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EXISTENCE OF THREE POSITIVE SOLUTIONS FOR

M -POINT BOUNDARY-VALUE PROBLEM WITH

ONE-DIMENSIONAL P -LAPLACIAN

Han-Ying Feng* and Wei-Gao Ge

Abstract. In this paper, we consider the multipoint boundary value problem

for the one-dimensional p-Laplacian

(φp(u′(t)))′ + q(t)f (t, u(t), u′(t)) = 0, t ∈ (0, 1),

subject to the boundary value conditions:

u(0) =
m−2∑

i=1

aiu(ξi), u(1) =
m−2∑

i=1

biu(ξi),

where φp(s) = |s|p−2s, p > 1, ξi ∈ (0, 1) with 0 < ξ1 < ξ2 < ··· < ξm−2 <

1 and ai, bi ∈ [0, 1), 0 ≤
m−2∑
i=1

ai < 1, 0 ≤
m−2∑
i=1

bi < 1. Using a fixed point

theorem due to Avery and Peterson, we study the existence of at least three

positive solutions to the above boundary value problem. The interesting point

is the nonlinear term f is involved with the first-order derivative explicitly.

1. INTRODUCTION

In this paper, we study the existence of multiple positive solutions to the bound-

ary value problem (BVP for short) for the one-dimensional p-Laplacian

(1.1)
(
φp(u′(t))

)′ + q(t)f
(
t, u(t), u′(t)

)
= 0, t ∈ (0, 1),
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(1.2) u(0) =
m−2∑

i=1

aiu(ξi), u(1) =
m−2∑

i=1

biu(ξi),

where φp(s) = |s|p−2s, p > 1, ξi ∈ (0, 1) with 0 < ξ1 < ξ2 < · · · < ξm−2 < 1
and ai, bi, q, f satisfy

(H1) ai, bi ∈ [0, 1) satisfy 0 ≤
m−2∑
i=1

ai < 1, 0 ≤
m−2∑
i=1

bi < 1;

(H2) f ∈ C([0, 1]× [0,+∞)×R, (0,+∞));
(H3) q(t) ∈ L1[0, 1] is nonnegative on (0, 1) and q(t) 6≡ 0 on any subinterval of
(0, 1).

The study of multipoint boundary value problems for linear second-order ordi-

nary differential equations was initiated by Il’in and Moiseev [1]. They investigated

a mathematical model leading to the solution of a Sturm-Liouville equation, with

nonlocal boundary conditions of the second kind expressed in terms of given linear

combinations of flows. Since then there has been much current attention focused

on the study of nonlinear multipoint boundary value problems, see [2-9].

For problem (1.1), when the nonlinear term f does not depend on the first-order

derivative, many authors studied the equation

(1.3)
(
φp(u′(t))

)′ + q(t)f (t, u(t)) = 0, t ∈ (0, 1),

with different boundary conditions. For example, in [5], Ma and Ge studied the

existence of positive solutions for the multipoint BVP

(
φp(u′(t))

)′ + q(t)f (t, u(t)) = 0, t ∈ (0, 1),

u′(0) =
m−2∑

i=1

αiu
′(ξi), u(1) =

m−2∑

i=1

βiu(ξi).

The main tool is the monotone iterative technique.

In [6,7], Wang and Ge considered multipoint BVPs for the one-dimensional

p-Laplcian successively

(φp(u′))′ + f(t, u) = 0, t ∈ (0, 1),

φp(u′(0)) =
n−2∑

i=1

aiφp(u′(ξi)), u(1) =
n−2∑

i=1

aiu(ξi)

and

(φp(u′))′ + f(t, u) = 0, t ∈ (0, 1),

u′(0) =
n−2∑

i=1

αiu
′(ξi), u(1) =

n−2∑

i=1

βiu(ξi).
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They provided sufficient conditions for the existence of multiple positive solutions

to the above BVPs by applying the fixed point theorem in a cone.

However, all the above works about positive solutions were done under the

assumption that the first order derivative is not involved explicitly in the nonlinear

term. Recently, Bai, Gui and Ge in [8] investigated the following two-point BVPs

(
φp(u′(t))

)′ + q(t)f
(
t, u(t), u′(t)

)
= 0, t ∈ (0, 1),

αφp(u(0))− βφp(u′(0)) = 0, γφp(u(1)) + δφp(u′(1)) = 0

or

u(0)− g1(u′(0)) = 0, u(1) + g2(u′(1)) = 0.

Where g1(t) and g2(t) are both continuous functions defined on (−∞,+∞), α >
0, β ≥ 0, γ > 0, δ ≥ 0.

Wang and Ge in [9] considered the following two-point BVPs

(
φp(u′(t))

)′ + q(t)f
(
t, u(t), u′(t)

)
= 0, t ∈ (0, 1),

u(0) = 0, u(1) = 0,

or

u(0) = 0, u′(1) = 0.

The authors obtained sufficient conditions that guarantee the existence of at least

three positive solutions by using fixed point theorems due to Avery-Peterson.

Motivated by works in [8,9], our purpose of this paper is to show the existence

of at least three positive solutions to the multipoint BVP (1.1), (1.2).

2. PRELIMINARY

For the convenience of readers, we provide some background material from the

theory of cones in Banach spaces. We also state in this section the Avery-Peterson’s

fixed point theorem.

Definition 2.1. Let E be a real Banach space over R. A nonempty closed set
P ⊂ E is said to be a cone provide that

(i) au+ bv ∈ P for all u, v ∈ P and all a ≥ 0, b ≥ 0, and
(ii) u, −u ∈ P implies u = 0.

Every cone P ⊂ E induces an ordering in E given by x ≤ y if and only if

y − x ∈ P .
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Definition 2.2. The map α is said to be a nonnegative continuous concave

functional on a cone P of a real Banach space E provided that α : P → [0,∞) is
continuous and

α(tx+ (1− t)y) ≥ tα(x) + (1 − t)α(y)

for all x, y ∈ P and 0 ≤ t ≤ 1. Similarly, we say the map γ is a nonnegative
continuous convex functional on a cone P of a real Banach space E provided that
γ : P → [0,∞) is continuous and

γ(tx+ (1 − t)y) ≤ tγ(x) + (1− t)γ(y)

for all x, y ∈ P and 0 ≤ t ≤ 1.

Let γ and θ be nonnegative continuous convex functionals on a cone P , α be
a nonnegative continuous concave functional on a cone P , and ψ be a nonnegative

continuous functional on a cone P . Then for positive real numbers a, b, c and d,
we define the following convex sets:

P (γ, d) = {u ∈ P | γ(u) < d},

P (γ, α, b, d) = {u ∈ P | b ≤ α(u), γ(u) ≤ d},

P (γ, θ, α, b, c, d) = {u ∈ P | b ≤ α(u), θ(u) ≤ c, γ(u) ≤ d}

and a closed set

R(γ, ψ, a, d) = {u ∈ P | a ≤ ψ(u), γ(u) ≤ d}.

To prove our results, we need the following fixed point theorem due to Avery

and Peterson in [10].

Theorem 2.1. Let P be a cone in a real Banach space E. Let γ and θ be

nonnegative continuous convex functionals on P , α be a nonnegative continuous
concave functional on P , and ψ be a nonnegative continuous functional on P

satisfying ψ(λu) ≤ λψ(u) for 0 ≤ λ ≤ 1, such that for some positive numbersM
and d,

(2.1) α(u) ≤ ψ(u) and ‖u‖ ≤Mγ(u)

for all u ∈ P (γ, d). Suppose

T : P (γ, d) → P (γ, d)

is completely continuous and there exist positive numbers a, b and c with a < b
such that
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(S1) {u ∈ P (γ, θ, α, b, c, d) | α(u) > b} 6= φ and α(Tu) > b for u ∈ P (γ, θ, α, b,
c, d);

(S2) α(Tu) > b for u ∈ P (γ, α, b, d) with θ(Tu) > c;

(S3) 0 6∈ R(γ, ψ, a, d) and ψ(Tu) < a for u ∈ R(γ, ψ, a, d) with ψ(u) = a.

Then T has at least three fixed points u1, u2, u3 ∈ P (γ, d), such that

γ(ui) ≤ d for i = 1, 2, 3,

b < α(u1),

a < ψ(u2), with α(u2) < b,

ψ(u3) < a.

3. RELATED LEMMAS

Let the Banach space E = C1[0, 1] be endowed with the ordering x ≤ y if

x(t) ≤ y(t) for all t ∈ [0, 1] and the maximum norm

‖u‖ = max
{

max
t∈[0,1]

|u(t)|, max
t∈[0,1]

|u′(t)|
}
.

Define the cone P ⊂ E by

P =

{
u ∈ E | u(t) ≥ 0, u(0) =

m−2∑

i=1

aiu(ξi), u is concave on [0, 1]

}
.

It follows from (H3) that there exists a natural number k > max
{ 1
ξ1
,

2
1 − ξm−2

}

such that 0 <
∫ 1− 1

k
1
k

q(t)dt <∞.

Let the nonnegative continuous concave functional α, the nonnegative continu-

ous convex functionals θ, γ, and the nonnegative continuous functional ψ be defined
on the cone P by

γ(u) = max
0≤t≤1

|u′(t)|, ψ(u) = θ(u) = max
0≤t≤1

|u(t)|,

α(u) = min
1
k
≤t≤1− 1

k

|u(t)| for u ∈ P.

Lemma 3.1. For u ∈ P, then

max
0≤t≤1

|u(t)| ≤M max
0≤t≤1

|u′(t)|,
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where M = 1 +

m−2∑
i=1

aiξi

1 −
m−2∑
i=1

ai

.

Proof. By the concavity of u, one arrives at

u(t) − u(0) ≤ u′(0) ≤ max
0≤t≤1

|u′(t)|, t ∈ [0, 1].

On the other hand,

(
1 −

m−2∑

i=1

ai

)
u(0) = u(0)−

m−2∑

i=1

aiu(0)

=
m−2∑

i=1

aiu(ξi)−
m−2∑

i=1

aiu(0)

=
m−2∑

i=1

ai[u(ξi) − u(0)]

=
m−2∑

i=1

aiξiu
′(ηi),

where ηi ∈ (0, ξi). so

|u(0)| =

∣∣∣∣∣∣∣∣∣

m−2∑
i=1

aiξiu
′(ηi)

1 −
m−2∑
i=1

ai

∣∣∣∣∣∣∣∣∣
≤

m−2∑
i=1

aiξi|u′(ηi)|

1 −
m−2∑
i=1

ai

≤

m−2∑
i=1

aiξi

1 −
m−2∑
i=1

ai

max
0≤t≤1

|u′(t)|.

Thus one has

max
0≤t≤1

|u(t)| ≤


1 +

m−2∑
i=1

aiξi

1 −
m−2∑
i=1

ai


 max

0≤t≤1
|u′(t)| = M max

0≤t≤1
|u′(t)|.

Lemma 3.2. For u ∈ P, then

min
0≤t≤1

|u(t)| ≥ 1
k

max
0≤t≤1

|u(t)|.
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Proof. It is well known that if u is nonnegative and concave on [0, 1] then

u(t) ≥ min{t, 1− t} max
0≤t≤1

|u(t)|.

Thus we have

min
0≤t≤1

|u(t)| ≥ 1
k

max
0≤t≤1

|u(t)|.

With Lemma 3.1 and Lemma 3.2, for all u ∈ P , we obtain

(3.1)
1
k
θ(u) ≤ α(u) ≤ θ(u) = ψ(u), ‖u‖ = max{θ(u), γ(u)} ≤Mγ(u).

Therefore the condition (2.1) of Theorem 2.1 is satisfied.

Lemma 3.3. Assume that (H1) − (H3) hold. Then, for any x ∈ C1+[1, 0] =
{x ∈ C1[0, 1] : x(t) ≥ 0},

(3.2)
(
φp(u′(t))

)′ + q(t)f(t, x(t), x′(t)) = 0, t ∈ (0, 1),

(3.3) u(0) =
m−2∑

i=1

aiu(ξi), u(1) =
m−2∑

i=1

biu(ξi),

has a unique solution u(t) as

(3.4)

u(t) =
1

1−
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(
Ax−

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

+
∫ t

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

or

(3.5)

u(t) = − 1

1−
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(
Ax−

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

−
∫ 1

t
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds,
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where Ax satisfies

(3.6)

1 −
m−2∑
i=1

bi

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

+
∫ 1

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

−
m−2∑

i=1

bi

∫ ξi

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds = 0.

Proof. For any x ∈ C1+[1, 0], suppose u is a solution of BVP (3.2), (3.3). By
integration of (3.1), it follows that

u′(t) = φ−1
p

(
Ax −

∫ t

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
,

u(t) = u(0) +
∫ t

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

or

u(t) = u(1)−
∫ 1

t
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds.

Using the boundary condition (3.3), we can easily have

u(t) =
1

1−
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

+
∫ t

0
φ−1

p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

or

u(t) = − 1

1 −
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(
Ax −

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

−
∫ 1

t

φ−1
p

(
Ax −

∫ s

0

q(τ)f(τ, x(τ), x′(τ))dτ
)
ds,

where Ax satisfies (3.6).

On the other hand, it is easy to verify that if u is a solution of (3.4) or (3.5),

then u is one of (3.2), (3.3).
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Lemma 3.4. Assume that (H1) − (H3) hold. For any x ∈ C1+[0, 1], there
exists a unique Ax ∈ (−∞,+∞) satisfying (3.6). Moreover, there is a unique

σx ∈ (0, 1) such that Ax =
∫ σx

0

q(τ)f(τ, x(τ))dτ .

Proof. For any x ∈ C1+[0, 1], define

Hx(c) =
1 −

m−2∑
i=1

bi

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0

φ−1
p

(
c−

∫ s

0

q(τ)f(τ, x(τ), x′(τ))dτ
)
ds

+
∫ 1

0
φ−1

p

(
c−

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

−
m−2∑

i=1

bi

∫ ξi

0
φ−1

p

(
c−

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds.

It is easy to see that

Hx(c) =
1 −

m−2∑
i=1

bi

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0

φ−1
p

(
c−

∫ s

0

q(τ)f(τ, x(τ), x′(τ))dτ
)
ds

+(1 −
m−2∑

i=1

bi)
∫ 1

0
φ−1

p

(
c−

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds

+
m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(
c−

∫ s

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
ds.

So Hx : R→ R is continuous and strictly increasing. One has

Hx(0) < 0, Hx

(∫ 1

0
q(τ)f(τ, x(τ), x′(τ))dτ

)
> 0.

Therefore there exists a uniqueAx ∈
(
0,
∫ 1
0 q(τ)f(τ, x(τ), x′(τ))dτ

)
⊂ (−∞,+∞)

satisfying (3.6). Furthermore let

F (t) =
∫ t

0
q(τ)f(τ, x(τ), x′(τ))dτ,
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then F (t) is continuous and strictly increasing on [0, 1] and F (0) = 0, F (1) =∫ 1

0
q(τ)f(τ, x(τ), x′(τ))dτ . So,

0 = F (0) < Ax < F (1) =
∫ 1

0
q(τ)f(τ, x(τ), x′(τ))dτ.

Thus the intermediate value theorem guarantees that there exists a unique σx ∈ (0, 1)

such that Ax =
∫ σx

0
q(τ)f(τ, x(τ), x′(τ))dτ .

Lemma 3.5. Assume that (H1)− (H3) hold. For any x ∈ C1+[0, 1], then the
unique solution u(t) of (3.2), (3.3) has the following properties:

(i) the graph of u(t) is concave;

(ii) u(t) ≥ 0;

(iii) there exists a unique t0 ∈ (0, 1) such that u(t0) = max
0≤t≤1

u(t), moreover

u′(t0) = 0;

(iv) σx = t0.

Proof. Suppose that u(t) is the solution of (3.2), (3.3). Then

(i) From the fact that (φp (u′(t)))′ (t) = −q(t)f(t, x(t), x′(t)) ≤ 0, we know
that φp(u′(t)) is nonincreasing. It follows that u′(t) is also nonincreasing.
Thus we know that the graph of u(t) is concave down on (0, 1).

(ii) Without loss of generality, we assume that u(0) = min{u(0), u(1)}. By the
concavity of u, we know that u(ξi) ≥ u(0) (i = 0, 1, 2, . . . , n). So we get

u(0) =
m−2∑

i=1

aiu(ξi) ≥
m−2∑

i=1

aiu(0),

by 1−
m−2∑
i=1

ai > 0, it is obvious that u(0) ≥ 0. Hence u(1) ≥ u(0) ≥ 0. So

from the concavity of u, we know that u(t) ≥ 0, t ∈ [0, 1].

(iii) From u(0)−
m−2∑
i=1

aiu(ξi) = 0 ≤ (1 −
m−2∑
i=1

ai)u(0), one has

m−2∑

i=1

aiu(0) ≤
m−2∑

i=1

aiu(ξi).
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It follows that there exists ξi1 such that u(ξi1) ≥ u(0). On the other hand,

from u(1)−
m−2∑
i=1

biu(ξi) = 0 ≤ (1−
m−2∑
i=1

bi)u(1), one arrives at

m−2∑

i=1

biu(1) ≤
m−2∑

i=1

biu(ξi).

This implies that there exists ξi2 such that u(ξi2) ≥ u(1). So there exists
t0 ∈ (0, 1) such that u(t0) = max

0≤t≤1
u(t). Furthermore, u′(t0) = 0.

If there exist t1, t2 ∈ (0, 1), t1 < t2 such that u
′(t1) = 0 = u′(t2), then

0 = φp(u′(t1)) − φp(u′(t2)) = −
(∫ t2

t1

q(τ)f(τ, x(τ), x′(τ))dτ
)
< 0,

which is a contradiction.

(iv) By Lemma 3.3 and Lemma 3.4, it is easy to check u′(t) = φ−1
p

( ∫ σx

t

q(τ)

f(τ, x(τ), x′(t))dτ
)
. Hence we obtain that u′(σx) = u′(t0) = 0, this implies

σx = t0.

Lemma 3.6. For any u ∈ P , define the operator

(3.7)

(Tu)(t)

=





1

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(∫ σu

s
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds

+
∫ t

0

φ−1
p

(∫ σu

s

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds, 0 ≤ t ≤ σu,

1

1 −
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

+
∫ 1

t
φ−1

p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds, σu ≤ t ≤ 1.

Then T : P −→ P is completely continuous.
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Proof. According to the definition of T and Lemma 3.5, it is easy to know that

TP ⊂ P. By similar arguments in [11,12], T : P → P is completely continuous.

4. EXISTENCE OF TRIPLE POSITIVE SOLUTIONS TO BVP (1.1), (1.2)

We are now ready to apply the Avery-Peterson’s fixed point theorem to the

operator T to give sufficient conditions for the existence of at least three positive

solutions to BVP (1.1), (1.2).

Now for convenience we introduce following notations. Let

t∗i =
ξi + ξi+1

2
, (i = 0, 1, . . . , m− 2, denote ξ0 = 1/k, ξm−1 = 1− 1/k here),

L = φ−1
p

(∫ 1

0
q(τ)dτ

)
,

Mi = min

{∫ t∗i

ξi

φ−1
p

(∫ t∗i

s
q(τ)dτ

)
ds,

∫ ξi+1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)dτ

)
ds

}
,

M = min
0≤i≤m−2

{Mi},

Ni = max





m−2∑
i=1

ai

1 −
m−2∑
i=1

ai

∫ ξi

0
φ−1

p

(∫ 1

s
q(τ)dτ

)
ds+

∫ t∗i

0
φ−1

p

(∫ t∗i

s
q(τ)dτ

)
ds,

m−2∑
i=1

bi

1 −
m−2∑
i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

0
q(τ)dτ

)
ds+

∫ 1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)dτ

)
ds




,

N = max
0≤i≤m−2

{Ni},

K =
k

2


1 +

1 −
m−2∑
i=1

ai

m−2∑
i=1

aiξi


 ,

where 0 < 1/k = ξ0 < ξ1 < . . . < ξm−2 < ξm−1 = 1 − 1/k < 1.

Remark 4.1. Instead of t∗i =
ξi + ξi+1

2
, we can take any t∗i ∈ (ξi, ξi+1).
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Theorem 2.2. Assume (H1) − (H3) hold. Let 0 < a < b ≤ 2(M − 1)
d

k
, and

suppose that f satisfies the following conditions:

(A1) f(t, u, v) ≤ φp(d/L), for (t, u, v) ∈ [0, 1]× [0,Md] × [−d, d];
(A2) f(t, u, v) > φp(kb/M), for (t, u, v) ∈ [1/k, 1− 1/k] × [b,Kb]× [−d, d];
(A3) f(t, u, v) < φp(a/N), for (t, u, v) ∈ [0, 1]× [0, a]× [−d, d].

Then BVP (1.1), (1.2) has at least three positive solutions u1, u2 and u3 such that

max
0≤t≤1

|u′i(t)| ≤ d for i = 1, 2, 3,

b < min
1
k
≤t≤1− 1

k

|u1(t)|, max
0≤t≤1

|u1(t)| ≤Md,

a < max
0≤t≤1

|u2(t)| < Kb, with min
1
k
≤t≤1− 1

k

|u2(t)| < b,

max
0≤t≤1

|u3(t)| < a.

Proof. BVP (1.1), (1.2) has a solution u = u(t) if and only if u solves the
operator equation u = Tu. Thus we set out to verify that the operator T satisfies
the Avery-Peterson’s fixed point theorem which will prove the existence of three

fixed points of T which satisfy the conclusion of the theorem. Now the proof is
divided into some steps.

(1) We will show that (A1) implies that

(4.1) T : P (γ, d) → P (γ, d).

In fact, for u ∈ P (γ, d), there is γ(u) = max
0≤t≤1

|u′(t)| ≤ d. With Lemma 3.1,

there is max
0≤t≤1

|u(t)| ≤ Md, then condition (A1) implies f (t, u(t), u′(t)) ≤

φp(d/L). On the other hand, for u ∈ P , there is Tu ∈ P , then Tu is concave
on [0, 1], and max

0≤t≤1
|(Tu)′(t)| = max {(Tu)′(0), − (Tu)′(1)} , so

γ(Tu) = max
0≤t≤1

|(Tu)′(t)| = max{(Tu)′(0),−(Tu)′(1)}

= max
{
φ−1

p

(∫ σu

0
q(τ)f(τ, u(τ), u′(τ))dτ

)
,

φ−1
p

(∫ 1

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)}

≤ φ−1
p

(∫ 1

0
q(τ)dτ φp(d/L)

)

=
d

L
φ−1

p

(∫ 1

0
q(τ)dτ

)
=
d

L
L = d.
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Thus (4.1) holds.

(2) We show that the condition (S1) in Theorem 2.1 holds.

We take

u0(t) =
kb

(
1 −

m−2∑
i=1

ai

)

2
m−2∑
i=1

aiξi

t+
kb

2
=

kb

2(M − 1)
t +

kb

2
,

it is easy to see that u0(t) ∈ P (γ, θ, α, b,Kb, d) and α(u0) = min
1
k
≤t≤1− 1

k

|u0(t)|

= u0( 1
k ) > kb

2 > b, So {u ∈ P (γ, θ, α, b,Kb, d) | α(u) > b} 6= φ. Thus
for u ∈ P (γ, θ, α, b,Kb, d), there is b ≤ u(t) ≤ Kb, |u′(t)| ≤ d, for
1/k ≤ t ≤ 1 − 1/k. Hence by condition (A2) of this theorem, one has
f (t, u(t), u′(t)) > φp(kb/M), for t ∈ [1/k, 1− 1/k]. Noticing (Tu)(0) ≥ 0
and (Tu)(1) ≥ 0 from Lemma 3.5 and combining the conditions of α and P ,
one arrives at

α(Tu) = min
1/k≤t≤1−1/k

|(Tu)(t)|

≥ 1
k

max
0≤t≤1

|(Tu)(t)| = 1
k
(Tu)(σu)

=
1
k




1

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(∫ σu

s
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds

+
∫ σu

0

φ−1
p

(∫ σu

s

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

)

=
1
k




1

1 −
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

+
∫ 1

σu

φ−1
p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

)

≥ 1
k

min
{∫ σu

0
φ−1

p

(∫ σu

s
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds,

∫ 1

σu

φ−1
p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

}
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≥ 1
k

min

{∫ t∗i

ξi

φ−1
p

(∫ t∗i

s
q(τ)f(τ, u(τ), u′(t))dτ

)
ds,

∫ ξi+1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)f(τ, u(τ), u′(t))dτ

)
ds

}

>
1
k

min

{∫ t∗i

ξi

φ−1
p

(∫ t∗i

s
q(τ)dτ φp(kb/M)

)
ds,

∫ ξi+1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)dτ φp(kb/M)

)
ds

}

=
1
k

kb

M
min

{∫ t∗i

ξi

φ−1
p

(∫ t∗i

s

q(τ)dτ

)
ds,

∫ ξi+1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)dτ

)
ds

}

=
1
k

kb

M
Mi ≥ b, (i = 0, 1, · · ·m− 2).

Therefore we have

α(Tu) > b, for all u ∈ P (γ, θ, α, b,Kb, d).

Consequently condition (S1) in Theorem 2.1 is satisfied.
(3) We now prove (S2) in Theorem 2.1 holds.

With (3.1), we have

α(Tu) ≥ 1
k
θ(Tu) >

1
k
kb = b,

for u ∈ P (γ, α, b, d) with θ(Tu) > kb. Hence condition (S2) in Theorem
2.1 is satisfied.

(4) Finally, we prove (S3) in Theorem 2.1 is also satisfied.

Since ψ(0) = 0 < a, so 0 6∈ R(γ, ψ, a, d). Suppose that u ∈ R(γ, ψ, a, d)
with ψ(u) = a. Then by the condition (A3) of this theorem

ψ(Tu) = max
0≤t≤1

|Tu(t)| = Tu(σu)

=
1

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(∫ σu

s
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds

+
∫ σu

0
φ−1

p

(∫ σu

s
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds
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=
1

1−
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

+
∫ 1

σu

φ−1
p

(∫ s

σu

q(τ)f(τ, u(τ), u′(τ))dτ
)
ds

≤ max





1

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(∫ 1

s
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds

+
∫ t∗i

0
φ−1

p

(∫ t∗i

s
q(τ)f(τ, u(τ), u′(t))dτ

)
ds,

1

1−
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

0
q(τ)f(τ, u(τ), u′(τ))dτ

)
ds

+
∫ 1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)f(τ, u(τ), u′(t))dτ

)
ds

}
.

< max





1

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0
φ−1

p

(∫ 1

s
q(τ)dτ φp(a/N)

)
ds

+
∫ t∗i

0
φ−1

p

(∫ t∗i

s
q(τ)dτ φp(a/N)

)
ds,

1−
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

0

q(τ)dτ φp(a/N)
)
ds

+
∫ 1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)dτ φp(a/N)

)
ds

}
.

=
a

N
max





1

1 −
m−2∑
i=1

ai

m−2∑

i=1

ai

∫ ξi

0

φ−1
p

(∫ 1

s

q(τ)dτ
)
ds
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+
∫ t∗i

0
φ−1

p

(∫ t∗i

s
q(τ)dτ

)
ds,

1

1−
m−2∑
i=1

bi

m−2∑

i=1

bi

∫ 1

ξi

φ−1
p

(∫ s

0
q(τ)dτ

)
ds+

∫ 1

t∗i

φ−1
p

(∫ s

t∗i

q(τ)dτ

)
ds





=
a

N
Ni ≤ a, (i = 0, 1, . . . , m− 2).

Thus condition (S3) in Theorem 2.1 holds.

Therefore an application of Theorem 2.1 implies the BVP (1.1), (1.2) has at

least three positive solutions u1, u2 and u3 such that

max
0≤t≤1

|u′i(t)| ≤ d for i = 1, 2, 3,

b < min
1
k
≤t≤1− 1

k

|u1(t)|, max
0≤t≤1

|u1(t)| ≤Md,

a < max
0≤t≤1

|u2(t)| < Kb, with min
1
k
≤t≤1− 1

k

|u2(t)| < b,

max
0≤t≤1

|u3(t)| < a.

5. EXAMPLE

Let p = 3, q(t) = 1 in (1.1) and m = 4, ξ1 = 1/3, ξ2 = 2/3, ai = bi =
1/3 (i = 1, 2) in (1.2). Now we consider following BVP

(5.1) (|u′(t)|u′(t))′ + f
(
t, u(t), u′(t)

)
= 0, t ∈ (0, 1),

(5.2) u(0) =
1
3
u(

1
3
) +

1
3
u(

2
3
), u(1) =

1
3
u(

1
3
) +

1
3
u(

2
3
),

where

f(t, u, v) =





t

2
+ 1.7× 105 · u35 +

1
10

((
v

4 × 1021

)2

+
1
10

)
, u ≤ 12;

t

2
+ 1.7× 105 · 1235 +

1
10

((
v

4 × 1021

)2

+
1
10

)
, u > 12.

Choose a = 2/3, b = 1, k = 12, d = 4 × 1022, we note L = 1, M = 2, M =
√

2/48, N =
2
3

(
2 −

(
1
3

) 3
2

−
(

2
3

) 3
2

+
(

19
24

) 3
2

)
.= 1.312, K = 12.



664 Han-Ying Feng and Wei-Gao Ge

Consequently f(t, u, v) satisfies

(1) f(t, u, v) < 1.1× 1043 < φ3(d/L) = 1.6× 1043,

for (t, u, v) ∈ [0, 1]× [0, 8× 1021]× [−4 × 1021, 4× 1021];

(2) f(t, u, v) > 170000 > φ3(kb/M) = 165888,

for (t, u, v) ∈ [1/12, 11/12]× [1, 12]× [−4 × 1021, 4× 1021];

(3) f(t, u, v) < 0.727 < φ3(a/N) .= 0.765,

for (t, u, v) ∈ [0, 1]× [0, 2/3]× [−4 × 1021, 4× 1021].

Then all conditions of Theorem 4.1 hold. Thus, with Theorem 4.1, BVP (5.1), 5.2)

has at least three positive solutions u1, u2, u3 such that

max
0≤t≤1

|u′i(t)| ≤ 4 × 1021 for i = 1, 2, 3,

1 < min
1
12

≤t≤ 11
12

|u1(t)|, max
0≤t≤1

|u1(t)| ≤ 8 × 1021,

2
3
< max

0≤t≤1
|u2(t)| < 12, with min

1
12

≤t≤ 11
12

|u2(t)| < 1,

max
0≤t≤1

|u3(t)| <
2
3
.
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