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ON THE EXISTENCE AND NONEXISTENCE OF SOLUTIONS
FOR SOME NONLINEAR WAVE EQUATIONS OF KIRCHHOFF TYPE

Shun-Tang Wu* and Long-Yi Tsai
Abstract. In this work, we consider the following nonlinear problem

0
ue — M([|[Vu(t)]|3)Au — gAU = f(u),
w=0 in T x (0,7),

ou 0 Ou
M(HVu(t)H%)a + 5(8_1/

u(x,0) = ug(x), ue(z,0) = u(x),

) = Ut in I—‘1 X (OaT)a

in a bounded domain €. The existence, asymptotic behavior and nonexistence
of solutions are discussed under some conditions.

1. INTRODUCTION

In this paper we shall consider the third order parabolic initial boundary value
problem of the type

1) e~ MIVu(t) ) Aot — A= Fu),
(1.2) w=0 inTg x (0,T),
(13) M(IVu(t) ) o + S (2 =~y in Ty x (0,7),

(1.4) u(z,0) = ug(z), w(z,0)=wui(x),

for any = € Q, where Q ¢ R" is a bounded domain in RN, N > 1, with a C?
boundary T', and (T'p,T';) be a partition of T, both parts having positive measure
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with Ty N Ty = ¢, and v be the unit normal vector pointing toward the exterior of
Q. Here M € C([0,T), R) is a function such that M (s) > mgq > 0, Vs > 0 and
f is a nonlinear function like f(u) = |u|? 2 u, p > 2.

The one dimension equation (1.1) with f = 0 was first introduced by Kirchoff
[1] in 1883 in order to describe the nonlinear vibrations of an elastic string. More
precisely, the original equation is

0%u ou Eh [F ou 0%u
for 0 <z < L, t > 0, where u = u(z,t) is the lateral deflection, E' the Young
modulus, p the mass density, h the cross-section area, L the length, py the initial
axial tension, § the resistence modulus, and f the external force. There is a large
literature concerned with the existence of the solutions of the initial boundary value
problem with null Dirichlet boundary conditions for (1.1). Some works in a bounded
domain can be found in Bernstein [2], Pohozaev [23], Lions [16], Arosio and
Spagnolo [1], Nishihara [20], Ebihara Medeiros and Miranda [6] and Yamada [27].
For unbounded domain, it is investigated in Matos [17] and Bisognin [3]. On the
other hand, the nonexistence of global solutions of nonlinear equations of hyperbolic
type of second order was studied by many authors and the references cited therein
[8, 21, 22, 25, 26].

It is interesting to observe that when M = 1, problems without viscosity, that is
Awuy = 0, and with a boundary damping on all or part of the boundary of the spatial
domains were investigated by many authors, see G. Chen [5], Quinn-Rusell [24],
Lagnese [13] and Komornik and Zuazua [11]. For the nonlinear boundary damping
case, we quote the papers of Zuazua [28], Lasiecka and Tataru [14], Lasiecka and
Ong [15] and Komornik [12]. Recently, some articles have appeared in which M is
not a constant function and with a dissipative term on all or part of the boundary of
the spatial domains. Miranda and San Gil Jutucaln [36] discussed the global exis-
tence and boundary stabilization of the solution for (1.1) with f(u) = 0 under linear
boundary damping. Cavalcanti, Soriano and Prates Filho [4] studied the global exis-
tence and the exponential decay of solutions for (1.1) with viscosity under internal
force on part of the boundary. Park and Bae[2] proved the existence and unique-
ness of weak solution to problem (1.1). These articles investigated the existence
result and asymptotic behavior of solutions, yet the nonexistence phenomena are not
studied. Motivated by these works, we consider problem (1.1)-(1.4) with external
force and a special kind of boundary damping condition (1.3). Our intention here
is to show the local existence result for the problem (1.1)-(1.4) and prove that the
energy decays exponentially by using the perturbed energy method [28]. Moreover,
the nonexistence of the global solution for (1.1)-(1.4) is obtained by direct approach
[19]. In this way, we can extend the asymptotic result of [4, 9] to a boundary linear
damping and the result of blow-up properties.
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Our paper is organized as follows. In section 2, we give some notations, lemmas
and assumptions which will be used in the paper. In section 3, we first use Galerkin’s
approximation to study the existence of the simpler problem (3.1)-(3.4). Then, we
obtain the local existence Theorem 3.2 by using contraction mapping principle. In
section4, we obtain exponential decay for solutions obtained in section 3. Finally,
the blow-up properties are derived.

2. PRELIMINARIES

In this section, we shall give some lemmas and notations that will be used later.
Let
V={ve HY(Q) | v=0onTp},

which endowed with the norm ||V - || ;2(q is a Hilbert subspace of H'(£2) and we
denote

Jullyr, = [ futo)dr.
Iy

Lemma 2.1. (Sobolev-Poincaré inequality [21]). If 2 < p < 22 then
[ull, < Bi|[Vully,

for u € HZ(Q) holds with some constant By, where |||, denotes the norm of
LP(Q).

Lemma 2.2. ([19]). Let§ > 0and B(t) € C?(0, co) be a nonnegative function
satisfying

(2.1) B(t) —4(6 + 1)B'(t) + 4(6 + 1)B(t) > 0.
If
(2.2) B'(0) > rB(0) + Ko,
then
B'(t) > Ky

for ¢t > 0, where K is a constant, ro = 2(6+1) —24/(d + 1) is the smallest root
of the equation
r2 — 45+ 1)r+4(5+1) = 0.

Lemma 2.3. ([19]). If J(¢) is a nonincreasing function on [¢,00), o > 0 and
satisfies the differential inequality

(2.3) J(£)% > a+bJ(t)*Fs for tg > 0,
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where a > 0,b € R, then there exists a finite time 7* such that

li Jt) =0
i J(?)

and the upper bound of T'* is estimated respectively by the following cases:

(i) fb<0and J(ty) < min{l, \/_Zb} then

) 1 V=
T <to+

In .
V—b @ — J(t)

(if) If b= 0, then
) J(to)
T < .
< to+ Ja
(iii) 1f b > 0, then
« . J(t)
T <
T Va
or 5
T* <ty +2°5 {1 - [1+cJ(to)] B},

Va
where ¢ = (%)“%. Now, we state the general hypothesis :

(A1) f(0) = 0 and there is a positive constant & ; such that
[Fw) = F)] < by fu— o] (Jul~ + o 2),

Where2<p§2(]]\>[—_1)andu,veR.

-2

3. LocAL EXISTENCE

In this section, we will discuss the local existence of solutions for nonlinear
wave equations (1.1) — (1.4) by using contraction mapping principle. An important
tool in the proof of local existence theorem 3.2 is the study of the following simpler
problem :

31wy — M(|[Vu(®)[2)Au— %Au — i) on Q x (0,4),

(3.2) u=0 onTyx(0,T),
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@3 MOV e+ O () = —u on Ty x (0,7),
(3.4) u(z,0) = ug(x), u(z,0)=ui(z),z €N

Here, T > 0 and f; is a fixed forcing term on Q x (0,7).
Lemma 3.1. Suppose that (A1) holds and that up € V, uy € V and f; €

L2([0,T); L*(2)). Then the problem (3.1) — (3.4) admits a unique solution u such
that

u € C([0,T);V),
ug € C([0,T); L*()) N L*([0,T); V),

and
uy € L*([0,T); L*(2)).

Proof. Let (wy)nen be a basis in V' and V,, be the space generated by
wi, -, We,n =1,2,3,---. Let us consider

= Z rin(t)w
i=1

be the weak solution of the following approximate problem corresponding to (3.1) —
(3.4)

/ o (Hywda + M| Vun(t)]2) /Vun Vwdz
(3.5) /Vu dex—i—/ ul, (t)wdl
Iy
= / fi(z, t)wdzx, for w € V,,
Q

with initial conditions

(3.6) up (0) = ug, = mewi — ug in'V,
i=1

and

(3.7 un, (0) = uy, = Z ginw; — up iN'V,

=1
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where pi, = [, uowidz, gin = [ uiw;dz and v’ = ‘?97;

By standard methods in differential equations, we prove the existence of solu-
tions to (3.5) — (3.7) on some interval [0,¢,),0 < ¢, < T. In order to extend the
solution of (3.5) — (3.7) to the whole interval [0, T"), we need the following a priori
estimates.

Step 1. Setting w = u},(¢) in (3.5), we obtain

o () 2+ MU )IB)) + [0 2+ [0,

< S 1A+ @l

(3.8)

where M (s) = Jo M(r)dr. By integrating (3.8) over (0, ), we deduce

a3+ 50T 2 oo a2 a0,

<crt [ 0]

(3.9)

where ¢ = |lunll3 + M(||Vuon3) + fot || f1]12 dt. Thus, employing Gronwall’s
Lemma, we see that

@10) (o) 3+ MV + [ [V e+ [ a0, bt < L
for t € [0, T) and L, is a positive constant independent of n € N.
Step 2. Setting w = u].(¢) in (3.5), we have
1 H W2 +2 [ (IVun()2) / Vun(t) - Vel (t )dx]

th (HV O3+ @)

(3.11) .
< [%Murwn(t)u%)] [ Funlt) 9 0y

M(Iun()3) IV )2+ 5 1203
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By Holder inequality and (3.10), we note that
d
M9 OB)] [ Fun)- Va0

2
(3.12) = M (|| Vun|?) ( / Vaty, - vu;dx)
Q

2M4 Ly , 2
< 7
< L9 0.
and by (3.10) again, we also get

2

(3.13) M([Vun())13) ||V, (8) |3 < Mo ||Vl (8)]]3

where M; = sup {\M’(s)\; OSSS%} and Ms= sup {\M(s)\7 0<s< %}
0t<T ’ 0T ’
Thus, integrating (3.11) over (0, ¢) and using (3.12) — (3.13), we obtain
t
[ i@ e+ 200 Fun®1B) [ Funt)- it (0
0 Q

(3.14) [V 3 + [l D],
< C2+c3/0 v (7)] dr,

where c; = 2M ([|Vuon|3) [|Veuonlly [ Vttinlly+ [ Vern |3+ urally p, + fo 1115 di
and ¢35 = (% + 2M2> . By Holder inequality, Young’s inequality and (3.10),
we observe that

(3.15) HQM(Hvun(t)H;)/Qvun(t)-vu;(t)dx <t [V,

where ¢4 = % Then, from (3.14) and by (3.15), we see that

[ It + 3190l + [ 01,
0
< C5+c3/0 Vel ()2 dr,

where c5 = ¢4 + ¢o. Hence, by Gronwall’s Lemma, we have

(3.16) / s )2 dt + [V ()2 + [ (D[, < Lo,
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for all t € [0, T) and L, is a positive constant independent of n € N.

Step 3. Let ny > n;y be two natural numbers and consider z,, = wu,, — Uy, .
Then z,, satisfies the following system :

B17) 2y — Az — M([|[Vuny (8)3) Aty + M([|[Vtn, (5)]13) Aun, =0,

with boundary conditions

(3.18) zn =0 on Ty x (0,T),
8’U,n aun
M([[Vuny ()]13) 52 = M([|[Vun, ()]3) 2
ov ov
(3.19) 0z,
E = —27/1 on Fl X (O,T),
and initial conditions
(3.20) 2n(2,0) = Ugpy, — Uony, 25 (7,0) = Uip, — Uin,, T € Q.

Multiplying (3.17) by 2z}, and integrating it over 2,, we get

d
= (12013 + M([Vun, OIDI V2 ()]15)
+2/|V2, (013 + 21124 (),

(3.21)
=2 [ [T (O13) ~ M Vuns (O1)] Vi, - T4

+ [%M(!]Vum(t)HZ) 1V 20 ()3

We note that (3.10) yields
| M ([[ Vi, (D)]13) = M ([[Vuny (8)]3)]

[Vuny (1113
< / | M'(s)| ds
I

Vuny ()13
My ([[Vun, (8) |2 + [[Vun, @) [2) 1V 20 ()12

(3.22)

IN

IN

c6[|Vzn(t)]2,
1

where ¢g = 2M; (TLR—t)E . Then, from (3.22), (3.10) and by Holder inequality and
Young’s inequality, we see that

2 [M([[Vun, (4)]13) = M(||Vun, (8)]3)] / Vi, - Ve, dz
(3.23) Q
< el Va3 + Va3,
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where c7 = 9‘;%1
Again from (3.10) and (3.16), we have

d
(3.24) [%M(Hvunz(t)”%)] V2 ()13 < es]|Vzn(t)]]3,
1
where cg = 2M; (%ﬂ—?) 2,

Thus, by (3.22) — (3.24), we have from (3.21)

% 2413+ M|V, (DI V 20 () 13] + 192 @113
(3.25)
+2 12,85, < ol Vza (B3,

where cg = c7 + cg. By integrating (3.25) over (0, t), we obtain
t t
2
12 (OB M ety (DB V 2 (8) 3 + /0 V2 ()| 3de+2 /0 ln @), dt

t

co

< et 2 / M| Vatmy (D12 20 (8) 3,
mo 0

where c19 = [|z14]|3 + M (|| Vurn||2)[|V210]/3. Hence, by Gronwall’s Lemma, we
deduce

21,15 + MV, O]3) [V 20 (8)]15 + /0 V21,05 dt

t 2
+2 fo @), dt < Ls,

(3.26)

for all t € [0,7) and L3 is a positive constant independent of n € N. Therefore,
from (3.10), (3.16) and (3.26), we see that

(3.27) u; — w strongly in C([0,7);V),
(3.28) ui — o' strongly in C([0,T); L*(Q)),
(3.29) ui — o' strongly in L%([0,T); V),
(3.30) ui — o' strongly in L*([0,T); LXT1)),
(3.31) uh — o' weak-* in L®([0,T); L*T'1)),

(3.32) uj — ' weak-* in L*®([0,T);V),
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(3.33) u — u” weakly in L2([0,T); L*()).
By (3.27), we have
IVuilla — [[Vul2 in C(0,T).
and since M € C'(]0, 00); RT), we obtain
M(||Vuil3) — M(|Vull3) in C(0,T).
Thus
(3.34) M([|Vus|3)u; — M([Vul3)u in C([0,T); V).

Multiplying (3.5) by 6 € D(0,T) and integrating it over (0,7"), we get

T T
/ / ulvOdxdt + / M (||Vun|3) / YV, - Vobdzdt
0 Q 0 Q
T T
(3.35) + / / Val, - Vvbdadt + / / ul,vhdldt
0 Q 0 'y

T
= / / frvldzdt, for v e V.
0o Ja

The convergences (3.27) — (3.34) are sufficient to pass the limit in (3.35) in order

to obtain
T T
/ /u”v@dwdt—i—/ M(HVuH%)/Vu-Vdexdt
0 Q 0 Q

T T
—|—/ /Vu'-Vdexdt—i—/ / w' vOdldt
0 Jo 0 Jmy
T
:/ /fw@dwdt,
0o Jo

forall ® € D(0,T) and v € V. In particular, let vd € D((0,T) x ), then we see
that
ugr — M(|Vul|3)Au — Aug = fi(x,t) in D'((0,T) x Q).

Since u” € L?([0,T); L*(2)), we have
A (M([|Vu)3 +ue) = u" = fi(z,t) € L*([0, T); LX)
Thus

(3.36) ug — M(||Vu(t)]|3)Au — Auy = fi(z,t) in L2([0,T); LA(Q)).
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From (3.36) and by Green’s formula, we get

M(IVu(t) ) o + S (%) =y in D'(0,7): HH(T)),

but u; € L([0,T); L*T'1)), so we deduce that

M(IVu(t) By o + S5y =~y in L7(0,7): L(T))

Next, we want to show the uniqueness of (3.1) — (3.4). Let u(Y), () be two
solutions of (3.1) — (3.4). Then z = u(!) — u(?) satisfies

(B3N zu— Az + M ([Vu®|3) Au® — M () Va®)3) Au =0
with boundary conditions
z=0 onTyx (O,T)7

ou?® 9 oz
1) _ (2) 2
M(||[VuM (1)]3 )— M([[Vu'=(@#)]l2) 3 8t(8y

)=—z onTIyx(0,T),
and initial conditions
2(z,0)=0,2'(z,0) =0, z€Q.

Setting w = 2/(t) in (3.37), then as in deriving (3.10), we see that

Il + 3 (19=013) < [ Il .

Thus, employing Gronwall’s Lemma, we conclude that
(3.38) 12 (®)||, = IV2(t)]|, = 0 for all ¢ € [0, 7).

Therefore, we have the uniqueness. We have just showed the existence of solutions
to problem (3.1) — (3.4) when the initial data are smooth. However, when

{uo, w1, f} €V x L*(Q) x L*([0,T); L))

there exists
{ug, ulf, fu} €V xV x HY([0,T); L*(9)),

such that

{uly, u, fu} — {uo, ui, f}inV x L*(Q) x L*([0,T); LX),
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and using the density arguments and proceeding analogous to the estimate of step
1 — 3, we can find a sequence {u,} of solution to problem (3.1) — (3.4) such that

u, — wu strongly in C([0,T);V),

ul, — ' strongly in C([0,T); L*(Q)),

i
', — o strongly in L*([0,T);V),

— ' strongly in L?([0,T); L*(T})),
w, — u” weakly in L*([0,T); L*(Q)).

The above convergences are sufficient to pass to the limit in order to obtain a weak
solution of (3.1) — (3.4) which satisfies

e — M([[Vu(t)|3)Au = Aug = fi(e,t) in L*((0,T); V).
Moreover, as the same way in [4], we also deduce

ou_ 0 ou,
ov Ot Ov

Now, we are ready to show the local existence of the problem (1.1) — (1.4).

M (|[Vu(t)]|3) = —u in L*([0,T); L*(T1)).

Theorem 3.2. Suppose that (A1) hold, and that ug € V and u; € L?(Q), then
there exists a unique solution « of (1.1) — (1.4) satisfying

u € C([0,T]; V), us € C([0,T); L*(Q)) N L*([0,T]; V).
Moreover, at least one of the following statements is valid :
(i) T = oo,
(i) e(u(t) = |lurl3 + | Vul; — oo ast — T~
Proof. Define the following two-parameter space :
v: veC(0,T);V),
X1 Ry = v € C([0,T); LA(Q)) N L*([0,T); V),
e(v(t)) < R, forall t € [0,T), v(0) = up and v¢(0) = uj.

for T'> 0, Ry > 0. Then X7 g, is a complete metric space with the distance

[SIE

(3.39) d(y, z) = OzlgTe(y(t) —z(t))2.
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where y, z € X7 gr,. Given v € X g,, we consider the following problem

(3.40) uy — M(||Vull3)Au — Auy = f(v),
with boundary conditions
(3.41) u=0 onTyx (0,T),
ou 0, 0u
2 R _( — g
(342) M(Hvu(t)HZ) v + at(ay) ug 0N Fl X (OvT)v

and initial conditions
(3.43) u(z,0) = up(z), ur(x,0) = ui(z),z € Q.

First, we observe by (Al) that f(v) € L?([0,T); L*(Q)). Thus, by Lemma
3.1, there exists a unique solution u € of (3.40) — (3.43). We define the nonlinear
mapping Sv = u, and then, we shall show that there exist 7 > 0 and Ry > 0 such
that

(i) S:X71r, = X7T,Ros

(if) S'is a contraction mapping in X1 r, with respect to the metric d(-, -) defined
in (3.39).

(i) Multiplying (3.40) by 2u; and then integrating it over Q x (0, ¢), we obtain

& (a1 + KT ) +2 98B + 2 e (1) 3.,

dt
(3.44)
§2/ f(v)updz.
Q
By (A1), Holder inequality and Poincaré inequality, we have
2/ f()udz
Q
(3.45) < 2k By IVl

< 2k BV RE Me(u(t))?.

Then integrating (3.44) and using (3.45), we obtain

(3.46) e(u(t)) < 2 + 2c11ky (ByRo)P ™! / t e(u)2dt,
0
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where 79 = c11 | ||u1llz + M(||Vuol2)| and ¢} = min(1,me). Thus, by Gron-
wall’s Lemma, we have

(3.47) e(u(t)) < x(ug, u1, Ry, T)?,
for any ¢t € [0,7T) and
X(uo, u1, Ro, T) = no + c11ky (BiRo)" ' T.
We see that if parameters T and R satisfy
(3.48) X(uo, ua, Ro, T)* < RY,

then S maps Xt g, into itself. Therefore, we show that S maps Xr g, into itself.
Next, we will show that S is a contraction mapping with respect to the metric d(, -).
Let v; € X7 x, and u(?) be the corresponding solution to (3.40) — (3.43). By the
above argument, we see that u() € Xt g,, i = 1, 2. Setting w(t) = (u® —u@)(2),
then w satisfy the following system:

wy — M (yyvuﬂ)yyg) Aw — Aw,

(3.49)

= f(01) = f(2) + [M (IVu]3) = M (I 7u]3) ]| Au®,

with boundary conditions

(3.50) w=0 onTyx(0,7),
oul ou® 9 ow
@2y (2) now - vl
@50 M(IVaD @) 5 = M(IVuD O e + 550
=—w; onTy x(0,7)
and initial conditions
(3.52) w(z,0) =0, wy(z,0) =0, x € Q.

Multiplying (3.47) by 2w, and integrating it over €2, we have

d 2
055 ;. [Hth% + M(|vu|[) kug] + 2|Vl + 2 [lwell3 r,

=1+ 1+ I3,
where

n=-2 [M <HVu(1)H%> M <Hvu(2)H%ﬂ /Qvu<2>  Vwda,
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B=2 [ (f(0) = f(o2)) wida,
Q

b= (g (v ) Ivuls.

By Holder inequality and Young’s inequality, we observe that

and

| 11]
asn <2 ([7u0 o ) [ -a[ ,
< 2M2ZRyd(u™  u®)? 4+ 2 || V|2,
(3.55) L] < K2BXP VRO q(py 19)? + d(u®, u®)?2,
and
(3.56) 151 < 205 [ Tu®|||vel?|| w3,

where M3 = sup {|M'(s)|; 0 <s < Ry}. Note that, as in the estimate Step 2,
0<t<T
we deduce

Hwt H <c12+c13/ Hvu ‘ dt,

where ¢15=2M (|| Vuol3) | Vuolly ||V [l Ve |3+ [ul |2, +5: B RE DT

+2M2ZR% and c13 = 4M3R2 + 2My, here My= sup {|M(s)|; 0 <s < Ro}.
0<t<T
Since, by Gronwall’s Lemma, we have

2
ool < et
then, from (3.54), we arrive at
(3.57) 1] < eaMsRoe ™ d(u®, u®)2.

From (3.51) and by (3.52) — (3.55), we obtain

2
(358) = [uwtué + M(||vu®| ) kué] < crad(v, v2)* + casd(u®), u®)?,

dt

where ¢4 = k2B2(p 1)RZ“’2 2 and ¢15 = 2M2R} + 1 + \/e1aM3Roe 5 nte-
grating (3.56) over (0, t) and using (3.39), we have

t
d(u(l), u(2))2 < c16Td(v1, v2)2 + 617/ d(u(l), u(2))2dt,
0
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where c16 = ¢11¢14 and c¢17 = ¢q1¢15. Thus, by Gronwall’s Lemma, we see that
d(u(l), u(2))2 < 616Tecl7Td(’U1, v2)2.

Hence

(3.59) d(u™, u®) < C(T, Ro)d(vy, v2)

where .
C(T, RQ) =1/ 616Te_127_.

Therefore, under inequality (3.48), S is a contraction mapping if C(T', Ry) < 1.
Indeed, we choose Ry sufficiently large and 7" sufficiently small so that (3.47) and
(3.59) are satisfied at the same time. By applying Banach fixed point theorem, we
obtain the local existence result.

4. GLoBAL EXISTENCE

In this section, we consider the global solution and energy decay of solutions
for a kind of the problem (1.1) — (1.4) :

(4.1) ue — M (|| Vu(t)||*) Au — %Au = |u["?u,
4.2) w=0 inTy x (0,7),

8u 0 ,0u .
(4.3) M(||[Vu(t)]? )5, T 51(5,) = ~w inLox(0,1),

at ov

(44) ’LL(.’E,O) :’LL()((I,'), ’U,t(III,O) :’U,l("I,'),
where 2 < p < 20U and M e C’([0, o), R) is a nondecreasing function. Let
(4.5) Li(u(t)) = Ni(t) = mo || Vull3 = [[ull?,
(4.6) L(u(t)) = Ir(t) = M([|Vul3) [ Va3 = [[u]?,
and

(4.7) J(u(t)) = J(t) = %M(HW( t)lI3) — - HuH
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for u € V. Let u be the solution of (4.1) — (4.4), we define the energy function

(4.8) E(t) = S llu(t)|* + J ().

Lemma 4.1 E(t) is a nonincreasing function on [0,7") and

(4.9) E'(t) = || Vull3 — lluell3 p, -

Proof. By using Divergence theorem and (4.1) —(4.4), we see that (4.9) follows
at once.

Lemma 4.2. Let u be the solution of (4.1) — (4.4). Assume the conditions of
Theorem 3.2 hold. If 7;(0) > 0 and

p—2

By 2p R
(410 ‘= (p —2)mo (mo(p - Q)E(O)> <

then I5(¢t) > 0 for all t € [0, 7).

Proof. Since I;(0) > 0, it follows from the continuity of «(¢) that
(4.11) () >0,

for some interval near ¢t = 0. Let t,,.x > 0 be a maximal time (possibly tpax = T),
when (4.11) holds on [0, tyax). From (4.7) and (4.5), we have

1 1
T#) = Gmo [Vl — - ull
(4.12) —2) '
— m
> L0 g2 4 (1), 1€ [0, fma).

2p
By using (4.12), (4.9) and Lemma 4.1, we get

) 2p 2p 2p
(4.13) [Vull; < mJ(t) < mE(t) < =2 mOE(O).

Then, from Poincaré inequality, (4.13) and (4.10), we obtain

p—2

BP 2 2
lullp < BYIVull; < =L (—2—<E(0) ) mol|Vull
P 1 2 5 2
(4.14) mo \mo(p —2)

(p—2)a

=, ™o IVull3 < mo [Vulz on [0, tmax)-
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Thus

(4.15) Li(t) = mo [|Vull3 = [[u]h > 0 0n [0, tumax)-

This implies that we can take ¢,,,x = 7. But, from (4.5) and (4.6), we see that
Iy(t) > Li(t), t €[0,T).

Therefore, we have I,(t) > 0, t € [0,T).
Moreover, from (4.13), we observe that

2p
4.16 Vul? < —ZE(0),
(@.16) IVull; < =57 EO)
and from (4.14) and (4.12), we also have
(4.17) luell3 < 2E(t) < 2E(0).

Then, it follows by (4.16) and (4.17) that
e(u(t)) < c1E(0),

where ¢; = @_Zﬁ + 2. Therefore, by Theorem 3.2, we have T' = cc.
Let us consider the perturbed energy

(4.18) E.(t) = E(t) +e¥(¢t) for e > 0,

where .
W) = [ wde+ 5 (Il + Julr,)

Lemma 4.3. There exists a positive constant ko such that

|E-(t) — E(t)| < koeE(t) for e > 0 and ¢t > 0.

Proof. By Holderinequality, Young’s inequality and Poincaré inequality, we have

B +1
2

[W(0)]

IN

1 2 2 1 2
5 lluellz + IVully + 5 llull,r,

IN

E(t)+ ¢z | Vul)3
S kQE(t)v

2 2
where ¢z = M, ke =1+ mf{’;EQ), here \ is a positive constant such that

[ully.r, < A[Vull, for u e V.
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Lemma 4.4. There exist k3 = 1 — O‘(pT_l) and e; = 37 such that for e € (0, 2],
we have
EL(t) < —kseE(t) for t > 0.

Proof. By (4.1)-(4.4) and Divergence Theorem, we have

v'(t) = /uttudm—i—/u?dx—i—/Vu-Vut—i—/ wgudl
(4.19) Q Q Q r;

= —M(|Vull3) Va3 + llall} + full3 -
Then, from (4.18) and by Lemma 4.1 and (4.19), we obtain
EL(t) = E'(t) + e¥'(¢)

2 2 2 2 2
= IVuelly = luellzp, +¢ [_M(HVUH2) IV aull + flully + [luel2

3€B1
(-1 552 ) 17wl - i, - kacEl)

IN

where k3 =1 — O‘(pT_l) > 0. Thus

3€B1
2

ElL(t) < (—1 + ) V|3 — kseE(t).

2

3B then we deduce

Considering ¢ € (0, ;] where g, =
El(t) < —kseE(t) for t > 0.
Hence, we have the result.

Theorem 4.5. (Global existence and Energy decay). Assume that ug € V,
up € L2(Q), I1(0) > 0 and (4.10) holds. Then there exists a unique solution u of
(4.1) — (4.4) satisfying

u € C([0,00); V), ur € C([0, 00); L*(Q)) N L2([0, 00); V).
Moreover, we have the following estimate :
E(t) < 3E(0)e” ks,
where ¢ > 0 and ¢ € (0, 0], e = min{5;, 1}
Proof. By Lemma 4.3, we have

(1 — koe) E(t) < E<(t) < (1 + koe) E(t).
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H 1
Since € < Ty then

SE() < 1) <

N W

E(t) <2E(t) fort >0,

and, therefore,

ko E(t) < —;ﬁEE(t).

Hence, by Lemma 4.4 , we see that
g
EL(t) < =Sk Ex(1).
Consequently,
E.(t) <e 2M'E_(0).

Thus, we get
E(t) < 3E(0)e 3%t ¢ > 0.

5. BLow-upr PROPERTY

In this section, we will consider the blow-up property of solutions for (1.1) —
(1.4):

0
(5.1) u — M(||Vu(t)||?)Au — 57 u = f(w),
where M € C’([0, ), R) is a function such that M (s) > my > 0,Vs >0 and f
satisfies assuaption (Al1). In order to state our work, we impose further assumptions
on fand M :
(A2) there exists a positive constant § such that

(5.2) sf(s) > (2+40)F(s), forall s € R,

and

(5.3) (26 + 1)M(s) > M(s)s, forall s >0,

where

(5.4) F(s) = /0 F(r)dr and NI(s) = /0 M(r)dr.
Remark.

(1) In this case, we define the energy function of the solution « of (5.1), (1.2)
and (1.3) by
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55 B(®) = 5 Il + 5 (IVa(0l) ~ [ Fu(e)da,

for ¢ > 0. Then we have
K 2 K 2
(5.6) E(t) = E(0) - /0 [V (t)l3 dt — /0 [[ue ()12, dt.

(2) Itis clear that f(u) = |ul’ 2w, p > max{2,2(y+ 1)} satisfies (A2) with
1 <§ <22 and M(s) = mg + bs?, satisfies (A2) for mg > 0, b > 0,
mo+b>0,v>0 s>0.

Let u be a solution of (5.1), (1.2) — (1.3) and define
t t
61 o) =[Vulg+ [ [Vuldr+ [ Julp, dn t>0
0 0
Lemma 5.1. Assume that (A1) and (A2) hold, then we have

" (t) — 46+ 1) [, ude > (—4 —85)E(0) + (4 + 85) /t V|| 3dt
(5.8) 0

t
+(4+85)/ el d.
0

Proof. From (5.7), we deduce

(59) (1) :Q/utudm—i—HVuH%—i— lull3
Q
and
(5.10) o(t) = 2 / W2dz — 2M(||Vu(t) |2 Va2 + 2 / F(u)udz.
Q

Then, by Lemma 4.2, we see that

0 —4((5+1)/ut2dx
Q
— (—4— 88)E(0)+ (4 + 86) /tHVutH2dt—|—(4+85) /tHutH%’Fldt
0 0
+ [+ 40) (| Vu(t)[3) — 2M (| Vu(t)|*) | Vul3]

—1—/92 [f(w)u— (2 +46)F(u)] du.
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Therefore, by (5.2)-(5.3), we have(5.8). Now, we consider three different cases on
the sign of the initial energy E (0).

(1) If E(0) < 0, then from (5.8), we have
a (t)>a' (0)—4(1+28)E(0)¢t, t > 0.
Thus we get ' (t) > || Vuoll3 + Juoll3,. for ¢ > ¢*, where

@ (0) = (IVuol3 + lluoll3,, )
4(1426) E(0) ’

(5.11) t* = max

(2) If E(0) = 0, then a” (t) > 0 for ¢ > 0. Furthermore, if o’ (0) > ||Vuol|3 +
luolly,,, - then a’ () > [Vuolly + [[uolly, , ¢ >0

(3) For the case that £ (0) > 0, we first note that
(5.12) QAiéVM-VuAMH:HVu@W%—HVuM%
By Holder inequality and Young’s inequality, we have from (5.12)
(5.13) IVu(®)3 < [[Vuoll3 + /Ot IVull3 dt + /Ot V][5 .

Similarly, we have

t
2 2
2//umm:wm;mwm
0 JI

and

t t
2 2 2 2
618 el <l + [ g, der [l e
From (5.9) and by Holder and Young’s inequality again, we see that
2 2 2 2
a' (t) < llullz + lluellz + IVally + ulls,. -

Then, from (5.13), (5.14) and (5.7), we deduce

t t
2 2 2
o (1) < oft) + w3+ [ IVulde+ [,

2 2
+{[Vuollz + lluollz,.,

(5.15)
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Hence, by (5.8) and (5.15), we obtain

a"(t)—4(0+1)d () +4(5+1)a(t)+ K >0,

where
Ky = (4+80)E(0)+4(3 +1) (HVuOHS + HuoH%,pl) :
Let .
1
t)=al(t t> 0.
b =a+ 375 t>

Then b (t) satisfies (2.1). By (2.2), we see that if

K,
H1+0)

(5.16) a' (0) > ry [a (0) + ] + ||Vl + Huoug,rl ,

then o' (t) > [|Vuoll3 + Juol3,,. . ¢ > 0. Consequently, we have

Lemma 5.2. Assume that (Al)-(A2) hold and that either one of the following
statements is satisfied :

(i) £(0) <0,

(i) £(0) =0and a’ (0) > |Vuoll3 + [luol3,. -

(iii) £(0) > 0 and (5.16) holds, then a’ (t) > |[Vuol3 + |luoll3,. for t > t,
where to = t* is given by (5.11) in case (i) and ¢o = 0 in cases (ii) and
(iii) .

Now, we will find the estimate for the life span of a (¢). Let
2 2 -0
6.17) T (1) = [a(® + (T =) (I Vuol3 + Juol3,, )| . for e [0,7,

where 77 > 0 is a certain constant which will be specified later. Then we have,

J(t) = —6J ()3 [a’ (t) — <HVUOHS + HU’OH%M)}

and
(5.18) T () = =0T (1) V (1),
where
V(t) = (1) [a(t) + Ty =) (I Vuoll3 + uol3,, )|
(5.19)

—(1+0) [a’ (t) - <HVUOHS + Huoﬂirl)r
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For simplicity of calculation, we denote
t
P = /u%zx, P2:/ Jul2 ., dt
Q 0 ’
K 2 t 2
" :/ Va2 dt, WQZ/ V|2 dt
0 0

t
S1 = /u?dw, 52:/ Hut(t)H%,Fl dt.
9] 0

By (5.9) and using (5.13), (5.14) and Holder inequality, we have

t
a (t) = 2/utudx—|— HVung—i—Q/ /Vu-Vutdxdt
Q 0 Jo

t
_|_2// uutdfdt—i—Huoug,Fl
0 JI'y

< 2(v/S1PL+ VP2Sa + VIWiW2) + | Vo3 + [luoll3 p, -

(5.20)

By (5.8), we have
(5.21) a’ (t) > (-4 -85 E(0)+4(1+08)(S1+Wa+S5s).
Thus, from (5.20) and (5.21), we obtain
V(i) > [(-4—85)E0)+4(1+9)(S1+ Wa+S9)][a(t)+
(71 — ) (IIVuoll3 + lluol3 r, )
—4(1+6) (Sy + Wy + S5)°.
And by (5.17), we have
V(t) > (-4—-80)E(0)J (t)_% +4(1+9) (S1 + Wa+ S2) (Th — t)(HVuoHS
+luoll3p,) +4 (1+0) [(Sy+ W+ S2) (P + Wi + P)
— (81 + Wy + S2)?].

By Schwarz inequality, the last term in the above inequality is nonnegative. Hence
we have

(5.22) V() > (—4—88)E(0)J ()7, t >t
Therefore, by (5.18) and (5.22), we get

(5.23) J"(t) < 5 (4+88)E(0)J ()5, t > to.
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Note that by Lemma 5.2, .J' (t) < 0 for ¢ > t,. Multiplying (5.23) by .J' (¢) and
integrating from ¢, to ¢, we get
J ()2 > a+ BT ()*F for t > to,

where

-1

(5:28) =827 (to)**F [(a/ (t0) — (IVwoll3 + o, ) ) 82 (0) J(t0) T
and

(5.25) B =85%E(0).

We observe that

[ (t0) — (Iw0ll3 + 1o 2, )]
8(a (to) + (71 — 1) (IVuol3 + lluolr, )

a>0 iff £(0)<

Then by Lemma 2.3, there exists a finite time 7* such that lim J (¢t) = 0 and the

t—T*—

upper bound of 7 is estimated respectively according to the sign of £ (0). This
will imply that

t t
(5.26) lim [kug+/ HVuH%dt—i—/ l[ull3,, dt] = 0.
t—T*— 0 0 1

Therefore, we say that « may be blow up in  or on the boundary T3 in the above
sense. In conclusion, we have

Theorem 5.3. Assume that (A1)—(A2) hold and that either one of the following
statements is satisfied :
(i) E(0) <0,
(ii) £ (0) =0 and o’ (0) > (IIVuoll3 + l[uol3r, )
[a (1)~ (Iuol3 +luoll3.r, )]

8 a(to)+(T1—) (I Vuol3+lluo |3, )|
solution u blows up at finite time 7* in the sense of (5.26).

(iii) 0 < E(0) < and (5.16) holds, then the

In case (7),

(5.27) T* <ty — j((ioo))
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-8

(5.28) T* <ty + v

1 -8
In .
V_ﬁ ‘/_iﬂ—J(to)

Furthermore, if J (ty) < min {1, i} we have

In case (i7),

: <ty —
29 =TT
or
(5.30) T* <ty + J\%O).
In case (iii),

31 T <
(5.31) <
or

5+1 OcC =1

(5.32) T Sto+2%ﬁ{1—[1+cJ(to)] 26},

2+1
where ¢ = <%> * . here o and S are in (5.24) and (5.25) respectively. Note that

in case (i), to = t* is given in (5.11) and ¢ty = 0 in case (iz) and (i77).

Remark. The choice of T3 in (5.17) is possible under some conditions as in
[25, 26].
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