TAIWANESE JOURNAL OF MATHEMATICS
Vol. 14, No. 3B, pp. 1055-1078, June 2010
This paper is available online at http:/www.tjm.nsysu.edu.tw/

WEIGHTED HARDY SPACES ASSOCIATED
TO PARA-ACCRETIVE FUNCTIONS

Sen-Hua Lan and Chin-Cheng Lin*

Dedicated to the Memory of Professor Sen-Yen Shaw

Abstract. In this article, after establishing weighted Plancherel-Polya-type in-
equalities, we introduce a new class of weighted Hardy spaces H, {)’w by using
g-function, where w is a Muckenhoupt’s weight and b is a para-accretive func-
tion. Then we show the atomic decomposition and molecular characterization
of H {)’w As applications, we prove the boundedness of Calderéon-Zygmund
operators between H {)’w and classical weighted Hardy spaces HZ,.

1. INTRODUCTION

It is well-known that Calder6n-Zygmund operators 7' are bounded on H? for
n/(n+¢) < p < 1 provided T7*1 = 0. In general, however, such operators
are not bounded on HP even if T satisfies 70 = T*b = 0 for a para-accretive
function b. Meyer observed that if b is bounded function and 1 < Reb(z), the
space Hb1 and its dual BM O, can be simply defined by coping the classical H'
and BM O, respectively. These spaces have the advantage of a cancellation adapted
to the complex measure b(z)dz and are closely related to the 7'b theorem. For more
details about the space H!, we refer the reader to [14]. However, the method for
defining space H bl cannot be extended to H for p < 1 because, in general, bf does
not make sense when f belongs to classical Hardy spaces HP for p < 1. Recently,
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by establishing a discrete Calderon-type reproducing formula and Plancherel-Polya-
type inequalities associated to a para-accretive function b, a new Hardy space H. f
was introduced by Han, Lee, and Lin [9] who also proved that a Calder6n-Zygmund
operator 1" is bounded from H” to H} provided T%b = 0. On the other hand, a
remarkable direction of extending classical function or distribution spaces is to study
the weighted case, where the weight is in Muckenhoupt’s A, classes. Weighted
Hardy spaces H}, have been extensively studied by Garca-Cuerva [6] and Strorhberg
and Torchinsky [15].

The main purpose of this article is to develop the theory of the weighted Hardy
spaces H, 5 > Where b is a para-accretive function and w is a Muckenhoupt’s weight.
We define Hp by g-function, and get its S-function characterization. Also, we
show the atomlc decomposition and molecular characterization of H; p . These new
weighted Hardy spaces are related to the Calder6n-Zygmund operator theory, as T’
is bounded from Hy, to H}  provided the Calderon-Zygmund operator 1" satisfies
T*b = 0. If we denote Mb the multiplication operator by b, i.e. Myf = bf, then
T My, is bounded from H,f’w to HY, provided T*1 = 0, and T M, is bounded on H,f’w
provided 7%b = 0. The main tool used in this article is the discrete Calderon-type
reproducing formula developed in [9].

This article is organized as follows. In the next section, recalling some well
known results, we establish the weighted Plancherel-Polya-type inequalities and
define the weighted Hardy spaces H, f’ - The atomic decomposition and molecular
characterizations for H}  are given in Section 3. In the last section, we establish
the Hf’w — P, HE — H};’w, Hf’w — HP, and Hf’w — Hf’w boundedness of Calderén-
Zygmund operators.

Throughout the article C' denotes a positive constant not necessarily the same
at each occurrence. We also use a ~ b to denote the equivalence of a and b;
that is, there exist two positive constants C7, Cs independent of a, b such that
Cia < b < Cha. For a measurable set £ C R™, |E| will denote the Lebesgue
measure of E, and w(E) = [pw pw(x)dz. All cubes mentioned in this article mean
cubes with their sides parallel to the axes. Given a cube ), \Q will denote the
cube with the same center as () and with sides parallel to those of (Q and A times
as long.

2. WEIGHTED PLANCHEREL-POLYA-TYPE INEQUALITIES AND THE DEFINITION OF H f w

We begin by recalling some basic results about Calderén-Zygmund operator
theory. As usual, we denote by &/ the collection of C°° functions on R" with
compact support.

Definition 2.1. ([14]). A singular integral operator 71" is a continuous linear
operator from & into its dual associated to a kernel K (z,y), a continuous function



Weighted Hardy Spaces 1057

defined on R™ x R™\{z = y}, satisfying the following conditions: there exist a
constant C' > 0 and 0 < ¢ < 1, such that

2.1) |K(z,y)| < Clo —y[™"  forallz #y,
(2.2) K (2,y) — K(a',y)| < Clo — 2/ T|w —y|7"F
for all z, 2, and y in R™ with |z — 2/| < |z — y|/2, and

(2.3) |K (2, y) = K(z,y)| < Cly = y/[*|lz —y[7"*

for all y,y/, and x in R™ with |y — ¢/| < |z — y|/2. Moreover, the operator 7' can
be represented by

Tr) = [ | Koy

for all f,g € & with supp(f) Nsupp(g) = &. We say that a singular integral
operator is a Calderon-Zygmund operator if it can be extended to be a bounded
operator on L2(R™).

Definition 2.2. ([3]). A bounded complex-valued function b defined on R is
said to be para-accretive if there exist constants C,~ > 0 such that, for all cubes
Q@ C R™, there is a sub-cube Q' with v|Q| < |Q’| satisfying

ﬁ‘ // b(z)dx

If T' is a Calder6én-Zygmund operator, then 7™ is a Calderon-Zygmund operator
as well. Thus T'b can be well defined by

(Tb, f) = (b,T*f)  forall fe H',

> C.

since T and T* are bounded from H' into L', and therefore 7h = 0 means
[T* f(x)b(z)dz = 0 for all f € H'. Similarly, T*b = 0 means [T f(x)b(x)dz =
0 for all f € H'. Suppose that T is an L? bounded operator with kernel K (z,y)
satisfying (2.1). If K(x,vy) satisfies (2.3), then T is bounded from H! to L'. If
b1 (x) K (x,y) satisfies (2.2), then T*b~! is bounded from H! to L. Therefore, for
such an operator 7" and a para-accretive function b, 71 = 0 means [ T'f(x)dz =0
for all f € H' and Tb = 0 means [ T*g(z)b(z)dx = 0 for all g € H}, where
g € Hb1 if and only if bg € H'. See [9, 14] for more details about the Hardy
space H, bl Similarly, suppose that 7' is bounded on L? such that its kernel K (z,y)
satisfies the conditions (2.1) and (2.2), and K (x,)b~!(y) satisfies the condition
(2.3). Then T* and Tb~! are bounded from H' to L!. Therefore, for such an
operator T" and a para-accretive function b, 71 = 0 means [ T™ f(x)dz = 0 for all
f € H' and T*b = 0 means [ Tg(z)b(z)dz = 0 for all g € H}.
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Definition 2.3. ([8]). Fix two exponents 0 < G < 1 and v > 0. Suppose that b
is a para-accretive function. A function f defined on R" is said to be a test function
of type (3, , ) centered at xy € R™ with width d > 0 if

d”

(2.4) @l < O =z
o Jamal Y@
ey @l 11 < () T

for |z — 2'| < (d+ |z — xo])/2, and

f(z)b(x)dx = 0.
Rn

Remark 2.4. Replacing the condition (2.5) by

, |z —2'|\B dY d’
26) \f(x)—f(x)\ﬁC( d )((d—i—\x—xo\)n+w+(d+\x’—xo\)nnW)’

one obtains Meyer’s smooth atoms (see [13]). Obviously, conditions (2.4) and (2.5)
imply (2.6).

Denote by MB79) (x4, d) the collection of all test functions of type (3,7, b)
centered at zy € R™ with width d > 0. For f € M(ﬂ’%b)(xo, d), the norm of f in
MBAD) (14, d) is defined by

1F | vt .0y = IE{C = (2.4) and (2.5) hold}.

We denote M(Z10)(0,1) simply by M@0, Then M7 is a Banach space
under the norm ||| ygs+4. The dual space (M%) consists of all linear
functionals £ from M @7 to C satisfying

1L(H)] < CFll ooy for all f € MP1D),

We denote (h, f) the natural pairing of elements i € (M(ﬂ’%b))/ and f € MO,
It is easy to check that for any o € R™ and d > 0, M©B70)(zy, d) = MB7b)
with the equivalent norms. Thus, for all h € (M(ﬂ’%b))/, (h, f) is well defined for
all f € M(ﬂ’%b)(xo, d) with any xy € R™ and d > 0. As usual, we write

DM = L f . f = bg for some g € MBI,

If f € bMB7b) and f = bg for g € ME7)| then the norm of f is defined by

[ loptearer = gl paesarn-
To state the discrete Calderén reproducing formula, we need an approximation

to the identity associated to a para-accretive function.
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Definition 2.5. ([3, 8]). Let b be a para-accretive function. A sequence of
operators {S }rez is called an approximation to the identity associated to b if the
kernels Si(z,y) of Sy are functions from R™ x R™ into C such that there exist
constant C' and some 0 < ¢ < 1 satisfying, for all z, 2/, y, and v/ € R",

2—k5

@ F 4 [z —y)te’

o c 9—ke
) N
(11) ‘Sk(xvy) Sk(w,y)\ —C<2_k+‘x_y‘> (2_k+‘x_y‘)n+5

(i) [Sk(z,y)| < C

1
for |z — 2’| < 5(2_k + |z —yl);

IN
Q
—
|
<
<

: 27k
(i) 18(z.) = k(o) < (3= 1) @rr e =y

(iv) [[Sk(@,y) = Sk(@,y")] = [Sk(a",y) — Sk(a", )]

_ 9 ke
co( ity (Y =
27k +lx —yl/) \27F |z —yl/ (27F + ]z —y)
1 1
for |z — 2| < (27" + e —y[) and |y —¢/| < S (27" + |z = y]);

(v) Sk(z,y)b(y)dy=1 for all k € Z and = € R™;
Rn

(vi) Sk(z,y)b(x)de =1 forall k € Z and y € R™.
Rn

Remark 2.6. Note that we can regard the &’s in Definitions 2.1 and 2.5 to be
the same by choosing the smaller one. Coifman constructed an approximation to
the identity {Sk}xez such that Dy(x,y), the kernel of Dy = S — Si_1, satisfies
Dy(x,y) =0 for |z — y| > C27F (see [3, p. 16] and [8, p. 63]).

We now recall the definition and properties of A, weights. We refer readers to
[4, 6] for the details about A,,. For 1 < p < oo, a locally integrable nonnegative
function w on R™ is said to be in A, if there exists C' > 0 such that

-1
2.7) (\Q\/ dw)(w‘/ —1/ - 1dx>p <C for any cube Q CR™.

The class w € Ay consists of weights satisfying for some C' > 0 that

x)dx < C - essinfw for any cube Q C R",
\Q\/ iyt
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and A = Ui<peoo Ap. Ifw € Ay for 1 < p < oo, then w € A, forallr > p
and w € A, for some 1 < g <p. If w € A,, p > 1, then there exists an absolute
constant C' such that w(AQ) < CA™w(Q). A close relation to A, is the reverse
Holder condition. If there exist » > 1 and a fixed constant C' > 0 such that

l/r
(\B\ / w(y )rdy> \B\ / )dy for any cube @ C R",

we say that w satisfies the reverse Holder condition of order r and write w € RH,..
It follows from Holder’s inequality that w € RH, implies w € RH; for s < r.
It is known that w € A, if and only if w € RH, for some r > 1. Moreover,
if w € RH, for r > 1, then w € RH, . for some ¢ > 0. Thus we write
rw = sup{r > 1 : w € RH,} to denote the critical index of w for the reverse
Holder condition. If w € A,NRH, withp > 1 and r > 1, then there exist constants
C1, Cy > 0 such that

Y (i) < g <)

for any measurable subset F/ of a cube I.
To introduce weighted Hardy spaces associated to para-accretive functions, we
need to establish the following weighted Plancherel-Polya-type inequalities.

Theorem 2.7. Suppose that {Si}rez and { Py }rez are approximations to the
identity associated to b defined in Definition 2.5. Set Dy = Sy — Sip_1 and Ej, =
Py — Pg1. Forn/(n+¢) <p < oo, if w € A(yyeyp/n then

H{ZZ sup | Exbf( >\)2><Qk}1/2 .

2€Qk

H{ZZ inf |Dwf(2)]) XQk}m

/7

for f € (bMWD,

LY,

(i ||{ZZ swp 124)) v )

2€Qk

||{ZZ inf DS >\)2><Qk}1/2 .

where Qy,’s are all dyadic cubes with the side length 27N for some fixed positive
large N.

Jor f € (./\/l(ﬂ’%b))/,

We postpone the proof of Theorem 2.7 and display two discrete Calderén-type
reproducing formulas in the followings, which play a crucial role in the proof of
Theorem 2.7.
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Lemma 2.8. ([9]). Suppose that {Sy} is an approximation to the identity
associated to b defined in Definition 2.5 and Dy, = Sy, — Si_1. Then there exists a
family of operators {Dy,} with kernel Dy (x,y) such that, for all f € (bM By,

2.9) =% Db (v, / By, 2)b()dy.

k Qg

where Qy,’s are all dyadic cubes with the side length 2=%=N for some fixed positive

large N, yq, is any fixed point in Qy, and the series converges in the sense that,
Jor all g € bMBY) with 8 < 3 and v < 7/,

hm <Z > Dibf(yq, / Dy(y, 2)b(y)dy, g>=<f,g>-

|k| <M dist(0,Qr)<J

Moreover, ﬁk(x, y)’s satisfy the following estimates: for 0 < & < e, where ¢ is
the regularity exponent of S, there exists a constant C' > 0 such that

2—/%‘/
27F + ]z —ylmre

| Di(a,y)| < C

/ 2—/%‘/

~ ~ —y :
Di(x,y) — Dy(z,y/ <C< vVl ) /
‘ k( y) k( Y )‘ = 29—k 1 ‘(L‘ — y‘ (Q_k + ‘(L‘ - y‘)n—l—e

for ly—y'| < @"+ |z —y])/2,

Dip(z,y)b(y)dy=0 fork€Z and x € R",
Rn

Dy(z,y)b(z)dz=0 fork€Z and y € R

Rn

Lemma 2.9. ([9]). Let Sy, Dy, ﬁk(x, Y), Qr, and yq, be given in Lemma 2.8.
Then, for all f € (./\/l(ﬂ’%b))/,

£0) = 323" Duf(wa,) | b)Duly. 00w}y,
ko Qx Qr

where the series converges in the sense that, for all g € M? ") with 3 < 8 and
<7

i <Z > Dkf(ka)/ b(w)f?k(y,w)b(y)dy,g>=<f,9>-

k| <M dist(0,Q1)<J Qk
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The following weighted version of Fefferman-Stein vector-valued maximal in-
equality will be used as well.

Lemma 2.10. ([1]). Let f = (f1, fa,---) be a sequence of functions on R™. If
1 <p,r < oo, there is a constant Cy, > 0 such that

(o), = (Epor)”

if and only if w € Ap, where M is the Hardy-Littlewood maximal function.

> npr
D

)2 L,

We are ready to demonstrate the weighted Plancherel-Polya-type inequalities.

Proof of Theorem 2.7. We prove (i) only and the proof of (ii) is similar. Given
f e (bMBD)Y since w € A(n42)p/n- there exists g satisfying 1 < ¢ < (n+¢)p/n
such that w € A,. Set r = p/q. Choose ¢’ and ¢ satisfying 0 < ¢” < &’ < ¢ and
n/(n+¢") <r. By Lemma 2.8, f can be written as

ZZDkbf ka / Dk y, )b(y)dy,
k Qg

where Q},’s are all dyadic cubes with the side length 2%~ for some fixed positive
large N and yq, is any fixed point in (). Thus,

Bbf() =33 Dibf(va,) / EsbDi(y, ) (@)b(y)dy.
ko Qg

Using the inequality (see [11])

|Ejbl~)k(y7 Nx)| = ‘/Ej(x,z)b(z)f?k(y,z)dz
2—(j/\k)6/
@G+ gl

< ¢k

where j A k denotes min(j, k), we obtain

o 9—(JNk)
< —|j—kle
|Ebf ()] CZZDkbf YQy / 2 (2-GAR) ¢ [z — y[)nte dy
ko Qp
< CZZQ l7— /ﬁ|6”2 kn GRS 2_(j/\k)6 " /‘Dkbf(ka)‘
ko Qk (270N0) 4 |z — yq, ) Fe
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Thus
sup Ejbf(2)|xq, (@)
2€Q);
c PR UL .
< 2=~ 9—kn ‘ / | '

k Qg
By an estimate in [5, p. 147-148], we have

2—(j/\k)6/

Qk
| ‘ ry 1/r
SCQ(JAk)”Q[k_(JAk)]”/T{M<Z‘Dkbf(ka)‘XQk) } (z)
Qk

since n/(n+¢’') < n/(n+¢€") < r. Noticing that
Supz 2—|j—k|6”2—kn2(k/\j)n2[k—(k/\j)]n/r < 00,
Tk

and by Holder’s inequality we obtain

sup [EbS(2)xq, () < € 3 2 1ot it mgli= 0l
zel; I

ry2/r
Y {M(Z\Dkbﬂy@mmk) } (x)xa, ().
Qr
This yields

{ZE mp s, )

i Q7
S C{ Z Z 2—|j—k|6”2—kn2(k/\j)n2[k—(k/\j)]n/r

j ok

’ [M<Z‘Dkbf(ka)‘XQk>r]2/r(x)}1/2

Qk
rq2/r 1/2
SC{Z [M<Z‘Dkbf(ka)‘XQk> ] (1‘)} )
k Qk
where the last inequality follows from the fact that

SupZ2—|j—k‘|6”2—k§n2(k}/\j)n2[k‘—(k‘/\j)]n/7’ < 00.
k X
J
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Since yq, is any point in Q,

{ ZJ: %]-: 2 |EibS () e, (w)}m
< C{ > [M<Z£éé§k ‘Dkbf(z)‘XQk(x))T] z/r}l/%

k Qk
Therefore, noticing that r = p/q < 2 and using Lemma 2.10, we have

I 23 sup 15, 0 }1/2 Lg

<o [ {5 [u(X s pwrena) ]} v

k Qk

p

(r/2)q

<c {g :M(szggk\Dkbf<z>\><@k<x>)r]2/r} w(z)da
(r/2)q

o[ {% :(Z;ggk\Dkbf<z>\><@k<w>)r]2/r} w(z)ds

k Qk
<oz > i, 1Di (2 e o) 1

This completes the proof of Theorem 2.7.

p

LY,

We now introduce the g-functions and S-functions associated to a para-accretive

function b.

Definition 2.11. ([9]). Suppose that {.Sj; } xcz is an approximation to the identity
associated to b defined in Definition 2.5 and Dy = S;—S%_1. Define the g-functions

and S-functions by

1/2
o()(x) = {Z \Dkf<x>\2} L fe (MO,
k
1/2
a(f)(x) = Z\Dkbw} L fe (pMEDY,

k

{
S(f)(x) = {; /|| 2’m\Dkf<y>\2dy}l/2, fe (MPTDY,
{

1/2
) /| l<2k2’m\Dkbf<y>\2dy} . [ e (oMY
EoV1ETyIse
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Similar to the classical case, we have the equivalent LP-norms for g-functions
and S-functions as follows.

Theorem 2.12. Letn/(n+e) < p < oo andw € Ayeyp/n- Then ||S(f)lr ~
lg(H)llzs, and [[Ss(H)lze, = Nlgo()ll s,

Proof.  We show the equivalence of ||Sy(f)/,» and ||gs(f)|/.z only, and the
proof of [[S(f)||e ~ [|g(f)|lz, is similar. By Theorem 2.7,

s =[{S [
1/2
<c {ZZ sup |Dibf(:) P ()}

1/2
2" Db (1) P <x>dy}

LY,

2€cQk b,
1/2
<c {Zzzé&g D EPa)} |

<C { > \Dkbf<w>\2}1/2

k
= Cllgo( )z, »

where C' > 1 is a fixed number depends on N, and on the other hand

o)z = |{ L f(x)‘Q}m |
<C {Zzzseupk\Dkbf ‘XQk(x)}m
= @%}z@gk \Dkbﬂz)\?mk(m)}” 2 )

- {Zk:%:mk(x) /|acy|sz 27 il |Dibf(z )\2dy}1/2

& ) 1/2
=C {;%,;XQ’M /lmy|s2-k2 b1 dy}

= Cl1So( )l Lz,

w

LY,

LY,

LY,

This completes the proof. u

We now may introduce the weighted Hardy spaces associated to para-accretive
functions.
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Definition 2.13. Suppose that { Sk }xez is an approximation to the identity asso-
ciated to b defined in Definition 2.5 and Dy, = Sj, — Si—1. Forn/(n+¢) <p <1
and w € A(n—f—e)p/na

we define the weighted Hardy space H f . to be the collection
of f € (bMB7:b)) such that

1AW, = Moo (zs, -

Remark 2.14. By Theorem 2.7, we deduce the norm |- || wy to be independent
of the choice of approximation to the identity. Furthermore, we may assume that
Dy (x,y) satisfies the property given in Remark 2.6; that is, Dy(x,y) = 0 for
|z —y| > C27F,

As a consequence of Theorems 2.7 and 2.12, we have the following result.

Theorem 2.15. Let n/(n+¢) <p <1 and w € Aqicyp/n- Then

1/2
191y, =110l = |{ 35 st 00, e (o)

ko Qg

)

LY,

where Yy, is any fixed point in Q.

3. AtoMiC DECOMPOSITION AND MOLECULAR CHARACTERIZATIONS OF H f w

In this section, we demonstrate the atomic decomposition and molecular char-
acterizations for H .

Definition 3.1. Let n/(n +¢) < p < 1, w € Apye

p/n»> and b be a para-
accretive function. A (p, 2, w) b-atom a is a function on R™, which is supported on
a cube ) and satisfies

lalls < w(@V2 VP and / a(2)b(z)dz = 0.

Theorem 3.2. Letn/(n+e) < p <1, w € A(y1c)p/n, and b be a para-accretive
function. Then f € Hf’ w if and only if f can be represented as f = ), Aiag,
where ay’s are (p,2,w) b-atoms and ), |\i|P < oo, and the series converges in
the norm of HY

b Moreover, fHwa ~ inf{>", |\e|P}/P, where the infimum is
taken over all decompositions of f into (p,2,w) b-atoms.

Proof.  We first prove the “if” part. By [10] it suffices to check

lgo(a)llp < C forall (p,2,w) b-atom a,

where C' is a constant independent of a. Let a be a (p, 2, w) b-atom whose support
is contained in a cube Q centered at xg. Write
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ol < [ oer@uias=( [+ [ Joter@neas=nen

By [7], S-function is bounded on L2 for w € As. It follows from Theorem
2.12 that g-function is also bounded on L2. Since function b(z)a(x) € L2, we
have [|gy(a)(-)ll 2, = llg(ba) ()]s, < Cllball s, < Cllallz, - Therefore by Holder’s
inequality and the size condition of a, we have

p/2
ne(f ) aaP(@ula)de)  w(20) 7 < o)l w(2Q) 7 < C.

For x € (2Q))°, using the b-vanishing moment and size condition of a, the smooth-
ness condition of Dy = St —Sk_1, and (2.7) (since w € As), we have the following
pointwise estimate of Dyba

Dba(w)] = | [ (Ditr.3) = Dil,20)) by)aty)dy

<c /Q |Di(2, ) — D, o) | a(w)|dy

9—ke
< — 2ol d
- C(Q_k + ‘fI) — xO‘)n+2E A ‘y :I:O‘ ‘a(y)‘ Y

9—ke e/ ) 1/2
< " - d

2—k6

1 n -1
< ClQI"""w(Q) /p(2_k ¥z — wo|)n

Therefore,

o)) = { - \Dkbaw}m

k
< C|QI"/mMw(Q) P

SIS )(2—k+\i_—%;o\>2n+46}1/2

27k<|z—zg| 27F>|z—a0]

< C|QI**/mw(Q)MP|a — | T E.

Noticing that w € A, with 1 < ¢ < (n + €)p/n, we have
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I, < C|Q|(+e/mp / |z — 20| " Pw(Q) w(z)da

(2Q)¢
= C|Q|(+e/mp Z / |z — 20| " Pw(Q) T tw(x)da
m—1 2m+1Q\2mQ
0 2m+1Q)
<ClQ (1+e/n)p 2m+1Q (—l—e/n)pw(
3.1) @ mzl | | w(Q)
> 2mFLQ|N\ g
< Clo|(+</np (—1—&/m)py(m-+1)n(~1—e/n)p |
< ClQ| > @ S,

m=1

<C Z o(m+1)n[(=1-¢/n)p+d]
m=1

<C.

To see the “only if” part, we will use Chang and Fefferman’s idea in [2].
Applying the same procedure as in developing the discrete Calderén reproducing
formula (see the proof of [9, Theorem 2.11]) to (2.9), we get

F@) =" |QulDr(x, 2q,)b(xq,) Drb(f)(2q,)
kE Q

in distribution sense, where Q;’s are all dyadic cubes with the side length 2~ k=N
for some fixed positive large N, xg, is any fixed point in Q;. For | € Z, set
Q= {z eR": gpf(x) > 2'}, where

N ) 1/2
Gl () = {ZZ Dib(£) (20 [*xe, <w>} ,

E Qg
and

w(Q)}

1 1
B;={Q:Q is dyadic cube such thatw(QﬂQl)>§w(Q) and w(QNY41) < 5

Thus

f<w>:22( 3 \Q\Dk(%wQ)b(UCQ)ﬁkb(f)(m)),

L 0O cQ
QEB, d(Q)ZE—QIc—N

where d(Q) denotes the side length of dyadic cube Q). By Remark 2.14, we have
Dy(x,y) =0 for |z — y| > C27%. Thus

o QDA ) D) (wo) ) €570,

QCQ
d(Q)=2—k—N

On the other hand, noticing that w and w™! both belong to Ay, we have
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Il Y |QIDu(, 2q)b(xq) Dib(f)(xq)

QCQ
d(Q)=2—k=N

< sw < ) \Q\ch,m)b(m)ﬁkb(f)(m),h<->>(

e =1
Il

L2

w

QCQ
d(Q)=2—k=N
< sup Y. 1QIDwb(f)(2q)b(zq) Di(h)(xq)
||h||L2 _1:1 QCo

Y dQ)=2—k=N

<c sw [ Y D) Db o) xal)ds

||h||L12u_1 QQQ
d(Q)=2—k—N

1/2
<C  sup { > lﬁkb(f)(wQ)!2XQ($)}
bl =1 acs L3
h d(Q)=2—k—N
1/2
><{ > !Dk(h)(wQ)’2XQ($)}
Qcq L,
d(Q)=2—k-N h
1/2
sc{ > kab<f><xQ>!2><Q<x>}
QCQ L3

d(Q)=2—k=N

_ )\672,11)(571@)1/2—1/p7

where
1/2
~ 2 nAN /p—
32 Ag=C { > |Dib(£) ()| xcz(x)} w(5"Q) P2,
QcQ L3
a(Q)=2-k=N
Set

a@:% S QI 50)b(xg) Dib(f) ().

QcQ
d(@)=2—k-N
Then we have f = > Z@EBZ Agags where ag satisfies (i) supp ag C 57Q, (ii)
lagllzz < w(5™Q)Y?~1/P, (iii) [ag(x)b(x)dr = 0. This means that ag is a
(p, 2, w) b-atom. It follows from (3.2) that
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2

p/2
) w(5"Q)! P/

Lw

1/2
H > Iﬁkb(f)(xQ)|2XQ(x)}

QCQ
d(Q)y=2—k—N

1-p/2 _ 2p/2
<CZ(Z Q) (Z > w<Q>|Dkb<f>(xQ>|> .

B OcB QCQ
@EB: QEBL L g)mah-N

<C
o X

We claim that Q € B; implies that Q C €, where { = {x : Mxq,(z) >
(1/2)7/=DY. In fact, if z € Q, then

QN S (w(ém ﬁz))r/(r_l) S (}
QI \ w(@) 2
where r > 1 such that w € RH,.. Therefore, > 5 p w(CQ) < Cw(Yy) < Cw(Sy)

since M is of weak type (1,1). Noticing that for Q € B, w((\ Q1) N Q) =
w( N Q) — w11 NQ) > w(Q) — 3w(Q) = tw(Q), we have

/ﬁl\ﬂl+lgbf r)dz = /Q Zzwkbf (20)[Pxq(@)w(x)da

\+1

/Q Z!Dkbfmm() (2)da

N\ 41 Qe

= Z |Dkbf zQ |2w<(§~21\91+1) mQ)

QeB;

> 3 L@ Db f o)

QeB;

r/(r-1)
Mg, () = )

)

Thus

3N Db (o) fw(@) = S [ Dibf (o) w(@)

QEB, QCQ QEB;

< 2/~ §bf(x)2w(x)dx
Q\ Q41

So by (3.3) we have
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Z Z P‘ |p < CZ —p/2 221 (Ql))p/2

I Qes,
=0 2Pw(y)
l
<C H%f”ig
<Clflt, -
This completes the proof of Theorem 3.2. ]

We now introduce the weighted b-molecules. The idea of weighted molecules
is duo to [12].

Definition 3.3. Let n/(n +¢) < p < 1 and w € Apye)p/m With critical
index ry, for the reverse Holder condition. Set § > max{1/(r, —1),1/p— 1},
ap=1—1/p+46,and by =1/2+6. A (p,2,,w) b-molecule centered at xy € R"
is a function M € L2 satisfying

(i) M(z)w(l* )bO € L2, where I a:o_x()' denotes the cube centered at xy with

side length 2\
ag/b T
(i) M58 - M yw (I

|- —ol

)bo“l ao/bo Emw(M) < o0,

(iii) M(z)b(x)dx = 0.
Rn
Remark 3.4. Every (p,2,w) b-atom a is a (p,2,d,w) b-molecule for § >
max{1/(ry, —1),1/p—1}, and Ny, (a) < C where C' is a constant independent of
f. This follows from b-vanishing moment of a and the fact that if supp(a) C I°,
then [|al|» < w(I70)Y/2=1/P and

Ha(.)w(IfggCOl)boHLa — (/119;0 ‘a(m)‘Q ([lﬂg‘go m0|)2b0w(x)dx>1/2
<w(If}°—R) w(IﬁO)lﬂ_l/p
< Cuw(Ig)™

Theorem 3.5. Let n/(n+¢) <p < 1 and w € Apye)p/n With critical index
Ty for the reverse Holder condition. If M be a (p,2,0,w) b-molecule for 6 >
max{1/(ry, —1),1/p— 1}, then M is in Hy , and [M][gr < CNy(M), where
the constant C' is independent of the molecule M. ’

Proof.  Set Mj(x) = M(x)b(z). Then M; satisfies
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(i) My(myw(IE, ) € I2,

i) 5" M (w7, Pl = M (M) & Ny (M),

|- =0l
(il") [gn My (x)dz = 0.
Without loss of generality, we may assume that M; is centered at 0 and N, (M) =
1. Define o by setting w(I,)"/P~1/2 = || M|}, , where I, = I0. Consider the sets
Ey={zeR":|z| <o}, Ex={zeR":2" s <|z| < 2¥c} fork=1,2, -

Set Mlk‘ = MIXEka Plk(fI,') = |E1_k|fR" Mlk‘(y)dy : XEk(x) for k = 07 1727 B
where x g, is the characteristic function of Ej. Then

T) = ZMlk(w) = i (Mig(z) — Pip(z)) + ZPM
k=0 k=0

Observing that 777 [, Mi(z)dz = [g, Mi(z)dz = 0, and using Abel’s sum-
mation formula, we write

_ XEk( )
> Pu@) =3 [ wnay e

3 ) (g - 7)

~3 [ o (T )

k=0
= Z O (z)
k=0
Thus ~
My(x) =Y (M(z) — Pig(w +Z‘I’k
k=0

Since the above equation holds in L2, and hence holds in almost everywhere in R™,
so we have

(3.4) M(z) = (x 1k(x (2 Z (x)

= = bl
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By the definition of My, and Py, (Mx — Pij)/b has b-vanishing moment, and
is supported at Iox,. Noticing that w € Ay we have

’w(Ek)lﬂ‘
‘Ek‘ Ey

w(Ek)1/2 / -1 1/2
< ot Sl 72
< || Mgl 2z, Br ( . w(y) dy)

< O Mgl 2, -

1Pkl z, = My(y)dy|

Thus
H My — Plk‘

b
where we use the fact that the inverse of a para-accretive function belongs to L™
in the last estimate. Notice that 9,,(M;) = 1 and w(I,)/P~Y/2 = || M|}, imply
HMl(-)w(I|.|)b0HLgu = w(ly)*. From the choice of 4, we are able to choose

1 <r < rysuch that 6 > 1/(r—1) > 1/(ry, — 1). By (2.8), we have, for
k=12,

2 < ClMl g,

w(I|.|) bo
w(12k0)>
< Cw(I,)®w(Iyk, )%

< Cv2—knao(7’—1)/7’,11)(1—2160)1/2—1/p7

M1l 2, < €| aae)

)
(3.5)

and for k£ =0,
[Mioll 2, < [|Myll2 < Cw(Ly, )2~ V/P,

Hence, for Kk =0,1,2,---,

;2

It follows that, for £k =0,1,2,---,

= < CQ—Imao(r—l)/rw(I2k0)1/2—1/p'

O~ Loknao(r—1)/r Mlk(x) - Plk(x) .

b(z) = ak(x)

ia a (p, 2, w) b-atom supported at Ix,. In other words,
Mlk(x) — Plk(x)
b(x)

where ay, is a (p, 2, w) b-atom supported at I, and A\, = C2 0 ("=1)/7 Since
nagp(r —1)/r >0, 35224 AP < C 352, 27 Fraor(r=1)/" < o5 By Theorem 3.2,

= Aoy (),
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> Mlk(x) — Plk(x)
b(x)

P
€ Hb,w
k=0

with its Hj, norm no more than (372, IMeP)P < C < 0.

Letus treat S°°° 1 26@)  pirst obviously 2£&)
k=0 "b(x) b(mg

ing that w € A,, by Holder’s inequality and (3.5

has b-vanishing moment. Notic-
, we have

‘/ Ml(y)dy‘= > / Mlj(y)dy‘
|z|>2ko =kt E;
> -1 —-1/2
< 0 IMylz (w T (Tas,)
=kt
<Y 2 1y,
j=k+1
_ n —1/p = —nj(ao(r—l)/r—l) w(12k+10') 1/p
Co ’ll)([2k+10.) Z 2 <7w(12j0) )

J=k+1
< CUnw(12j+1J)_1/p2(/€+1)np_1(7-_1)/7,
X Z 2—nj(ao(r—l)/r_1+p—1(r_1)/r)
J=k+1
< C(2"H ) v (Iysi1,) /P2~ (k+Dnao(r=1)/r

)

since ag(r — 1)/r —1+p~(r —1)/r = (1 +6)(r — 1)/r — 1 > 0 by the choice

of 4. Thus
@k(x)‘ 1 po—(k _
< I.: po—(k+1)nao(r—1)/r
b(x) ~ Cw( 2]+1J)

Since suppqz’zg) C Iyk+1,, we have
H ‘I’k(')‘
b(:)
It yields q;,zg) = g Br(x), where py, = C2-ktDnao(r=1/m and g, () is (p, 2, w)
b-atom supported at Iyni1,. Since Y oo, [puxlP? < O 352, 2~k naor(r=1)/r <
C < o0, by Theorem 3.2,

< 02—(k+1)nao(r—1)/rw(
Lz -

1/2-1/p

I2j+10)

Py (z) v
bIZx) < Hb’w

with its H}  norm no more than (> 77, \uk\p)l/p < C < oo. So by (3.4),
M e Hy  and HMHH;; < C < oo. This completes the proof of Theorem 3.5. m
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4. BOUNDEDNESS OF CALDERON-ZYGMUND OPERATORS ON LY, AND H. f w
We give applications to the boundedness of Calderén-Zygmund operators.

Theorem 4.1. Let T' be a Calderon-Zygmund operator given in Definition 2.1.

Forn/(n+¢) <p<1andw € Aqic)pm define the operator Ty, by

Ty(f)(z) = . K(z,y)b(y) f(y)dy.

Then Ty, is bounded from Hy  to Ly,
Proof. By atomic decomposition of H} , , it suffices to show for any (p, 2, w)

b-atom a, we have |Ty(a)l|;» < C, where C is a constant independent of a.
Suppose a is supported on a cube ) with center xg. We write

HTb(a)Hipw = /Rn |Tb(a)(x)|pw(x)dx: /ZQ —|—/(2Q)c =1+ .

For I;, by Holder’s inequality, the L?U boundedness of T} (since w € As, see
[4]), and the size condition of a, we obtain

L < (/2Q ’Tb(a)(w)’2w(w)dx>p/2</2Qw(x)dx>1_p/2 < Ol w(@) 7 < C.

Let us treat I5. If z € (2Q)¢, by the b-vanishing moment of a and condition
(2.3), we have

Ta)(@)] = | [ (Kle.) = K(a,20))bu)as)dy

<C 0 (K (2, y) = K(x,2q)|la(y)|dy

ly — zql°
<C | 2= d
<0 | ey
‘Q‘e/n
|z — xq|"te

‘Q‘e/n—f—l

(4.1) o

<cC lall 3, (w™(Q))

<C w(Q)?lall 3,

|z — 2|t
‘Q‘e/n—f—l

<C w(Q)Y,

|z — zq|"te

where the next to last inequality is obtained since w € As. Thus by (3.1)
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I = /(QQ)C ITh(a) (@) [P()dz

<l ru@ [ L w(e)de

Q) |z — zq|(n+oP
<c.

This completes the proof of Theorem 4.1. ]

Theorem 4.2. Suppose that T is a Calderon-Zygmund operator given in Def-
inition 2.1. Let n/(n +¢) < p < 1 and w € A(yqe)p/n With critical index r, for
the reverse Holder condition such that v, > (n+¢€)/(n+ ¢ — nq).

(i) If T*b =0, then T is bounded from Hy, to Hy .
(i) If T*1 = 0, then Ty, is bounded from Hy , to Hy.
(iit) If T*b =0, then T}, is bounded on Hy .

Proof. 'We only prove (i), since the proof of (ii) and (iii) are similar. Observe
that 1 < ¢ < (n+e)p/n implies 1/p—1 < BEe—1, and ry, > (n+e)/(n+e—nq)
implies (r,,—1)~" < ™= —1. So we can choose ¢ such that max{(r,—1)~",1/p—
1} << ”n—tf — 1. By the atomic and molecular decomposition theory established
in the above section, it suffices to verify that, for every (p, 2, w) atom in HY, Ta
is a (p, 2,6, w) b-molecule and N, (Ta) < C with C independent of a.

Assume suppa C (Q, where () is a cube centered at zg. Setap =1—1/p+ 6
and by = 1/2+6. Since T*b = 0 implies [, Ta(z)b(x)dx = 0, so we need only to
check Ta satisfies M,(Ta) = |[Tall3™ - | Ta()w(1f%, )o|2"" < C < c.
We write

2

[raCyw (e,

= [ P, ) e

Ly
2Q (2Q)¢

=11 + 5.
By the L2, boundedness of T" and the size condition of a, we have
I < Cw(2Q)**||Tall3, < Cw(Q)**||Tall}y < Cu(Q)>™.

For = € (I2R)¢, same estimate to (4.1) leads

’T(a)(x)’SC ‘Q‘E/n—’—l ’U)(Q)_l/p-

|z — x|t
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Observe that it follows from the choice of § that
2(n+¢e) — (2bp+ 1)ng=2(n+¢) — (24 2d5)ng > 0.

Thus, by the fact that w € A,, we get
2 2b,
I, = /(2 . |Ta(z)| w(Iﬁ}Q_mm) “w(z)dx

1
saQW”“”er”{/

(20 |7 — 2P

saWWWWWWZ/
m12

(Iﬁ}Q_mm)%Ow(x)dx

1

zQ 2bg
mtLQ\ZmQ ‘x_xQ‘Q(n—I—e)w(I ) w(z)d

|z g|

< Cw(Q)_2/p Z 2—2m(n+6)w(2m+1Q)2b0+1
m=1

-2/ 2bo+1 ad —2m(n+e) ’U)(L—HC?) 2bo+1
< Cw(Q)~2/Pw(Q)? ot mZ:IQ + ( g )
< Cu(Q)*™ i g=m(2(n+e)~(2bo+1)nq)
m=1
SCw(Q)2‘10_

By the L2, boundedness of T and the size condition of atom a, we have

Nu(Ta) = |Tall 3™ - [Taly (72, "Il "™

Lw |'_mQ| L12u
< Cllall " w(@)eli =0/
<C.
This completes the proof of Theorem 4.2. ]
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