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RICCI OPERATORS AND STRUCTURAL JACOBI OPERATORS
ON REAL HYPERSURFACES IN A COMPLEX SPACE FORM

Jong Taek Cho

Abstract. We give a classification of real hypersurfaces in a non-flat complex
space form, whose almost contact structure operator, induced from the complex
structure of the complex space form, commutes with the Ricci operator and at
the same time commutes with the structural Jacobi operator. In particular, we
classify real hypersurfaces in 2-dimensional complex projective and hyperbolic
spaces satisfying the first commutativity condition.

1. INTRODUCTION

Let M be an oriented real hypersurface in a non-flat complex space form Mn(c),
¢ # 0. Let (g, J) be a Hermitian structure of M, (c) and N be a unit normal vector
field on M in Mn(c). A real hypersurface M is called a Hopf hypersurface if the
Reeb vector field &€ = —JN is a principal vector field (with respect to V), that
is, A = o1&, where A denotes the shape operator. Hopf hypersurfaces in P,,C
are realized as tubes over certain Kahler submanifolds with constant rank of the
focal maps ¢, : NyM — P,C, which are defined by ¢,.(N) = F(rN), where
F : NM — P,C is the normal exponential map and NM (N1 M, respectively)
denotes the normal bundle (the unit normal bundle, respectively) of A (cf. [3]). R.
Takagi [17], [18] classified homogeneous real hypersurfaces of P,C' as six model
spaces. By making use of those model spaces and the tube construction in [3], M.
Kimura [8] proved the following

Theorem 1. Let M be a Hopf hypersurface of P,C. Then M has constant
principal curvatures if and only if A is locally congruent to one of the following
ones:
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(A1) a geodesic hypersphere of radius r, where 0 < r < 7/2,

(A2) a tube of radius r over a totally geodesic P,C, where 0 < r < /2 and
1<k<n-2

(B) a tube of radius r over a complex quadric @ ,—1, where 0 < r < /4,
(C) atube of radius r over P1C x P(,_1),2C, where 0 < r < 7/4 and n(> 5)

is odd,
(D) a tube of radius ~ over a complex Grassmann G 2 5C, where 0 < r < 7/4
andn =9,

(E') a tube of radius r over a Hermitian symmetric space SO(10)/U(5), where
0<r<m/4andn=15.

On the other hand, real hypersurfaces of a complex hyperbolic space H, C have
also been studied by S. Montiel [13], S. Montiel and A. Romero [14], J. Berndt
[2] and so on. J. Berndt [2] classified Hopf hypersurfaces with constant principal
curvatures of H,C. Namely, he proved the following

Theorem 2. Let M be a Hopf hypersurface of H,C. Then M has constant
principal curvatures if and only if A is locally congruent to one of the following
ones:

(Ap) a horosphere,

(A1) a geodesic hypersphere or a tube over a complex hyperbolic hyperplane
Hn—lcy

(A2) atube over a totally geodesic HC, where 1 <k <n —2,
(B) atube over a totally real hyperbolic space H ,,R.

A real hypersurface of type (A4;), (As) in Theorem 1 and of type (Ap), (A1),
(A2) in Theorem 2 is simply called a real hyperspace of type (A). There are many
characterizations of real hypersurfaces of type (A) (cf. [15]). In particular, M.
Okumura ([16]) (resp. Montiel and A. Romero ([14])) proved that pA = A¢ if and
only if M is locally congruent to one of type (A) in B,C (resp. H,C). Actually,
he obtained the result by showing the commutativity of ¢ and A is equivalent to the
parallelism of the second fundamental form of the hypersurface of the sphere S%7+!
which is a S'-bundle on M via the restriction of the Hopf fibration 7 : §27+1 —
P,C. It is easily seen that the condition A = A¢ implies that S = S¢ in a real
hypersurface of B,C or H,C, where S denotes the Ricci operator. Motivated by
the Okumura’s work one may try to find a geometric property for the hypersurface
7~ LM in S27t1 when M satisfies ¢S = S¢ using the lifts by the Hopf fibration or
the corresponding principal S*-bundle over H,,C. (See Proposition 1 in Section 2).
In this context, it is interesting to ask that ¢ commute only with S (that is, ¢S = S¢
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and ¢pA # Ag). This problem was studied by M. Kimura ([9]), U-H. Ki and Y. J.
Suh ([7]). (We may also refer to [15]). Indeed, in the range of Hopf hypersurfaces
of P,C, n > 3, all types (A4) ~ (E) with some restrictions to the radii and a
non-homogeneous real hypersurface satisfy ¢S = S¢. Among Hopf hypersurfaces
of H,C, n > 3, only the type (A) satisfy the commutation condition. However,
we do not know so far a non-Hopf hypersurface in a non-flat complex space form
which satisfies ¢S = S¢. In these situations, we may raise the following question:

Is a real hypersurface in P,,C or H,,C which satisfies ¢S = S¢ always
a Hopf hypersurface? In particular, classify such a real hypersurface
in P,C or HyC.

The structural Jacobi operator R = R(-,£)&, which is a self-adjoint operator
along the Reeb flow &, has a fundamental role in (almost) contact geometry. Re-
cently, it is investigated actively for real hypersurfaces in a non-flat complex space
form (cf. [4, 5, 6]).

Concerning the above question, we consider an additional condition, namely that
the induced complex operator ¢ commutes also with the structural Jacobi operator
Re = R(-,€)&. Here, it is notable that the condition ¢S = S¢ already implies
®R¢ = Rep when n = 2. Then we prove the following two theorems.

Theorem 3. Let M be a real hypersurface of P,C. If M satisfies ¢S5 = S¢
and ¢pR¢ = R¢¢ at the same time, then M is locally congruent to one of the
following:

(1) a geodesic hypersphere of radius r, where 0 < r < 7/2,

(2) a tube of radius r over a totally geodesic P;C, where 0 < r < 7/2 and
1<k<n-2,

(3) a non-homogeneous real hypersurface in P,,C' which lies on a tube of radius
7 /4 over a (n/2)-dimensional (n: even) Kahler submanifold NV with the rank
of each shape operator is not greater than 2 and with non-zero principal
curvatures # +1, where the rank of the corresponding focal map ¢ /4 is
constant.

Theorem 4. Let M be a real hypersurface of H,,C. If M satisfies ¢S = S¢
and pR¢ = R¢¢ at the same time, then M is locally congruent of the following:
(1) a horosphere,
(2) a geodesic hypersphere or a tube over a complex hyperbolic hyperplane
H, 1C,
(3) atube over a totally geodesic H;C, where 1 < k <n —2.

In the process of proving the above theorems, we find the following interesting
results:



1328 Jong Taek Cho

e A real hypersurface of J\A/fn(c) (c # 0) satisfies ¢ - R = 0 if and only if M
is locally congruent to homogeneous real hypersurface of type (A), where -
means that the (1, 1)-tensor field ¢ operates on the tensor R as a derivation.
(Corollary 3.)

This is a development of the result of Y. Maeda (Theorem 5.4 in [11]). In
reality, he proved the above fact under the assumption that £ is a principal
curvature vector field and n > 3.

e A three-dimensional real hypersurface of Mg(c) (¢ # 0) is n-Einstein or
satisfies S = S¢ if and only if it is locally congruent to type (A;), a non-
homogeneous real hypersurface in 2C which lies on a tube of radius 7/4
over a complex curve ¥; with non-zero principal curvature # +1, where the
rank of the corresponding focal map ¢ /4 is constant; (Ag) or (A;) in HaC.
(Corollary 4).

This fact gives an answer to the question mentioned above for the three-
dimensional case and an answer to the open problems (Question 9.5 and
Question 9.10) in [15].

2. PRELIMINARIES

All manifolds are assumed to be connected and of class C'*° and the real hyper-
surfaces are supposed to be oriented. At first, we review the fundamental facts on
a real hypersurface of a n-dimensional complex space form M, (c) with constant
holomorphic sectional curvature c. Let M be an orientable real hypersurface of
M, (c) and let N be a unit normal vector on M. We denote by g and J a Kahler
metric tensor and its Hermitian structure tensor, respectively. For any vector field
X tangent to M, we put

(1) JX =¢X +n(X)N, JN =-¢,

where ¢ is a (1,1)-type tensor field, n is a 1-form and ¢ is a unit vector field on M,
which is called Reeb vector field. The induced Riemannian metric on M is denoted
by g. Then by properties of (g, J) we see that the structure (¢, £, n, g) is an almost
contact metric structure on M, that is, from (1) it follows that

$PX = X +(X)E, n(€) =1
9(¢X, ¢Y) = g(X,Y) = n(X)n(Y)

for any vector fields X and Y tangent to M. From (2), we have
¢ =0, no¢=0, n(X)=g(X,¢

The Gauss and Weingarten formula for M are given as

()
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VxY =VxY +g(AX,Y)N
VxN = —-AX

for any tangent vector fields X, Y, where V and V denote the Levi-Civita connec-
tions of (M,(c),g) and (M, g), respectively, A is the shape operator. From (1) and
VJ = 0, we then obtain

(Vxo)Y =n(Y)AX — g(AX,Y)E,
V& = ¢AX.

3)

Then we have the following Gauss equation:

(4) +9(9Y, 2)0X — g(¢X, Z)9Y — 29(¢X,Y)9Z}
+g(AY, Z)AX — g(AX, Z)AY.

From (4) together with (2) the Ricci operator S is given by

(5) SX = (c/H){(2n+ 1)X —3n(X)é} + HAX — A%X,

where H =trace A. Also, from (4) the structural Jacobi operator Re = R(-,£)¢,
which is self-adjoint, is given by

(6) ReX = (¢/A{X —n(X)E} + g(AL, ) AX — n(AX)AS.

Recall ([16]) that the commutativity between ¢ and the shape operator A for
a real hypersurface M of B,C interpreted in terms of the parallelism of the shape
operator of the hypersurface of the sphere S?"*! which is a S'-bundle on M by
the restriction of the principal fiber bundle, so-called the Hopf fibration

782 poC.

Analogously, the anti-de Sitter 2" is considered as a principal fiber bundle
over H,C with the structure group S' and the projection 7. We adapt the the
terminology according to those of [16], and we review the contents in brief. We let
again M represent P,C or H,C and M [ represent S2n+1 or HQ”le respectively,
with the canonical projection : M — M. Then M = 7~!M is an S'-invariant
hypersurface in M, and the horizontal lift N = N of a unit normal vector field
N is a unit normal for M. Since 7 is a Riemannain submersion, there are vertical
vector field V' and a Riemannian metric g of M such that V' is a unit Killing vector
field for g. The induced connection V and the shape operator A for M satisfy

ViV =VsV +§(AX,Y)N, VgN =-AX,
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and the well-known form of the Gauss equation is derived by

Then the Ricci tensor S is given by

(7) SX =(2n—-1)X + HAX — A%X,

where H =trace A. Since ¢¥ = W = —JL'N, we see that the Jacobi operator
Rw = R(-, W)W is given by

(8) Ry X =X — g(X, W)W + g(AW,W)AX — g(AX, W)AW.
Moreover, we have (cf. [16])
) g Xt vt =g(x, )k, VpX =-Jtx"

(10) GAXL YLy = g(AX, Y)E, H=H
Together with (9) and (10), we further find that
g(5XEY") = g(SX.V)E, g(Ry X", YE) = g(ReX, V).
Thus, differentiate the above equations covariantly in the direction V and make use

of (9) and (10) again to have

__ Proposition 1. Let M?"=1 be a real hypersurface in a complex space form
M"(c), ¢ # 0. If the Ricci operator S (the Jacobi operator Ryy, respectively) of
M (= n~1M) is parallel, then ¢ and S (¢ and Ry, respectively) commutes.

The converse problem of the above proposition seems to be closely related
with the classification of real hypersurfaces satisfying each commutativity condition.
Now we return to a real hypersurface M in a non-flat complex space form M, (c).
Consider the vector field U = V¢£ and denote a;,, = n(A™¢). Then from (2) and
(3) we easily observe that

g(U,&) =0, g(U, A¢) =0,
IU|? = g(U,U) = as — of.

From (2) and (3) we see at once that £ is a principal curvature vector field if and
only if |U||? = ag —a? = 0.
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3. PrROOFs oF THEOREMS 3 AND 4

Let M be a real hypersurface of a complex space form Mn(c), c # 0. Suppose
that

(11) ¢S =S¢

and

(12) ¢R¢ = Reo.

We first prove that ¢ is principal. From (5) and (11), we have
(13) (A% — ¢A%) = H(Ap — ¢A).

Also, from (6) and (12), it is obtained that

(14) a1(Ap — pA)X = —g(U, X )AE — n(AX)U.

We get at once a relation:

(15) a1(A9% = ¢2A) = a1 (A6 — 6A)6 + §(Ad — 6 A) ).
But, from (14) it follows that

(16) a1 (0(A6 — GA)X + (A6 — 6A)6X ) = —(AX)BU — g(U, 6X) A¢.
From (15) and (16) it follows that
0 (A¢? — 6*A) = —n(AX)gU — g(U, $X) A€
Use (13) to obtain
(17) o H(Ap — pA)X = —n(AX)oU — (U, pX) A<,
On the other hand, from (14) we get
(18) o1 H(Ap — pA)X = —Hg(U, X)A¢ — Hn(AX)U.
The above two equations (17) and (18) yield that
—n(AX)oU — (g(U, ¢X) — Hg(U, X)) A& + Hn(AX)U = 0.
We put X = &, then we get
—a1¢U + HoyU = 0.

From this we can see that «; = 0 or ||U|| = 0. But, from (14) we can easily see
that £ is principal where oy = 0. We eventually have shown that ¢ is principal on
all M. Namely, we have
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Lemma 2. Let M be a real hypersurface of Mn(c), ¢ # 0. If M satisfies
»S =S¢ and pR¢ = Re¢¢ at the same time, then M is a Hopf hypersurface.

Then, due to the results in [11, 12] and [7], we already know that « 1 is constant
along M. From (14) we have

a1(pA — Ag) = 0.

Now we divide our arguments into two cases: (i) n > 3 and (ii) n = 2. First,
we treat the case (i). For M, (c) = P,C we consider the above equation together
with the classification theorem for Hopf hypersurfaces in P,C satisfying ¢S = S¢
([9]). Then, we can find other than real hypersurfaces of type (A) in P,C a non-
homogeneous real hypersurface in F,C which lies on a tube of radius /4 over a
(n/2)-dimensional (n: even) Kahler submanifold N with the rank of each shape
operator is not greater than 2 and with non-zero principal curvatures # +1, where
the rank of the corresponding focal map «, 4 is constant, holds our conditions. In
case that J\A/fn(c) = H,C, since a; can not be zero (cf. [2]), we have ¢pA = Ag,
and hence by the result of S. Montiel and A. Romero [14], we see that M is locally
congruent to a real hypersurface of type (A4) in H,C.

Next, we look at the case n = 2. It is well-known that the curvature tensor R
of a three-dimensional Riemannian manifold is written as :

R(X,Y)Z ={g(Y,2)SX —g(X,2)SY + g(SY, Z2) X — g(SX, Z2)Y}
= (r/2{9(Y, 2)X - g(X, 2)Y},
where r denotes the scalar curvature. We easily see that ¢S = S¢ implies S = o&

and further implies that the relation ¢ R = R¢¢ in a 3-dimensional real hypersurface
M. By Lemma 2 we may write A = an& and may put

AV =BV, ApV =~V
for a unit vector V' orthogonal to £. From (5) it follows that
SE=pg, SV =qV, SV = doV,

where we have putp = c¢/2+Ha1—a?, q = 5¢/4+HB— 3%, d = 5¢c/4+Hy—~>2.
The assumption ¢S = S¢ gives ¢ = d. So, together with the above relations we
easily get

(B —7) =0,

where we have used H = a7 + 8 + ~. So, we see that a; = 0 or M is totally
n-umbilical, that is A = al + bn ® & for smooth functions a, b on M. It is known
that these two functions a and b are already constant. As mentioned in the argument
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of (i), there can not occur oy = 0 in the case H,,C. Hence, with the classification
of totally n-umbilical hypersurfaces (cf. [3, 13, 18]) we can see that M is locally
congruent to type (A;) or a non-homogeneous real hypersurface in 2,C' which lies
on a tube of radius /4 over a complex curve 3; with non-zero principal curvatures
# +1, where the rank of the corresponding focal map ¢/, is constant; (Ag) or
(Al) in HQC

Summing up all the arguments so far, we have completed Theorems 3 and 4.

4. COROLLARIES AND REMARKS
The condition ¢ - R = 0 means ¢ operates R as a derivation. Namely,
19) (¢-R)(X,Y)Z = ¢R(X,Y)Z — R(¢X,Y)Z — R(X,9Y)Z — R(X,Y)pZ

for any vector fields X,Y,Z on M. For an adapted orthonormal basis {e/} =
{ei, dei, ean—1 = E}iz1,2,.. n—1 iF We put Y = Z = ey, and summing for 7, then
we can deduce that ¢S = S¢. Also, if we put Y = Z = &, then we get also easily
®R¢ = Re¢. But, we note that under the condition ¢ - R = 0 and n > 3 the case
A& = 0 only contributes to a real hypersurface of type (A) in B,C, n > 3 (see,
Lemmas 5.2 and 5.3 in [11]). Next, in order to treat the case n = 2 and a; = 0 we
derive the following relation which express the equation (19) with ¢, A and g :

(20) 9(AY, Z)(A¢ — 9A) X + g((Ag — 9A)Y, Z)AX
— 9((Ap — 9A)X, Z)AY — g(AX, Z)(Ap — A)Y =0

for any tangent vector fields X,Y, Z on M. Since A{ = 0 we may assume that
AV = AV and AgV = (1/\)¢V, V L &, ||[V] =1 (cf. Lemma 2.2 in [11]). If
weput X =V andY = Z = ¢V in (20), then we get A = 1/A, which says that
A¢p = ¢pA. Thus we have

Corollary 3. Let M be a real hypersurface of Mn(c), c # 0. Then M
satisfies ¢ - R = 0 if and only if M is locally congruent to one of homogeneous
real hypersurface of type (A).

Remark 1. The above corollary is a development of the result of Y. Maeda
([11]). Actually, he determined a Hopf hypersurface in P,,C, n > 3 which satisfies
¢-R=0.

We can easily show that in 3-dimensional M the n-Einstein condition (i.e.,
S = M+ un®£) is equivalent to the condition ¢S = S¢, where X, i are functions
in M. Thus we have



1334 Jong Taek Cho

Corollary 4. Let M be a three-dimensional real hypersurface of MQ(C), c# 0.
Then M is n-Einstein or satisfies S = S¢ if and only if M is locally congruent
to type (A1) or a non-homogeneous real hypersurface in PoC which lies on a tube
of radius 7 /4 over a complex curve ¥ with non-zero principal curvatures # +1,
where the rank of the corresponding focal map ¢ /4 is constant; (Ag) or (A1) in
HyC.

Remark 2. Corollary 4 gives the answers to Question 9.5 and Question 9.10
in [15].

Remark 3. Ruled real hypersufaces in F,C' and H,C given in [10] and [1],
respectively. Let v : I — M,(c) be a regular curve in M,(c) (P,C or H,C).
For each ¢t € I, let Mff_)l(c) be a totally geodesic complex hypersurfaces which is
orthogonal to holomorphic plane Span{+, J4}. Then we have a ruled real hyper-

surface M = (J,; Mff_)l(c). Ruled real hypersurfaces are non-Hopf, but fail to
satisfy ¢S = S¢. In fact, the shape operator A of M is written as :

AL = €+ 0V (v #£0),
AV = V€,
AX =0forany X 1L &V,

where V is a unit vector field orthogonal to &, a1, v are differentiable functions on
M. From (5), we have

5S¢ = f¢,
SV =gV,

SX = 2(2n+1)X forany X 1 &V,

where f = S(n—1) —v? and g = £(2n + 1) — v2. From ¢SV = S¢V, we get
v =0, impossible.
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