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THE L, UNIQUE SOLVABILITY OF THE FIRST INITIAL
BOUNDARY-VALUE PROBLEM FOR HYPERBOLIC SYSTEMS

Nguyen Manh Hung and Vu Trong Luong

Abstract. The main purpose of the paper is to prove the existence, uniqueness
and smoothness with respect to time variable of the generalized L,-solution
of the first initial boundary value problem for higher hyperbolic systems in
cylinders with non-smooth base. We also show that the smoothness with
respect to time variable of the generalized L,-solution is independent of the
smoothness of base of cylinders.

1. INTRODUCTION

We are concerned with initial boundary value problems for higher hyperbolic
systems in non-smooth domains. These problems have been studied by many authors
[3-8], whose main results are on the unique existence of the solution and asymptotic
expansions of the solution. However, they are based on L»-theories.

In the present paper, we will establish the well-posedness and the regularity with
respect to time variable of L,,-solutions of the first initial boundary value problem for
higher hyperbolic systems, which bases on a generalization of Garding’s inequality
and the approximating boundary method [8]. First, we prove the lemma which
is denoted as approximating boundary lemma”, then we use it to establish the
existence and the uniqueness of the generalized L,-solution with 1 < p < 4o0.
After that, by modifying the arguments used in the section above, we can prove the
smoothness of the generalized L,-solution with respect to time variable.

Our paper is organized as follows. In Section 2, we introduce some notation and
formulation of the problem, and we also state and prove the approximating boundary
theorem, the essential tool in solving the problem. The main results, Theorem 3.1,
3.2 and 3.3, are stated in Section 3, and the proofs of the main results are given in
Section 4.
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2. NOTATION AND FORMULATION OF PROBLEM

Let ©2 be bounded domain in R™, n > 2, with boundary 99Q2. Set Qr =
Qx(0,7),0<T < 4o00,Sp =002 x (0,T). Let u = (uy,...,us) be a complex
- valued vector function, we denote:

J J o, a a
ujtk:—atk"utk:(ultk"” Stk) D uj aix?lxgnjD 'U,—(D 'Ll,l,...,D 'U,S)7
for each multi index o = (a1, ..., ), || = a1+ - -+, Let p be a real number

with 1 < p < +o0.
We denote by W,"(€2) the space of all functions v = u(x),x € Q that have
generalized derivatives D*u € L,(Q2), || < m. The norm in this space is defined

as follows:
1/p
s Hmp:</ 3 D% ‘pdx) .

|| =0

In particular, WIQ(Q) = Ly(Q). I/?/;”(Q) is the completion of C§5°(£2) in norm
of the space W;"(€2). W;”’I(QT) is the space consisting of all functions v =
u(z,t), (x,t) € Qr having generalized derivatives D®u € L,(Qr), || < m, and
ur € Lp(Qr), with norm

T ( /Q A S 1D + fu) ds dt)l/p.

|| =0

Wit (Qr) is the closure in W, (Qr) of the set consisting of all functions in
C*(Qr), vanish near St denoted by C5°(Qr).
We introduce the partial differential operator of order 2m

2.1) L = L(z,t; D) Z D° (g, D7),
ol 181=0

where a,g are s x s— matrices of functions with complex values, and a.s are
infinity differentiable in Q1 and an3 = a*o3, Where a*,3 denotes the transposed
conjugate matrix of a,3. We have the following Green’s formula

/ Luvdz = B(u,v;t)
Q

which is valid for all u,v € C§°(€2) and a.e. ¢t € [0,T), where

m
B(u,v;t) Z /aag DﬂuDavdx
], |B]=0
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We also suppose that the form B(.,.;t) is W3*(Q)- elliptic uniformly with
respect to t € [0,T), i.e., the inequality

(22) B(u, u, ;) > yollulliy o)

is valid for all w € W5*(2) and all ¢ € [0,T), where ~ is a positive constant
independent of » and t.

From condition (2.2), we get the generalized Garding inequality

(2.3) sup
vESy

B(u,v58)| = 7 ullmp
witha.e. ¢ € [0,T), for every u € W7 (), where the constant v, = 1 (n, m, p, Q)

. 1 . . .
>0, 1 < p,q < oo are real numbers with — 4+ — = 1, and .S, is the unit ball in
p q

I/?/g”(ﬂ), (see [9, 10, 11]).
Set

m
Bi(u,n) = Z / aapDPu D dxdt + / ugTpdxdt.
lal|8]=0" QT @r

for all u € W' (Qr),n € W7H(Qr).
If 1 < p < 2, then we have the following lemma:

Lemma 2.1. There exists a constant v, = 7y2(p, n, m, |2, T) > 0, such that
(2.4) sup{‘Bl(u, 77)| ine ‘X/ZH’I(QT% [7Mlm,1:0 < 13 > v2llullm, 100
for every u € I/?/;”’I(QT).

Proof. ~ We prove this result with « € C5°(Qr). Suppose that there is no
2 > 0 such that (2.4) holds true. Then there is a sequence {u} C C3°(Qr) with

[|wk|lm,1;p = 1 and

for every k > 1.

° 1
(2.5)  sup{|Bi(ug,n)|: 1 € W"NQ1), [nllm,1:q < 1} < T

Using condition (2.2), we obtain

@) [Bilunu)] = vl + [ JuaPdodt > Crlulf

T
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On the other hand, by using Holder’s inequality with 1 < p < 2,p* = %, g =

_2
2—p!
we have

@D sl = Y [ 1D%uPdzdt+ [ ul? dedt < ol
|Oc|:0 Qr Qr
Cy = Cy(p, 2], T) > 0. Combining (2.6) and (2.7), we get
| By (ug, ur)| > Cllull7, 1,5

where C' is a constant independent of k.
We get from the inequality above and (2.5) that

1
2 _
ukllmap < ek forevery k =1,2,....

which contradicts ||ux||m,1;, = 1. Therefore, there is a constant v, > 0 such that

(2.4) holds true. Since u € C§°(Qr) which is dense in I/CI)/;”’I(QT), this completes
the proof. [ |

In this paper, we consider the following problem in the cylinder Qr:

(28) Lu — Ut = f, f € Lp(QT)
with the initial conditions
(2.9) ul,_y =0,uf,_, =0

and the boundary conditions

u .
(2.10) w|ST=0;j=0,1,...,m—1,
dlu . . .
where £ are derivatives with respect to the outer unit normal of Sr.
1%

Definition 2.1. A function w is called a generalized L,-solution of problem
(2.8) -(2.10) if and only if u belongs to I/CI)/;”’I(QT), u(z,0) = 0, and the equality

(2.11) Z / aagDﬂuDandxdt—i—/ ug M da dt = fndxdt
jal,|8]=0" @7 T @r

holds for all € W™ (Qr).
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In the case p = 2, w is called a generalized L,-solution and its unique existence
is established in [7, 8]. To consider problem (2.8) -(2.10), we need to prove the
following approximating boundary result.

Lemma 2.2. Let Q be a bounded domain in R™. Then there exists a sequence
of smooth domains {2¢} such that ¢ C Q and lim._,o Q2° = Q.

Proof. ~ For € > 0 arbitrary, set S° = {x € Q : dist(z,0Q) <e},Q* =Q\ S°
and 09Q¢ is the boundary of 2°. Denote by J(z) the characteristic function of Q¢
and by Jj,(z) the mollification of J(z), i.e.

Jn(z) = - On(z —y)J (y)dy,

where 6y, is a mollifier. If h < £, then .J;,(x) has following properties:

1 )=0if z ¢ QF;

(1) Jn(z

(2) 0< Ju(z) <1,Vz € Q:
(3) Jn(z) =1in Q%;

(4) Jn € C°(R™).

We now fix a constant ¢ € (0,1), set Q2 = {x € Q: Jp(x) > c}. It is obvious
that Q2 S QF D Q2. Therefore, (£ C Q and lim OF = Q.

Assume that K is the critical set of Jy, |e K consisting of all pomt x, such
that the gradient of .J, at = vanishes. A number ¢ € R such that .J, ' (c) contains
at least one z € K is called a critical value. By Sard’s theorem then the set of
critical values of .J;, is of measure zero (see[12, Theorem 1.30]), it implies that
there exists a constant ¢y € (0, 1) such that ¢ is not a critical value of .J,. Denote
Qs ={x € Q: Ju(z) > co} and F(x) = Ju(z) — co. Forall 2 € 9QF , then
F(z%) = Jn(2%) — co = 0 and gradJy,(z") # 0. This implies that there exists a

a—;(xo) # 0, without loss of generality we can suppose that %(mo) # 0. Using

thezimplicit function theorem, we obtain that there exists a neignhbourhood W of
(29, ..., 2% ;) in R"~! a neighbourhood V' of 22 in R and an infinitely differentiable
function z : W — R such that = € U,o N 9N , where 0QF = {z € Q : Jp(z) =
ct, Uy =W x Vi ifand only if 2 = (x1,...,2,) € Uyo,xp = 2(x1, .oy Tn—1).
Hence, €2, is smooth and il_{% Qg, = Q. The lemma proved. |

Suppose that {2} is a smooth domain subsequence and lin% Q° = Q. Set
E—>
Q=0 % (0,T), 57 =00%x (0,T).
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We consider the following problem in the cylinder Q<.
Lu® —ug = f, f € C®(QF)
u6|t:0 =0, uﬂtzo =0

e
ovJ

g =0,forj=0,1,....m—1
T

If ftk|t:0 =0, for k = 0,1,..., then this problem has a unique function
u(z,t) € C°(QF). Moreover, u(.,t) € IX/Q”(QE), for all ¢ € [0, T, (see[3]). Set
u(z,t)  if (z,t) € Q%

0 if (z,t) ¢ Q%

ut(xz,t) =

—~ o

Then we(t) = u (., £) € W (), Vt € [0, 7] and w € Wi (Qr),p > 1.

3. FORMULATION oF THE MAIN RESULTS

In this section, we give the main results of the present paper:

Theorem 3.1. Assume that there is a positive constant x, such that coefficients
of operator 2.1 satisfy

sup {[aag| : (x,1) € Qr, 0 <a],|8| <m} < pn
and f € L,(Qr). Then problem (2.8) -(2.10) has at most one generalized L ,-
solution.
Theorem 3.2. Let the assumptions of Theorem 3.1 be satisfied.
(i) f1 <p<2and f € L(Qr), then problem (2.8)- (2.10) has a generalized

L,-solution v € W;”’I(QT), and the following estimate holds

(3.1) [l 1 < CIFIIG -

m,l;p =
where C'is a constant independent of v and f.

(i) 1f 2 < p, —2"

<gqand f, f, fu € Lp(Qr), then problem (2.8)- (2.10) in
n m

the cylinder Q7 has a unique generalized L ,-solution u € W;”’I(QT) and
the following estimate holds
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2
(3-2) el 1 < C D FrllE
k=0
where C'is a constant independent of « and f.

The following theorem shows that generalized L,-solution u € W;”’I(QT) of
problem (2.8)-(2.10) is smooth with respect to time variable ¢ if right hand-side f
and coefficients of operator (2.1) is smooth enough with respect to ¢.

Theorem 3.3. Let A be the nonnegative integer, and we assume that

(1) fix € Lp(Q7), k < h+2,
(2) ftk’tzo = va S ka S h7

8kaa5
(3) Sup{‘w‘,k< h+1:(2,t)€Qr,0< o], |8 <m} < p,

2n
<q.
n+2m

(4) 1<p<2o0r2<p,

Then the generalized solution u € I/CI)/;”’I(QT) of problem (2.8)-(2.10) has gener-

alized derivatives with respect to ¢ up to oder h in W;”’I(QT) and satisfies the
estimate

h+2
(3.3) lugn |15 < C Y Ml 00y
k=0

where C' is a constant independent of « and f.

4. Proors oF THE MAIN REsuULTS

4.1. Proof of Theorem 3.1 .
Firstly, we will prove the theorem in the cases p > 2. Since p > 2, W;”’I(QT) C

I/Cffg”’l(QT), implying that if « is a generalized L,,-solution, and then v is a gener-
alized Lo-solution. Hence, we obtain the uniqueness of a generalized L,-solution
from the uniqueness of a generalized Lo-solution.

Further, we will prove the theorem in the case 1 < p < 2. Suppose that problem
(2.8) -(2.10) has two generalized L-solutions wq, ua. Put u = uy — us, then (2.11)
implies that

(4.1) Bi(u,m) = Z / aag(x,t)DﬂuDandxdt—i—/ ug My drdt =0
laf,|B]=0"=T r
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holds for all n € I/CI)/Z,”’I(QT).
Combining inequality (2.4) with equality (4.1), we obtain

Yelltllm,1p < sup{|Bi(u, m)] : 1 € W (Qr); Inllm,1,4 < 1} = 0.

Hence, © = 0 in Q7. This completes the proof of theorem.
4.2. Proof of Theorem 3.2

421 Inthecase 1 <p <2
We need the following assertion:

Proposition 4.1. Suppose that f € C>®(Qr), fu| _.=0,fork=0,1,... and

10
sup {[aas| : (2,t) € Qr,0 < |a], 18] < m} < p.
Then w¢ is a generalized L ,-solution of problem (2.8) -(2.9) in Q% satisfying
1[5, 15 < CIFIG
where the constant C' is independent of ¢, u and f.

Proof. From w¢ satisfying system (2.8) in Qr replacing f by f where
- Jf@n, (@nes
0, (x,1) ¢ Q%

after multiplying (2.8) by 77,7 € I/CI)/Z,”’I(QT), integrating on Q7, we get

/ Lu¢fdadt — / Wy ndrdt = | fodedt

T T QT

By using Green’s formula and integrating by parts with respect to ¢, we obtain from
the equality above that

(4.2) Bi(ut,n)= [ frdzdt

QT
This clearly shows that u< is a generalized L,-solutions of problem (2.8) -(2.9) in
Q% otherwise, using Holder’s inequality and inequality (2.4), we conclude from
(4.2) that

17150 < CIFNG - .

Now we prove the existence of the generalized L,-solution of problem (2.8) —
(2.10) in Q7, when the assumptions of Proposition 4.1 are satisfied.
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Proposition 4.2. Let the assumptions of Proposition 4.1 be satisfied. Then

problem (2.8)-(2.10) in cylinder @ has a generalized L,-solution v € W (Qr)
which satisfies

(4.3) 1 < CIIG,

m,l;p =

where C' is a constant independent of « and f.

Proof. By Proposition 4.1 we have

(4.4) 11710 < CUFIG

m,l;p =
where the constant C' does not depend on e. It means that the set {u®}.~¢ is
uniformly bounded in the space W;”’I(QT). So we can take a subsequence, denoted

also by ¢ for convenience, which converges weakly to a function v € W;”’I(QT).
We will show that w is a generalized L,,-solution of problem (2.8)- (2.10) in cylinder

Qr. In fact for all n € Wi (Qr), there exists ns € C*°(Qr) such that 15 = 0 in
Q1 \ Q%, and ||ns — 1||m,1;p — 0 when § — 0. Since u* is a generalized solution
of problem (2.8)- (2.10) in the smooth cylinder 7., we have

Z / 0 DU D5 da: dt + / UTs, dedt = [ f75 de dt.
lal.[8]=0 T @r

Reforming this equality in to

Z / s DPue D5 da dt + / Wiy dedt = | fis da dt.
lal.8]=0 T @r

Passing to the limit when ¢ — 0,9 — 0 for the weakly convergent sequence,
we get

Z / aagDﬂuDandxdt—i—/ ut), de dt = frndxdt.
a1 1=0 @r or

Since I/CI)/;”’I(QT) is imbedded continuously into L,(2), the trace sequence
{u*(z,0)} of {u(x,t)} converges weakly to the trace u(x,0) of u(z,t) in L,(Q).
On the other hand, u°(z,0) = 0, so that u(x,0) = 0. Hence, u(z, t) is a generalized
L,,-solution of problem (2.8)- (2.10). Moreover, from (4.7) we have

17

< CIf1I6., m

[l 1 < lim [

E—)

m,1;p



2374 Nguyen Manh Hung and Vu Trong Luong

Proposition 4.2 stated the existence of generalized L, -solutions of problem (2.8)-

(2.10) in I/CI)/;”’I(QT) when f € C*(Q) and ftk|t 0 =0, fork=0,1,.... We

now establish the problem when f € L,(Q7).
Proof of Theorem 3.2.
Denote
0 if (z,1) # Qr
fu(w,t) = f(z,t) if (2,t) €Qr,t > h
0 if (z,t) € Qr,t <h

forall h > 0. We will denote by g, the mollification of f,, then g, € C*(Qr), gn =
2 2 2
0,t < % and gn — fin L,(Qr). By Proposition 4.2, problem (2.8)-(2.10) has a

o m,l

generalized Ly-solution u, € W, (Qr) with replacing f by g», and the following
2
estimates holds

(4.5) lunll7 1 < Cllgnllo,

where C'is a constant independent of ~, v and f. Since {gx} is a Cauchy sequence
2
in L,(Qr) and inequality (4.5), it follows that {u;} is a Cauchy sequence in

o m,l o m,l

w, (Qr). Hence, up, — u € w, (Qr), then w is a generalized L,-solutions of
problem (2.8)- (2.10) and satisfies

< CIf1I6.,

ull71:

Thus, the theorem is proved in the case 1 < p < 2.

4.2.2. Inthe case 2 < p < o
Analogous to cases above 1 < p < 2, we need prove the following assertion:

Proposition 4.3. Suppose that f € C*°(Qr), f 0,fork=0,1,... and

10 =

ﬁaa

SUP{! Jaagl : (2,t) € Qr, 0 < |al, 8] <m} < p.

Then u¢ satisfies

7,1 < CZ 1fe 116,

where the constant C' is independent of ¢, u and f.
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Proof. We have that u satisfies system (2.8) in Q1 with replacing f by f

therefore, after multiplying (2.8) by w, v € C°°(2), integrating with respect to = on
Q, we get
/ Lu¢(t)vdx = / (F(t) + uts(t)) vdz
Q Q
where we set f(t) = f(.,t). By using Green’s formula, we obtain

(46) Bl (t)vit) = ( /Q Pty de + /Q by dz).
By the equality above, it is easy to see that

4.7) (B(Js(t),v;t)(g (/Qf(t)mx(ﬂ/gﬁtt(t)mx(.
Set

Fv) = / ucy (1) Tde, Yo € C°(Q), for ae. t € (0,T)
Q
and using Hol der’s inequality, we have

[P )] < I a®llozlvloz

Since +T; < ¢ < 2, itis easy to check validity of the following inequalities:
n m

mq <n

n < mgq or
2 <
n —mq

Therefore, I/?/g”(ﬂ) is imbedded continuously into Lo (£2) (see[1]). Hence, we have
[vllo2 < Collvllog-
It implies
|E)] < llusee () llo,2l1v]lo.g < Collugy()lo,2, Yo € S,
Using the estimates for the generalized L,—solution (see[7, 8]), we get
()l < Ca (1B llo2 + I1fu®llo2), for ae. t € (0,7).

As p > 2 and Hbolder’s inequality, we obtain

10032 = [ Worar< ([ romta) o,
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P

Therefore, || f()lo2 < [Q2@=2 || f(t)]lop. It implies

g, (t)[lo,2 < Co

/N

1F@Ollop + 1£:(®)lo ).

It means that

(48) F @) < C (I Ollop+ 1fellop) Vo € S,

Otherwise, by using Holder’s inequality, we have the following inequality:

@9 | [ FO7da] 15Ol lolos < 1 @los Vo € S,

Because COOO(Q) is dense in I/?/g”(ﬂ), (4.8) and (4.9) holds for all v € IX/Q”(Q).
Substituting (4.8) and (4.9) into (4.7), we get

sup [0, 0:0)| < €5 (1l + 10 )

vESy

From the inequality above and Garding’s inequality (2.3), we obtain

Yl (B lmp < C (Hf(t)Ho,p + Hft(t)Ho,p>-

Therefore,

(4.10) 1) lm.p < Ci (Hf(t)Ho,p + Hft(t)Ho,p>

Cs . . . .
where Cy = =2 is a constant independent of e. Due to the use of Holder’s inequality
71
again

r

S () (S )’

k=0
and putting b, = 1 in this inequality, we get

p p
@11 (1@lop+ 1£ONs) < 25 (IS0, + 15O, ).

Combining (4.10), (4.11), we conclude that

412) L2, < Cs (Hf(twa’,p T Hftu)rra’,p)
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where the constant C5 does not depend on e.
By the derivation of the equality (4.6) with respect to ¢ and the arguments
analogous to the estimates above, we obtain

(4.13) L)z, < G (Hftmua’,p n ufttu)rra’,p)

From (4.12), (4.13), it implies
4.14) w15 + (D) 8p<CZHftk )o,p forae. te(0,7)

where constant C' does not depend on . So by integrating with respect to ¢ from 0
to 7" we get

17 1 < CZ £k 1165

This completes the proof. ]

By the arguments analogous to the proof of the case 1 < p < 2, we get proof
of Theorem 3.2 in the case p > 2.

4.3. Proof of Theorem 3.3

We only need to prove the theorem in the condition f € C*(Qr), fir|i=0 = 0,
for k =0,1,...; in other conditions, the theorem is proved by arguments analogous
to the proof of Proposition 4.2 and Theorem 3.2.

43.1. Inthecase 1 <p <2

The theorem is proved by the induction on h. According to Theorem 3.2, the
theorem is valid for h = 0. Now let the theorem be true for ~ — 1; we will prove
that this also holds for h. N

From ue satisfies system (2.8) in Q7 with replacing f by f, we have

(4.15) Luf —u, = .

After differentiating equality (4.15) h times with respect to ¢ and multiplying that
retrieved equality by 77,7 € C3°(Qr), we integrate this equality on Q7, and the
obtained equality will be

>,

(aqpn—rDOus, )ndxdt/ Jﬁthﬂﬁdmdt:/ fnmdz dt.
T |al,|8/=0 T T
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By using Green’s formula and integrating by parts, we get

By (ug,, /fthndwdt— ( )/ Z (o pih kDﬂu LD dx dt.
Q

T lal,|8]=0
Therefore,
h 1 s
\Bl Uy, 1 \<| fthndxdtHZ Z aopih—kD ukDO‘ndxdt.
Qr
lal,|8]=0
From the inequality above and Holder’s inequality, we have
(4.16) |B1 (g, )| < ClLfrllop + D lugillmasp)1nllm1iq
k=0

Since C3°(Qr) is dense in W (Qr), (4.16) holds for all € W' (Qr). B
using equality (2.4) and the induction assumption, we obtain

Huth Hm Lip < Cl Z Hftk Hg,p
k=0

where C' is a constant independent of e, u.
Since u® converges weakly to the generalized solution u € W;”’I(QT), the u
has generalized derivatives with respect to ¢ up to oder 4 in Wm’l(QT) and

HuthHmlp < hm” Hmlp < CZ”ftkHLp(QT

4.3.2. Inthe case 2 < p < c©

The theorem is proved by the induction on A, a similar method used to prove
the theorem in the cases 1 < p < 2. According to Theorem 3.2, the theorem is
valid for h = 0. Now let the theorem be true for h — 1; we will prove that this also
holds for A

Differentiating equality (4.6) h times with respect to ¢, we get

/ Z aagxtDﬂ L Do dx

|O<| |8]=0

-1
= < )/ Z (@ap) - kDﬂ’LL Devdx

|a],|8]=0

/ﬁhﬂd$—|—/’iﬂh+25d$).
Q Q
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It follows that

‘B(Jsth,v;t)‘ < ‘/Q};mdx‘ﬂ/iﬁtmﬂdx‘

h—1
+‘Z< )/ Z (@ap)ih- kDﬂutkDavdx
k=0

|a],|8]=0

(4.17)

By the arguments analogous to the proof of Proposition 4.3, we have inequalities

h+1
(4.18) ‘/uEth+2vdx‘ < clzuftk lo.ps Vo € S,
and
(4.19) | /Q Fuda] < (1) lopr 0 € S,

By using Holder’s inequality, it is easy to see that

h—1

‘ < )/ Z (aap)h— kDﬂ’U, Davdx‘

k=0 |al,|B]=0

h—1 h
< M(k) /Dﬂu D%dw‘

-1 m i
<>u(}) Z D24 ()01 D0l

k=0 |al,|B]=0

h—1 h—1

< Cy Z Hutk Mlmpllvllm,g < Co Z Hutk )lm.p, Vv € Sg-

k=0
Substituting (4.18), (4.19) and (4.20) into (4.17), we obtain

h+1

@21) {B(zﬁthu)vwkcg(mutk M+ 3 15Ol ) ¥0 < 5

Because COOO(Q) is dense in IX/Q”(Q), (4.17) holds for all v € IX/Q”(Q). By using
Garding’s inequality (2.3), we obtain

h+1
N ()l < 50 [Bla, v )| < 03<Zuutk O)llmp+ D 1S (2 Hop>

’UEq k=0
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Therefore,

h—1 h+1
[[u¢en (8) lmp < Ca ( > NG Ollmp + D I f (t)Ho,p>
k=0 k=0

for all most everywhere ¢ € (0,7"), where the constant C; does not depend on e.
From the inequality above and Holder’s inequality, we get

h—1 h+1
(4.22) [uen (B)I7,p < Cs ( Dol Ol + D Il fo (t)Hg,p)
k=0 k=0

where the constant C5 does not depend on e. So by integrating with respect to ¢
from 0 to T and using the induction assumption, we have the inequality

T h+1
(4.23) /0 lueen (B)|I5, pdt < Co % 1711z, )

By differentiating equality (4.6) repeatedly h + 1 times with respect to ¢ and the
arguments analogous to estimates above, we have the inequality

T h+2
(4.24) | s Ot < G5 - 1l
k=0

Combining (4.23) with(4.24), we obtain

h+2
[usn 1 < C D N fllT 00
— »(QT)

where C' is a constant independent of ¢, w and f. Since u. converges weakly to
generalized solution u € W;”’I(QT), the w has generalized derivatives with respect
to ¢ up to oder % in W' (Qr) and

h+2
gl 1 < i 1517, 1 < © DNl
e—0 k=0
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