+gqﬂm+gm
—00 —A A
—p(V + 60,2 1+ €@ 2(0, 1:¢, 5)d¢

where § € R™*™ is the zero vector and by f; F(€)d¢ we mean that

b b b
/ F(e)de = F(e)de = / / F(E1, 60, by )1 - dEnim.
a [a,b]vt™ a a

Note that [g... Z(0,t; €, s)dé = 1, there existsan A > 0 such that for (£, ¢®?)) €
[—A, A]n—f—m,
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lim sup (e + 7+ 60, 2@ +£@) — (2 + 60,20 1+ ¢®)] < ¢/3

|qj(1) |—>oo

and

20l [~ 206,66, 5)d6 < ef3.
It follows from (2.1) that

lim sup \u(x(l) + 7,29t s) — u(x(l), @ ¢ s)| < e,
|g;(1)|—>oo

where t € [s,T] and (») € B with B a bounded subset of R™. This shows that
every remote e/3-translation vector of ¢ is a remote e-translation vector of « and
therefore, u € RAP(R" x R™ x [s,T]). The proof is complete. |

Proposition 2.5. Let ¢, 0p/0z; € RAP(R™ x R™) and let v be as in
Proposition 2.4. Then du/dz; € RAP(R"™ x R™ x [s,T]).

Proof. Note that

Ou(w, t;s) _ 0Z(z, €, 5)
aZ fI,', t7 57 S aap 5
- — o 4= Z(z,t: €, s)dE.
/IR"+"L e(6) 9&; : rnim  0&; (. €, 5)dg
By Proposition 2.4 we get the conclusion. .

Proposition 2.6. If f(z,t) € RAP(R™ x R7) and

¢
u(zx,t) :/0 ds/Rner f(& 8)Z(x,t;&, s)dE

then w and du(z,t)/0x; (i =1,2,---,n+m) are all in RAP(R™ x R7?). The
proof is similar to that of Proposition 2.4, so we omit it.

3. A Typre oF BouNDARY VALUE PROBLEM

We will keep the notations in the last section and at the same time, introduce
the following new notations:

T = ((I,‘l,fI,'Q, T 7*7:71—1) £: (517527 T 7571—1)

and
X:(xvxn) C:(gvfn) Dn:{XGRn:xn>0}-
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In this section, we always assume: f, fi.., € RAP(R"! x D), h(z,t) >
const > 0, h, (Ah —h) € RAP(R%O_I), Oy Pz, € RAP(R! x D), ¢ €

C3(R"™ ! x D), and g, (Ag — g;) € RAP(R%O_I)-
Let

G(X, (1) =Z(X, 6§60, 7) + Z(X, 6§, &5, 7)
be the Green’s function for the boundary value problems [8, 15].
The following estimates are easily obtained:

/ ds [ G(X,t(,s dgH < my(T)
Dn

ds Z(X,t€,0,5)de| < mo(T
fo],. 7 |
[l 25t nen

where m;(T) (i = 1, 2, 3) are positive and increasing for 7" > 0 and m;(T") — 0 as
T — 0.

To show the main results of this section, the following lemmas are needed. The
first lemma is Lemma 3.1 on P15 in [9].

Lemma 3.1. Let ¢, ¢ and x be real, continuous functions on [0, 7] with x > 0.
If

wwsaw+4x@M@@ (te[0,7))

then

o(t) < () + / wm/ p)plds (€ [0,T)).

Lemma 3.2. Let ¢ be a continuous function on [0,7]. If ¢, x1 and xo are
nondecreasing and nonnegative on [0, 7] and

(3.0) @@SM@+M@A%@®+M@AtM$d8 (t € [0.7))

t—s

then
o(t) < PB)[1 + tx1 () + 2vExa ()] eX®

where
x(t) = txi(t) + 4VExa () xa (1) + 7x3 ().
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Proof. Replacing ¢(s) in the two integrals of (3.0) by the expression of the
right hand side in (3.0), changing the integral order of the resulting inequality, and
making use of the monotonicity of ¢, x; and x2, one gets

p(t) < ¢(t)[1+tX1(t)+2\/¥X2(t)]+[tX%(t)+4\/5X1(t)X2(t)+7TX3(75)]/0 p(s)ds.

Apply Lemma 3.1 to get the conclusion. ]

Lemma 3.3. Let F(X,t) € RAP(DR), é(,1),q(x,t) € RAP(RZ ) and
© € RAP(D™). Then the equation

- Au+qu=F(X,t) (X,t)e Dy
u(X,0) = ¢o(X) X eD"
Uy, (2,0,1) = ¢(x, 1) (z,t) e RE?

has a unique solution u, u is in RAP(D?%) and satisfies

T
[ullr < K(D)TIFllr+ el + \/T—MHT]

where K (T) = 2(1 + T||q||peTlal).
One sees that K (T') depends on ||¢||7 only and is bounded near zero.
Proof. The existence and uniqueness of the solution come from Theorem 5.3

on P320 in [11].
As [8, 15], the solution u can be written as

wxot) = [ pe a0 [ ds [ FEAGEC
s [ e e 960 ¢ ac

2/tds [ 92X 6,0, 5)du(a )

s [ al€.9)ul¢.9GX.0:¢5)de.

[e=]

So,

H¢Hs

ol <20l + 2 [ 17+ 2 [ a2 [ ol ulsas.

By Lemma 3.1 one gets the desired inequality.
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Now we show that u € RAP(DZ). As the proof of Propositions 2.4 and 2.6,
one gets v € RAP(D7).

u(x + 7,20, t) —u(z, Ty, t) = v(T + T, Tp, ) — v(T, Tny, t)
/ s [ al€5)u(C )G+ 7.0 15.5) = Glaon, 1G9
! ¢
=v(z+ T, Tpn, t) —v(T, Ty, t) —/ ds/ [q(x+7+E, s)u(x+T7+E, zp+En, 5)
0 n

—q(z + & s)u(z + & xp + &n, 8)]G(0, 85 ¢, s)dC

=v(x + T, Tp, t) — v(x, Tp, t)
/ds/ q(z4+7+E,8) —q(x+E, s)|u(z+7+E, xn+E&n, s)G(0,L; ¢, 8)dC

- / ds/ (@ AT+, 2+ Eny ) —u(@-+E, TntEn, $)]a(@+E, $)G(6, : C, 5)dC.
0 n

Note that

[ ate.960.16.9a < Blal,

where B is a constant.
As the proof of Proposition 2.4, for ¢ > 0 there exists A > 0 such that

t
ds [q(x + 7+E, s)—q(z+E, s)|u(x+T+E, 2 +En, $)G(0,t; ¢, 5)dC

n

¢
S/ ds / —I—/
0 (Rn=1\[-A,A]n—1) xR} J[—A,A]n—1xR

lg(z +7+&8). — gl + & 8)Ju(@ + 7 + & 20+ En, )G (0, 1,C, 5)[dC

t
Se—i—/ds/ lg(x+7+E,9)
0 [—A,A]n—1 xR,

—q(x+ & s)u(x+ 7+ & an +&n,8)G(0, ¢, 8)|dC.
Therefore,

distoo(Rru, u)y < distoo (Rrv,v)¢ + B - distoo(Rrq,q)t + €

t
B / distoo(Rot, u)s|qll s,
0

where

disteo(Rrq,q)y = sup disteo(q(- +7,5),q(+,8)).
s€[0,t]
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By Lemma 3.1, one has
distoo(Rru,u)y < mldiste (R0, v)e + B - distoo(Rrq, Q)¢ + €],
where m is a constant. This means that u€ RAP(D?Z). The proof is complete. m

Consider the following problem:

Problem 3.1. Find functions u € RAP(R" ' x Dr) and ¢ € RAP(R )
such that

w — Au+ gl hu= f(X,t)  (X,t) €D (3.1)
w(X,0) = p(X) X e D" (3.2)
U, (2,0,) = g(z, t) (z,t) € R (3.3)
u(z, a,t) = h(z, t) (z,t) € REL g€ (0,00). (3.4)

One sees that

(3'5) h(xv 0) = “P(xv a) Py (1‘, 0) = g(xv 0) T E Rn_lv

(3 6) ht(xv 0) = ut‘mn:a,t:O = [Au —qu+ f(Xv t)]i»‘n:mtio
' = Ap(X) =0 — a(2, 0)p(x, a) + f (2, a,0)

and

(3.7) 9e(2,0) = Utz lon—t,t=0 = A, (X) a0 — 4, 0)a, (2, 0) + f1, (,0,0)
It follows from (3.6) and (3.7) that
P, (2, 0)AQ(X)|2=a + [ (2, @, 0)pa, (2, 0) = he(2, 0)0m, (2, 0)
= @@, a) Ape, (X)|e,=0 + fa, (€, 0,0)p(x, a) — gi(z, 0)p(x, a)

Let V(X,t) = u,,(X,t) and W(X,t) = V,,(X,t). We have the following
two more problems for V' and W respectively.

(3.8)

Problem 3.2. Find functions V € RAP(R"! x Dr) and ¢ € RAP(R% ™)
such that

Vi — AV +q(z, )V = f, (X, 1) (X,t) € D& (3.9)
V(X,0) = ¢, (X) X € D" (3.10)
V(z,0,t) = g(z,1) (z,t) e R (3.11)
Vi, (z,a,t) = hy — Ah + qh — f(z,a,t)  (x,t) eRE! (3.12)
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Problem 3.3. Find functions W € RAP(R"! x Dr) and ¢ € RAP(R )
such that

Wy — AW + q(z, )W = fy, 2, (X, t) (X,t) e D%, (3.13)
W(X,0) = pz,z,(X) X e D" (3.14)
Wa, (2,0,0) = ge = Ag+4qg — fo,(,0,1)  (z,t) €RFH  (3.15)
W(z,a,t) = hy — Ah+ hqg — f(z,a,t) (z,t) e R (3.16)

Lemma 3.4. Problems 3.1, 3.2 and 3.3 are equivalent each other.

Proof. The existence and uniqueness of solution (V, ¢) of Problem 3.2 can be
easily obtained from that of solution (u, ¢) of Problem 3.1. Conversely let (V, ¢) be
solution of Problem 3.2, we show that Problem 3.1 has a unique solution (u, ¢). The
unigueness comes from the uniqueness of equations (3.1)-(3.3). For the existence,
let

(3.17) w(X, 1) = / Vs Oy + b, 1),

Obviously, u(X,t) € RAP(R"! x Dr) and satisfies (3.4). Also u satisfies (3.3)
because u,, (x,0,t) = V(x,0,t) = g(x,t). By (3.5) and (3.10) one sees that (3.2)
is true. Finally we show that « satisfies (3.1) and therefore, along with ¢, constitutes
solution of Problem 3.1. In fact,

up — Au + qu
o= Ahctaht [ Vi) — AV(p.0) + 6V (o )y
Tn 82 e 82 Tn
+/a a—ygv(xvyvt)dy_ W/@ V(xvyvt)dy

= ht — Ah +qh+ f(Xv t) - f(xvav t) + an(Xv t) - an(xvav t) - an(Xv t)
= f(X,1)  (by (3.12)).

Thus, we have shown the equivalence of Problems 3.1 and 3.2. Replacing (3.17)
by the function

V(X 1) = /0 " Wy, t)dy + g, )

the equivalence of Problems 3.2 and 3.3 can be proved similarly. The proof is
complete. -
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By Lemma 3.4, to solve Problem 3.1 we only need to solve Problem 3.3. By
(3.13)-(3.15) we have the integral equation about 1W:

W(X,t)

t
- / e, (OG(X, 1 ¢, 0)dC+ / ds / fere (C.)G(X, 1:C, 5)dC
Dn 0 Dn

(3.18) _/0 ds/nq(fjs)w(g,s)G(X,t;C,s)dC

-2 /Ot ds /Rn_l[gs —Ag+qg — fe,(£,0,5)]Z(X, £€,0, 5)d¢.
Rewrite (3.16) as
(3.19) q=1Lqg=h"t(2,t)[Ah— by + f(z,a,t) + W(z,a,t)],
where W is determined by (3.18).

One can directly test that Problem 3.3 is equivalent to (3.18)-(3.19).

Note that for a given g(z,t) € RAP(R% ), Lemma 3.3 shows that equations
(3.13)~(3.15) (or equivalently, (3.18)) have a unique solution W € RAP(R" ! x
Dr). Thus, (3.19) does define an operator L. Therefore, we only need to show that

integral equation (3.19) has a unique solution ¢ and ¢ € RAP(R%‘l). That is, L
has a fixed point in RAP(RZ ). Let

t
{||Ah—ht+f(x, wtllggi2lve i [ 5] feecorwatcac

To

_ M
}|h Y=g
To

Set B(M,T) = {g € RAP(R}™) : [lgllr < M} where T < Ty,. If ¢ € B(M, 1)
then by Lemma 3.3, W (X, t) is in RAP(R"~! x D) and so, by (3.19) Lq is in
RAP(RE) with

(3.20)

t
22| [las]  [Boatfe, (€.0.9)2(@.0.1:6.0.5)d¢

M .
IZallr < - + 12~ Iz [2ma(T)llgliz, + ma(T)[Wllr]M.

(3.18) %ives the estimate
Wil < 1206, I + 2ma(To)llg: — Ag = fo, (2,0, 8) |1, + 2Mma(To) gl

+ma (To) | fenanllTe + Mma(T)||W |7

Choose ty < Ty such that when T < ¢ one has 1 < 2(1 — Mmq(T)). It follows
that

Wl < 2{2[pa,z, | +2m2(To) lg: = Ag = fa, (2, 0, )|l 1, +2Mma(To) gl

+ma (To) [ fopen 7o }-
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Choose T; < tg such that when T < T one has
2[| 7, {ma(T) | gllm, +ma (T) (2l 02 |+2m2(To) | 9e— Ag = fr,, (2,0, 1) ||,
+2Mms(To)lgllm, + ma(To) | frnan )} < 5

and therefore, | Lq||7 < M.
Let g1, g2 € B(M,T). By (3.19), | L1 — Lg2 || < |~ Y| 7||W1 — Wa]|7. Note
that the function W = W, — W, is the solution of the following problem

Wiy — AW +qW =Wa(ge — 1) (X, t) € D,
Wa, (2,0,8) = (g2 — q1)g(x,t)  (x,t) e RGN

So, by Lemma 3.3 one has

VT
Wz < K(T)(—-lla1 = llrllgllr + Tllar - a2llzliWellr).

Choose T» < to such that for T < T, |h7Y |5 [|[Wh — Wallr < 3lla1 — aall7
Now, set ' < min{71,T>}. Then L is a contraction from B(M,T') into itself and
therefore, has a unique fixed point. Thus, we have shown

Theorem 3.5. Let functions f, g, h, and ¢ be as above. Then for small T
Problem 3.3 has a unique solution (W, ¢) in RZ with W € RAP(R"! x Dr) and

q € RAP(R} ).

Let (W?, ¢;) (i = 1.2) be the solutions of Problem 3.3 in D% for the functions
fz‘, gz‘, hi and sz‘_ Set hO — hl—hQ, fO — fl_f2y (,00 — @1_@2 and go — 91_92_
For the stability of the solution, we have the following

Theorem 3.6. For 0 <t < T, one has
ch - Q2Ht
< cr|[R°ls + callg®lls + esll £l + call@l, |
+C5th - Aho - fo(xv a, t)Ht + C6ng9 - Ago —f2 (1‘, 07 t)Htv

Tn

where ¢; (1 < i < 6) depends on ¢, [[A7" [l [lg*lle. 1£,0, ler 25,0, 1 lgnles llazlle
and [lg; — Ag' = £, (2,0, 0)]w

Proof. By (3.16),

a1 —q = (RHTHARY — hY + Oz, a,t) — guh® + Wy — Wh).
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So,

ch - Q2Ht

(3.21)
< D) THIAR =R+ £ (2, a, t) e+ [lgzllell 2Ol + W2 — W]
Note that the function W = W; — W5 is the solution of the problem
Wy — AW + oW = f2 . —Wilq1 — ¢2) (X,t) € Dy,

W(X,0) = (X) X eDr

Panan
W, (2,0,8) = g9 — Ag® + g2g° — [0 (2,0,8) + (q1 — go)g'  (x,1) € RE.
Use a formula similar to (3.18) and Lemma 3.2 for function 1/, one gets

g

t t
< {tufgmHt+usogmH+2\/;Hq2utug°ut+2\/;ug?—AgO— 0 (2,0,)]]
'f It [l — ol 'f
Wl [l = aolds + 121 ] Sds}exp{ [ leldo
H Ht 0 H HS ﬁ 0 \/m 0 p

Apply Lemma 3.2 and (3.21), one gets the desired conclusion with
cr = o(t)lI(h") " ellazlle
cy = 2¢(t) \/7!! R e HQ2HteXp{/ g2l ss}
es = 100 (") exp / a1l

cs = o) (n1)” 1HteXp{/O g2 sds
cs = o) (A1) e

c6 = 24(t) \/7!! h') 1Htexp{/ lg2lsds},

o(t) = (1 +txa1(t) + 2\/¥X2(t))etx(t)
X(8) = A (1) + 4VExa () xe(t) + x5 (t)

xi(t) = (A1)~ (1) expf /0 lqallods)

xa(t) =W‘”QH(hl)_lHtHngteXp{/O lg2llsds}

where
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and ®(t) is majorant of ||WW1]|¢. Specially, one can assume that

t i_A 1_fa%n( 0,5)]] t
(I)(t) = <Htpi‘na}nH +t”f%nmn”t+ 0 lg ;q/ﬂ'(t—s)m > dS) eXp{fs HQIHSdS}-

The proof is complete. ]

Corollary 3.7. Under the conditions in Theorem 3.6, the solution of Problem
3.3 is unique.
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