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THE ASYMPTOTIC TIAN-YAU-ZELDITCH EXPANSION
ON RIEMANN SURFACES WITH CONSTANT CURVATURE

Chiung-ju Liu

Abstract. Let M be a regular Riemann surface with a metric which has
constant scalar curvature p. We give the asymptotic expansion of the sum of
the square norm of the sections of the pluricanonical bundles K7;. That is,

dm—1

i=0 2m

where {So,---,S4,,_1} is an orthonormal basis for H°(M, K7*) for suffi-
ciently large m.

1. INTRODUCTION

Let M be an n-dimensional compact complex Kahler manifold with an ample
line bundle L over M. Let g be the Kahler metric on M corresponding to the Kahler
form w, = Ric(h) for some positive Hermitian 2 metric on L. Such a Kahler metric
g is called a polarized K&hler metric. The metric ~ induces a Hermitian metric A,
on L™ for all positive integers m. Let {So,---,Sq,,—1} be an orthonormal basis
of the space H®(M, L™) with respect to the inner product

(L.1) (5.T) = /M<s<w>, (@)1, dV,,

where d,;, = dimH%(M, L™) and dV,, = fl—‘r{l is the volume form of ¢g. The quantity

dm—1

(1.2) > 1S,
=0
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is related to the existence of Kahler-Einstein metrics and stability of complex mani-
folds. A lot of work has been done for (1.2) on compact complex Kahler manifolds.
Tian [6] applied Homander’s L?-estimate to produce peak sections and proved the
C? convergence of the Bergman metrics. Later, Ruan [5] proved the C> conver-
gence. About the same time, Zelditch [7] and Catlin [4] separately generalized the
theorem of Tian by showing there is an asymptotic expansion

dm—1
A3 3 ISR, ~ ao(ym’ + e (@ym ™ ap(e)m =

for certain smooth coefficients a;(x) with ag = 1. In [10], Lu proved that each
coefficient a;(x) is a polynomial of the curvature and its covariant derivatives. In
particular, a; = £, where p is the scalar curvature of M. These polynomials can be
found by finitely many steps of algebraic operations. Recently, Song [3] generalized
Zelditch’s theorem on orbifolds of finite isolated singularities. The information on
the singularities can be found in the expansion.

On the Riemann surfaces with bounded curvature, Lu [9] proved that there is
a lower bound for (1.2). Later, the result of Lu and Tian [8] implies that on the
Riemann surfaces with constant scalar curvature p, the asymptotic expansion (1.3)

is given by
dim—1

> I, ~ w1+ )40 (o)

for any p > 0. In the current paper, we obtain a more precise result for (1.3).

Theorem 1.1. Let M be a regular compact Riemann surface and K ,; be the
canonical line bundle endowed with a Hermitian metric /4 such that the curvature
Ric(h) of h defines a Kahler metric ¢ on M. Suppose that this metric g has
constant scalar curvature p. Then there is a complete asymptotic expansion:

dm—1 (log m)2
> el ~ ml1 4 ) 40 ()
=0

where {So, - -+, Sq,,—1} is an orthonormal basis for H °(M, K'%) for some m >
max{e20V5 + 2|p|, |p|*/3, 1 /%}, where § is the injective radius at z.

Our result indicates that the asymptotic expansion (1.3) is in exponential decay.
Englis [2] has an asymptotically expansion for the Berezin transformation on any
planar domain of hyperbolic type. He also showed that Berezin kernel [1] has

B(n,m) =m (1+0(1)po(0) 75 )

where p(0) is a positive constant.
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2. GENERAL SET Up

Let M be an n-dimensional compact complex Kahler manifold with a polarized
line bundle (L,h) — M. Choose the K-coordinates (zi,---,z,) On an open
neighborhood U of a fixed point xy € M. Then the Kahler form

V-1
wy = o Z 9opdza N dzs
a,f=1
satisfies

oprt g o
o (w0) =0,
0z -+ 0zp
for a, 3 =1,---,n and any nonnegative integers py, - - - , pp, With p1+- - -+p,, # 0.

We also choose a local holomorphic frame ¢;, of the line bundle L at z¢ such
that a is the local representation function of the Hermitian metric h. That is,

V=1 _
Ric(h) = —2—8810g a.
™

(2.1) 903(0) = 043,

Under the K'-coordinate, the function a has the properties

ap1+~~'+pn

(2.2) a(zo) = 1, m(a)(xo) =0

for any nonnegative integers py, - - -, pp, With p1 + - - -+ p, # 0.
Let {So,---,Sq,_1} be a basis of H°(M, L™). Assume that at the point
o € M,
So(xo) 7&0, Sz(xo) :07 ’i=1,--- ,dm—l.

If the set {So, - -+, S4,,—1} is not an orthonormal basis, we may do the following:
Let the metric matrix

EJZ(SHSJ)v ivjzov"'vdm_l
with respect to the inner product (1.1). By definition, (F;) is a positive definite
Hermitian matrix. We can find a d,,, x d,,, matrix G;; such that

dm—1

= > GaG.
k=0

Let (H;;) be the inverse of (G;;). Then {Zd’"‘l H;;S;} forms an orthonormal
basis of H°(M, L™). The left hand side of (1.2) is equal to

dm 1 dm -1 dm -1

(2.3) Z | Z HijSj(xo)ll7,, = Y [Hiol[lSo(zo)ll,,-

=0
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Let (1;;) be the inverse matrix of (F;;). Denote that

dm—1
(2.4) > [Hiol® = Ino.

=0
In order to compute (2.4), we need a suitable choice of the basis {So, - - -, Sq,,—1}-

We select some of Tian’s peak sections in our basis. The following lemma is an
improved version of Tian’s result [6, Lemma 1.2], which is done by Lu and Tian.

Let Z7 be the set of n-tuple integers P = (p1,-- -, pyn) such that each p; is a
nonnegative integer for i = 1,-- -, n. For P € Z, we denote that z”" = 2" ... 2"
and |P| =p1+ - pn.

Lemma 2.1. ([Tian]). Suppose Ric(g) > —Kw,, where K > 0 is a constant.
For P € Z7 and an integer p’ > |P|, let m be an integer such that

m > max{e?Vr ok SPIEY
Then there is a holomorphic section S p,,, € H°(M, L™), satisfying
(2.5) ‘/ HSp,mH%deg - 1‘ < Ce_%(logm)Q'
M

Moreover, Sp,, can be decomposed as

SP,m - SP,m —UpPm

such that
logm
ApzPem xe{|z] < —=—=}
2 L )
(26) Spm(w)=Apn () pep— vam
’ (logm)2 logm
0 zeM\{|z| < Nk
and
@7 [ urnl, v, < ceieEm,
M

where 7 is a smoothly cut-off function
1 foro<t<i,
n(t) =
0 fort>1.
satisfying 0 < —n’(t) < 4 and |n"(¢)| < 8 and

(2.8) A\p2 = |2P 2a™dV,.
|zl <o
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Proof. Define the weight function
2 2
i (s o (MRl Y
(2) =(n+ p)n<(logm)2 %  Togm)?
A straightforward computation gives

100m(n + 2p’)

(2.9) V—=190¥ > — oz m)?

g-

By using (2.9), we can verify that

2T
v—=1

For P € Z", consider the 1-form

_ 1
(00¥ + (Ric(h™) + Ric(g)), v A0)g > ZmHng

5 ml|zf?

'U)P:an( )Pm

(logm)2’* L

Since wp = 0 in a neighborhood of xy, we have
/ lwpl2, e ¥dV, < +oc.
M

By [6, Prop. 2.1], there exists a smooth L™-valued section up such that dup = wp
and

4
(2.10) / lupl2, e~¥dV, < —/ lwpl2, e~ ¥dV, < oo,
M m Jm

By direct computation, we get

_ C(logm)?®—1)
[ uplf e, < SRER—— [

Under the K-coordinate, we have

m(—|21*+0(|z*))

m mloga —e )

a =e€
Hence we get

2(p—1+
/ HuPH% e—llldvg < Cl (IOgm)—’— (p ") e—%(logm)2
v m — mptn

m|z|?
(logm)?

for some constant Cy. Let Sp,, = Apn(
result in [10]

)zFem and up,, = Apup. Use a
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for some constant C,. Then we have
/ HUP,mH%deg < C(logm)2(|P|—1+n)e—%(logm)2_
M
Choosing m > 3®'~1+7) e obtain

/ lupamllZ.. dV, < Ce—toem?, .
M

3. ProoOF oF THEOREM 1.1

Proof. Let M be a smooth compact Riemann surface with a metric g that has
constant scalar curvature. Let xq be a fixed point. Let

U = {z : dist(z, x0) < 0},

where § is the injective radius at x¢. It is well known that on a Riemann surface
there is an isothermal coordinate at each point on U. We may assume that there is
a holomorphic function z on U and it defines the conformal structure on U. That
is,

ds® = gdzdz
and g > 0. The metric ¢ satisfies
9g
(3.1) Alogg=—p, g(zo)=1, and Z%(z0) =0,
where )
0
A = —1
I 9z07

is the complex Laplace of M. Since the metric g has conformal structure, it is
rotationally symmetric. We can write (3.1) in polar coordinates (r, 0):
0%g n 109 1,0¢g dg

_)2 = _4pg27 g(ov 9) = 17 _(07 9) = 07

2 L9 29 C
(3:2) or2  ror 9(81" or

where z = re', and |z|? = 2. There exists a solution

(33) .
. 9= 55
(1+ 5l2?)?
to (3.2) for |z| < 1/—% if p < 0. Suppose that there exists another solution g; to
(3.2). We have
Alog(g1/g9) =0 and gi(zg) =1.
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For p < 0, let 1y < 1/—%. Since ¢ and g; are rotationally symmetric, they

remain constant on |z| = ro. The harmonic function log(g/g1) is a constant on
|z| < ro by Maximum Principle. By definition, we have g(zy) = gi(zo) = 1.
Therefore, the solution in (3.3) is unique around zy. By the same reason, g = ¢;
on {dist(z, zo) < 41} for some &, < ¢ for p < 0.
Let a be the local representation of the metric ~ on K, such that
\/__

1 -
—Wﬁﬁloga = wy.

If we normalize a and « satisfies
Oa

(3 ) oga ; a’(xO) ’ Oz (xO)
Since
0?2 !
T 920z 81T Y

log a is also rotationally symmetric. Since
2

(L4 82P) 7, it p£0;

(3.5) a= ,
e 2%, if p=0.

satisfies (3.4), the local uniqueness is due to the same reason.
logm

We need to choose sufficient large m such that I < min{J, %}. With
these particular solutions of ¢ and a, we further compute

v—1
)\0_2 = / a™g dz N\dz
|Z|<logm 27‘(‘
="m

logm

— 2/ T )
1 p (logm)?, _1_2m
3.6 = 1-(14+z———— P for 0.
(3.6) m+ & < ( * 2 m ) r7

For m > max{|p|*/3, 10}, we have [20%6™)2 | 1 /9 For p + 0, this gives
2 m

(1 n E (10gm)2>—1—2% < 26_% (/23 (log"rln)2 _%(,23 (log"an)Q)Q_,_,,,) < Ce_(IOgm)Q.
2 m - -

For p = 0, we have

s m

v—1 1
N2 = e X"z A dz = —(1+ O(e_(logm)Q)).
|Z|§10g m 2
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Hence we obtain

1

+2

(3.7) A2 = —— (1 0(e tem?)).

From the properties of g and a, the isothermal coordinate (U,z) is a K-
coordinate. According to Lemma 2.1, we may choose two peak sections

miz 2

Som = Mol ) (0" = )
miz 2

Stm = Al(n((log‘irrt)?)z(dz)m —u1)

in HO(M, K1) for some m > e29V1+4 4+ 2|p|. Obviously, we have Sy, (zg) # 0
and S1,,(zo) = 0. Let the subspace

V ={S e H' (M, K})|S(z0) = 0, DS(z0) = 0},

where D is a covariant derivative on K7y;. Let Ty,---,T,, _o be an orthonormal
basis of V. Let

Sim ifi=0,1
(3.8) S; = .
T, if2<i<d,—-1

Then {S,;}m~! forms a basis for HO(M, K7%). Locally, each 7; has the form
fi(dz)™ for some holomorphic function f; defined in U. The holomorphic function
fi has Taylor expansion as f; = > >, bjo2® inU, since Tj(xo) = 0 and DT;(xo) =
Ofor1 <i<d,—2

Lemma 3.2. Let {S;}9;™ be the basis of H°(M, K7%), defined in (3.8). For
m > e20V5 4+ 2|p|, the Hermitian matrix

(S5, ;) = /M<si<x>, S5(x) .V,
is given by

_ (log m)2

(SQ,SQ) = 1+O<e 8 ),
(o] "LQ
(S0, 81) = o<e——“ £ ) )

O, "LQ
(S1,81) = 1+O<6_%>7

_ (log m)2

(S0, Si) = o<e T)



Asymptotic Expansions on Riemann Surfaces 1673

2
(S1,8) = O <e——“ £ ) ,
(Si, S5) = dij
fori,j=2,---,d, — 1.

Proof. By definition, we have (S;,S;) = d;; for 2 < 4,5 < d,, —1. The
inner product of (.S;,.S;) for 0 <4 < 1 is directly from Lemma 2.1. Since a™g is
rotationally symmetric, we have

/| o z%MgdVy =0 for arbitrary positive integer a.
ASTm

Then we get

(S0, S1) = (S0, S1) + (Nouo, S1) + (So, A1ur) + (ug, u1)

_(logm)2
=0 <e 8 ) .

miz 2
(S0, 51) = /ﬁ%@(ﬁ)(dz)m o). fia(dz) ™)V,

Consider

Thus we have
2
(So,Si):O<e_—(l g ) for 2 <i<d, — 1.

Similarly, consider

o0

1 b(i_l)aziaamngO—l—)\lHulH-HSiH for2 <i<d,—1.
ogm
=2

(Slvsj) < )‘O/
l21<=0 o

Since a™g is rotationally symmetric, f|2|<1og m 229%™ gdVy = 0 for o > 2. Hence
SUm
we obtain

2
(Sl,Si):O<e_—(l £ ) -

According to [10, Definition 3.1], the metric matrix (F;;) can be represented by
the block matrices



1674 Chiung-ju Liu

(S0,80) (S0, S1) Mg
(3.9) (Fij) = | (S1,80) (S1.51) Mas |,
M3, M3, E
where Mz = ((So,52), -+, (S0, Sdp—1)), Maz = ((S1,52), -+, (51, 8d,, 1)),

Mz = ML, Msy = ML, and E is a (d,,, — 2) x (dy, — 2) identity matrix. By
using [10, Lemma 3.1], we obtain

1 1 r— (Sl,SO) )
3.10) I = + 2((Sp,S1) Mg )Mt ( ,
(310) Joo (So, So) ((50750)) ((S0,51) My ) M3,
where
~ (S1,51) Mo ) 1 ( (S1,50) )
M = — So,S1) M .
< M32 E (50750) M31 ( ( 05 1) 13 )
Applying Lemma 3.2 in (3.10), we get
(3.11) Ioo=1+0 <e——“°gs’”’ ) .

In order to evaluate the expansion of (2.3), we are left to find HSO(xO)H%m = A2
From (3.7), we have

N=m(1+ %) <1 + O(e_(logm)2)> :

Therefore, the Tian-Yau-Zelditch expansion according to (2.3) on a Riemann surface
with constant scalar curvature p is

_ (o m)2 —(lozm
TooA3 :<1+0<e B )mm%) (1+0(etosm))

(log m)2

=m(1+ %) + 0 <e_(T)>

for m > max{eQO\/5 +2[p|, |p|*/3, %7 %} -
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