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EXISTENCE OF THREE POSITIVE SOLUTIONS FOR
M-POINT BOUNDARY-VALUE PROBLEM WITH
ONE-DIMENSIONAL P-LAPLACIAN

Han-Ying Feng* and Wei-Gao Ge

Abstract. In this paper, we consider the multipoint boundary value problem
for the one-dimensional p-Laplacian

(6 () +a(t)f (t,u(t),w'(t) =0,  te(0,1),

subject to the boundary value conditions:

u(0) = Z aiu(&;), u(l) = Z biu(&i),

where ¢, (s) = [s[P72s, p>1, & € (0,1) with0 <& <& < -+ < &poa <
m—2 m—2

1and a;,b; € 10,1), 0< > a; <1, 0< > b; < 1. Using a fixed point
i=1 i=1

theorem due to Avery and Peterson, we study the existence of at least three

positive solutions to the above boundary value problem. The interesting point

is the nonlinear term f is involved with the first-order derivative explicitly.

1. INTRODUCTION

In this paper, we study the existence of multiple positive solutions to the bound-
ary value problem (BVP for short) for the one-dimensional p-Laplacian

(1.1) (6p(@' (1)) + q(t)f (£, ult),w/(t)) =0, te(0,1),
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m—2 m—2
(1.2) u(0) = > au(&), u(1) = biu(&),
i=1 i=1

where ¢,(s) = |s[P72%s, p>1, & € (0,1) with0 <& <& <+ <&na <1
and a;, b;, ¢, f satisfy

(H1) a;,b; €[0,1) satisfy 0 < Z a; <1,0< Z b < 1,

(Hy) f € C((0,1] x [0, +00) x R, ( 00));
(H3) q(t) € L'0,1] is nonnegatlve on (0 1) and ¢(t) # 0 on any subinterval of
(0,1).

The study of multipoint boundary value problems for linear second-order ordi-
nary differential equations was initiated by I1’in and Moiseev [1]. They investigated
a mathematical model leading to the solution of a Sturm-Liouville equation, with
nonlocal boundary conditions of the second kind expressed in terms of given linear
combinations of flows. Since then there has been much current attention focused
on the study of nonlinear multipoint boundary value problems, see [2-9].

For problem (1.1), when the nonlinear term f does not depend on the first-order
derivative, many authors studied the equation

(1.3) (6p(u/(£))" +a(t)f (t,ult) = 0, t € (0,1),

with different boundary conditions. For example, in [5], Ma and Ge studied the
existence of positive solutions for the multipoint BVP

(%(u'(t)))l +q(t)f (t,u(t)) =0, t e (0,1),
m=—2 m—2
= Z ' (&), u(1) = Z Bu(&).
=1 i=1

The main tool is the monotone iterative technique.
In [6,7], Wang and Ge considered multipoint BVPs for the one-dimensional
p-Laplcian successively

(pp(u') + f(t,u) =0, t € (0,1),

n—2 n—2
0) =Y aigp(W (&), u(l)=> au)
i=1 i=1

and

(pp(u') + f(t,u) =0, t € (0,1),

n—2 n—2
0) = o (&),  u(l) =) Bul&)
i=1 i=1
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They provided sufficient conditions for the existence of multiple positive solutions
to the above BVPs by applying the fixed point theorem in a cone.

However, all the above works about positive solutions were done under the
assumption that the first order derivative is not involved explicitly in the nonlinear
term. Recently, Bai, Gui and Ge in [8] investigated the following two-point BVPs

(6p(u/(£))) + a() f (¢, u(t), /(1)) = 0, te(0,1),
agp(u(0)) — Bep(u'(0)) =0,  Yop(u(1)) +d¢p(u'(1)) =0

or
u(0) = g1(u'(0)) =0, u(l) + ga(u'(1)) = 0.

Where ¢1(t) and go(t) are both continuous functions defined on (—o0, +00), a >
0,3>0,7>0,5>0.
Wang and Ge in [9] considered the following two-point BVPs

(@p(e/(0))" + a(t) f (8, u(t), o' (1)) =0, t € (0,1),

u(0) =0, u(1) =0,

or
u(0) =0, u'(1) = 0.

The authors obtained sufficient conditions that guarantee the existence of at least
three positive solutions by using fixed point theorems due to Avery-Peterson.

Motivated by works in [8,9], our purpose of this paper is to show the existence
of at least three positive solutions to the multipoint BVP (1.1), (1.2).

2. PRELIMINARY

For the convenience of readers, we provide some background material from the
theory of cones in Banach spaces. We also state in this section the Avery-Peterson’s
fixed point theorem.

Definition 2.1. Let F be a real Banach space over R. A nonempty closed set
P C F is said to be a cone provide that

(i) au+bv € P for all u,v € P and all a > 0,b > 0, and
(ii) w, —u € P implies u = 0.

Every cone P C E induces an ordering in E given by = <y if and only if
y—z € P.
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Definition 2.2. The map « is said to be a nonnegative continuous concave
functional on a cone P of a real Banach space F provided that o : P — [0, 00) is
continuous and

a(tz + (1 —t)y) > ta(z) + (1 —t)a(y)

for all z,y € P and 0 < ¢t < 1. Similarly, we say the map ~ is a nonnegative
continuous convex functional on a cone P of a real Banach space F provided that
v : P —[0,00) is continuous and

vt + (1 —t)y) <ty(z) + (1 —t)y(y)

forallz,ye Pand 0 <t < 1.

Let ~v and 6 be nonnegative continuous convex functionals on a cone P, o be
a nonnegative continuous concave functional on a cone P, and i be a nonnegative
continuous functional on a cone P. Then for positive real numbers a, b, c and d,
we define the following convex sets:

P(v,d) = {ue P|y(u) <dj},
Py, a,b,d) = {u € P | b < a(u),y(u) < d},
P(v,0,a,b,¢,d) ={u € P|b<au),l(u) <cy(u) <d}

and a closed set

R(v,v,a,d)= {u€ P | a <), () < d}.

To prove our results, we need the following fixed point theorem due to Avery
and Peterson in [10].

Theorem 2.1. Let P be a cone in a real Banach space E. Let v and 0 be
nonnegative continuous convex functionals on P, o be a nonnegative continuous
concave functional on P, and 1 be a nonnegative continuous functional on P
satisfying Y (Au) < Mp(u) for 0 < X < 1, such that for some positive numbers M
and d,

(2.1) a(u) <¢(u) and ||ul] < My(u)

for all u € P(vy,d). Suppose

T : P(y,d) — P(v,d)

is completely continuous and there exist positive numbers a,b and c with a < b
such that
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(S1) {u € P(v,0,a,b,¢,d) | a(u) > b} # ¢ and o(Tu) > b for u € P(v,0, b,
¢, d);

(S2) a(Tu) > b for u € P(vy,a,b,d) with 0(Tu) > c;

(S3) 0 & R(v,v,a,d) and (Tu) < a for uw € R(7,,a,d) with 1(u) = a.

Then T has at least three fixed points w1, us, us € P(7y,d), such that

Y(ui) <d for i=1,2,3,
b < afuy),
a < P(ug), with ao(uz) <b,

Y(ug) < a.

3. RELATED LEMMAS

Let the Banach space E = C'[0, 1] be endowed with the ordering = < y if
x(t) < y(t) for all ¢t € [0, 1] and the maximum norm

Jull = e { e ), 001

t€l0,1] t€l0,1]

Define the cone P C F by

m—2
P= {u € E|u(t) >0, u(0)= Z a;u(&;), u is concave on [0, 1]}
i=1

1 2
It follows from ( H3) that there exists a natural number & > max { — }

L 51 11— 5m—2
such that 0 < fi_z q(t)dt < oo.
Let the nonrl;egative continuous concave functional «, the nonnegative continu-
ous convex functionals 6, v, and the nonnegative continuous functional ) be defined
on the cone P by

() = ma o)), () = B(u) = amave Ju)]

a(u) = min |u(t)| for ue P.
pisig

Lemma 3.1. For u € P, then

max |u(t)| < M max |u'(t)],

0<t<1 0<t<1
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m—2
Z a;&;
where M =1 + 7.

1-— Z a;
Proof. By the concavity of u, one arrives at
— <d/(0) < te|0,1].
u(t) = u(0) < v/(0) < max ()], ¢ € [0,1]

On the other hand,

=1
m—2
S IR 3
=1
m—2
=) aiu(&) — u(0)]
=1
m—2
= azgz (nz)
=1
where 1; € (0,&;). so
m—2 m—2 m—2
> ai&iu' (n;) > aiilu/(ns)] > i
| i=t i=1 i=1
u(0) = | | £ P < o max W)
1—20,1‘ 1—20,1‘ 1—20,1‘
i=1 i=1 i=1
Thus one has
m—2
Z azfz
< =1 Y / )
g2 Ol < | 1 g WO = M g A0
1-— a;
=1

Lemma 3.2. For u € P, then

> — .
&%Wﬁhkﬁ%ww‘
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Proof. 1t is well known that if u is nonnegative and concave on [0, 1] then

u(t) > min{t, 1 — ¢} Jnax lu(t)].

Thus we have

With Lemma 3.1 and Lemma 3.2, for all u € P, we obtain

(3.1) %H(U) < a(u) <0(w) =), |u] =maz{d(u),y(u)} < My(u).

Therefore the condition (2.1) of Theorem 2.1 is satisfied.

Lemma 3.3. Assume that (Hy) — (H3) hold. Then, for any x € C'T[1,0] =
{x € C'[0,1] : 2(t) > 0},

(3.2) (6p(' (1)) + a() f(t.x(t),a' (1)) =0, t€(0,1),
(3.3) u(0) = Z_: a;u(&), u(l)= Z_: biu(&;),

has a unique solution u(t) as

- —1 5, /0 T (Am— /0 8q<7>f<m<7>,x'<7>>d7) ds
(3.4) 1= a

+/Ot¢g1 (Am N /08q(r)f(7,x(7)7x/(7))M> ds

or

(3.5) "o _ﬁi bi/;(p; 1 (Am— /0 SQ(T)f(r, z(7), x’(r))dr) ds

=

- /tlz y (Am - /OSQ(T)f(T,x(r),x'(T))dT) ds,
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where A, satisfies

m—2
1772;12 z: :nz_faz /j ¢y <Am - /08 q(T)f(T,x(T),x(T))dT> ds
=1

- T:Z_;Zbi /Ogi ¢ (Am - /08 q(7) f(, w(r),x’(r))dr> ds = 0.

Proof. For any x € C'T[1,0], suppose u is a solution of BVP (3.2), (3.3). By

integration of (3.1), it follows that
() = g5 (Ax -/ q<7>f<7,x<7>,x'<7>>dv) ,
= t_l —STT$T$/TT$
ut) w0+ [ o (Am [ atns.a0), <>>d)d

or
1 s
u(t) = u(l) - / & (Am - / q(7) (7, x(T),x'(T))dT> ds.
t 0
Using the boundary condition (3.3), we can easily have

) - —— S /0 e (Am - /0 8q<7>f<7,x<7>,x'<7>>d7) ds

1-— Z a; i=1
i=1

+ [ ot (4= [Catmstratr)aloar ) as

or

) = -— iZ_Q ) mzb /g o5 (Am - /0 g, wmw'mw) ds
=1

B /tl¢171 (Am - /OSQ(T)f(m(r),x’(r))dr) ds,

where A, satisfies (3.6).

On the other hand, it is easy to verify that if u is a solution of (3.4) or (3.5),

then wu is one of (3.2), (3.3).
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Lemma 3.4. Assume that (Hy) — (Hs3) hold. For any x € C'*[0, 1], there
exists a unique A, € (—o0,+00) satisfying (3.6). Moreover, there is a unique
Ox

€ (0, 1) such that A, — /0 o() (7 (7)) dr.

Proof. For any x € C'*|0, 1], define

m—2

H,(c) = 1;6& /0 T (c— /0 8q<7>f<m<7>,w'<7>>d7) ds

Hao(c) = im;:mzfa /0& I~ <c—/Osq(T)f(T,x(T),x(T))dT) ds
+(1 — %_12 bi) /01 ¢§1 <C - /08 Q(T)f(T,fL'(T),(L'/(T))dT) ds

m—2 1 s
+3 0, / o1 <c - / A1) f (. x(T),x'(T))dT) ds.
i=1 & 0
So H, : R — R is continuous and strictly increasing. One has
1
w0 <0, ([ anftratn.amar) o
0

Therefore there exists a unique A, € (0, fol q(m) f(r, x(7),x’(7))d7) C (=00, +00)
satisfying (3.6). Furthermore let
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then F'(t) is continuous and strictly increasing on [0, 1] and F'(0) =0, F(1) =

1
/0 () (7, 2(+), 2/ (r))dr. So,

1
0= F(0) < A, < F(1) = /O () (. (), 2/ (7))dr-

Thus the intermediate value theorem guarantees that there exists a unique o, € (0, 1)

such that A, = /0% q(7) f(r,2(7), 2'())dr.

Lemma 3.5. Assume that (H1) — (H3) hold. For any x € C**[0,1], then the
unique solution u(t) of (3.2), (3.3) has the following properties:

(i) the graph of u(t) is concave;
(ii) u(t) = 0;

(iii) there exists a unique ty € (0,1) such that u(ty) = Jnax u(t), moreover
u/(tg) = 0 o
(iv) Oy — to.

Proof. Suppose that u(t) is the solution of (3.2), (3.3). Then

(i) From the fact that (¢, (u/(t))) (t) = —q(t)f(t, z(t),2'(t)) < 0, we know
that ¢,(u'(¢)) is nonincreasing. It follows that «'(¢) is also nonincreasing.
Thus we know that the graph of u(t) is concave down on (0, 1).

(ii) Without loss of generality, we assume that u(0) = min{u(0),u(1)}. By the
concavity of u, we know that u(&;) > w(0) (¢ =0,1,2,...,n). So we get

m—2 m—2
u(0) =Y au(&) = > au(0),
i=1 i=1
m—2
by 1— > a; > 0, it is obvious that u(0) > 0. Hence u(1) > u(0) > 0. So
i=1
from the concavity of u, we know that u(t) > 0, ¢t € [0, 1].
m—2 m—2
(iii) From u(0) — > a;u(&) =0<(1— > a;)u(0), one has
i=1 i=1

m—2

m—2
Z a;u(0) < Z a;u(&;).
i=1

=1
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It follows that there exists &;, such that u(&;,) > u(0). On the other hand,
m—2 m—2

from u(1l) — > bu(&) =0<(1— > b)u(l), one arrives at
i=1 i=1

m—2 m—2
i=1 =1

This implies that there exists &;, such that w(§;,) > wu(1). So there exists
to € (0, 1) such that u(tg) = Jnax u(t). Furthermore, u/(ty) = 0.

If there exist 1,19 € (0,1), t1 < to such that u/(t1) = 0 = u/(¢2), then

0= ¢p(u'(tr)) — ¢p(v/(t2)) = — (/ ’ q(T)f(T,x(T)jx’(T))dT> <0,

t1

which is a contradiction.

Ox
(iv) By Lemma 3.3 and Lemma 3.4, it is easy to check u/'(t) = qﬁ;l (/ q(7)
t

fr,z(r), x’(t))ch). Hence we obtain that u'(o,) = u/(tg) = 0, this implies
or = 1p.

Lemma 3.6. For any u € P, define the operator

(Tu)(t)
pm;ifai :nz_f " /05" P (/:u q(7) f (7, u(r), u’(r))dr) ds
i=1
(3.7) +/0t qﬁljl (/:“ q(7) f(7, U(T)7u/(7))d7> ds, 0<t<o,,

%mfbi/lqﬁ;l (/Ji q(m) f(r, u(T),u’(T))dr) ds

1-— Z bz‘ i=1 &
=1

+/tl o1 (/0 o), u(T),u'(T))dT) ds, oy <t<l.

Then T : P — P is completely continuous.
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Proof. According to the definition of 7" and Lemma 3.5, it is easy to know that
TP C P. By similar arguments in [11,12], T : P — P is completely continuous.

4. EXISTENCE OF TRIPLE POSITIVE SOLUTIONS TO BVP (1.1), (1.2)

We are now ready to apply the Avery-Peterson’s fixed point theorem to the
operator 1" to give sufficient conditions for the existence of at least three positive
solutions to BVP (1.1), (1.2).

Now for convenience we introduce following notations. Let

« Gt &in
ST

=6, ([ atmar).
M; = min {/; ¢, (/f q(T)dT> ds, /:M ¢, </tjq(7')d7'> ds} :

M = i M;
03?31172—2{ it

(i=0,1,...,m—2, denote {&s = 1/k, &,—1 =1 — 1/k here),

m—2
> i
i=1

=N /0& 671 (/:q(T)dT> ds + /Ot; ¢ (/f q(7)d7> ds,

N; = max —
1-— Z a;
=1

N = N;
03%%—2{ it

m—2
1-— Z a;
=1
> ai&
=1
where 0 < 1/k=§ <& < ... <&no2<&ma1=1-1/k<1.

&+ &t

Remark 4.1. Instead of ¢] = 5

, we can take any t! € (&, &it1)-
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Theorem 2.2. Assume (Hy) — (H3) hold. Let 0 < a < b < 2(M — 1)% and
suppose that f satisfies the following conditions:
(A1) f(t,u,v) < ¢p(d/L), for (t,u,v) € [0,1] x [0, Md] x [~d, d];
(A2) f(t,u,v) > ¢p(kb/M), for (t,u,v) € [1/k,1—1/k] x [b, Kb] x [—d, d];
(A3) f(t,u,v) < ¢p(a/N), for (t,u,v) € [0,1] x [0,a] x [—d, d].
Then BVP (1.1), (1.2) has at least three positive solutions uy, ug and us such that
max |ui(t)| <d for i=1,2,3,

0<t<1
b< min |ui(t)|, max |ui(t)| < Md,
%S < _% 0<t<1
a < max |ug(t)] < Kb, with in |ua(t)] < b,
0<t<1 F<t<1—4

k
Jax lug(t)| < a.

Proof. BVP (1.1), (1.2) has a solution v = wu(t) if and only if u solves the
operator equation v = Tu. Thus we set out to verify that the operator 1" satisfies
the Avery-Peterson’s fixed point theorem which will prove the existence of three
fixed points of T" which satisfy the conclusion of the theorem. Now the proof is
divided into some steps.

(1) We will show that (A;) implies that
(4.1) T : P(y,d) — P(v,d).

In fact, for u € P(y,d), there is y(u) = Jnax |u/(t)| < d. With Lemma 3.1,
there is Jnax |u(t)] < Md, then condition (_Al) implies f (¢, u(t),u/(t)) <

¢p(d/L). On the other hand, for u € P, there is Tu € P, then T is concave
on [0, 1], and Jnax |(Tw)'(t)] = max {(Tw)'(0), — (Tu)'(1)}, so

1(Tu) = max |(Tu)' ()] = max{ (Tw)(0), ~(Tu)(1)}

= max{o," ([ atr) s utr)atopar )

o' ([ ()5t alr)ir ) |

o' ([ atmar antarn))

d _ 1 d
— Z¢p1 </0 q(7)d7> = ZL =d.

IN
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Thus (4.1) holds.
We show that the condition (S7) in Theorem 2.1 holds.

We take
m—2
kb(1— i
" ( ZZNL)HM) kb kD
uo — ) - = -
m 2 —1 2
2 ) ai& 2AM=1)
i=1
it is easy to see that ug(t) € P(~, 0, a, b, Kb,d) and a(ug) = _min |uo(t)]
<11

k
= up(%) > 2 > b, S0 {u € P(v,0,a,b, Kb,d) | a(u) > b} # ¢. Thus
for u € P(v,0,a,b, Kb,d), there is b < u(t) < Kb, |u/(t)] < d, for
1/k <t < 1—1/k. Hence by condition (A) of this theorem, one has
[t u(t),w(t) > ¢p(kb/M), for t € [1/k,1 —1/k]. Noticing (T'u)(0) > 0
and (Tu)(1) > 0 from Lemma 3.5 and combining the conditions of o and P,
one arrives at

oTu) = | min | [(Tu)t)
>+ was [(T)(0)] = £(T0)(0)
-1 (1”{2 mz /0 e ( / ) fr, u<7>7u'<7>>d7) ds
=1
[Tt ([T asa ) as)
m—2 s
_ 1 (1:1225 Z; by /; o1 (/0 () f(r, u(T),u'(T))dT) ds
=1
+ /a 1 ¢, ( /(, q(7) f (7, u(r), u'(T))dT) ds)
> jin{ [T ([T atn) st atopar ) s
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> L i { [Fo ( [ aie u<7>,u’<t>>d7> s

/ 5 &' ( [ ansteate) u'<t>>d7> ds}

> - min { / "t ( / " ayar %(kb/M))

/:i“ o (/;q(f)df ¢p(kb/M)> ds}

— %%mln{/gt ¢, (/t q(t )d7> ds, /:M ¢, (/;q(f)d7> ds}

1 kb
= ——M; > ,=0,1,---m — 2).

Therefore we have
a(Tu) > b, forall u € P(v,0,a,b, Kb, d).
Consequently condition (S7) in Theorem 2.1 is satisfied.

We now prove (S2) in Theorem 2.1 holds.
With (3.1), we have

1
a(Tu) > —0(Tu) > Ekb =10,

1
k
for u € P(vy,,b,d) with 6(Tw) > kb. Hence condition (S2) in Theorem
2.1 is satisfied.

Finally, we prove (S3) in Theorem 2.1 is also satisfied.

Since ¥(0) =0 < a, so 0 & R(v,,a,d). Suppose that u € R(v,,a,d)
with ¢(u) = a. Then by the condition (Ag) of this theorem

U(Tw) = max [Tu(t) = Tu(o)

_ S / e ( / ) u(T),u'(T))dT) ds

1—20,11

[Tt ([T s u'm)dT) s
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1 m—2 1 s / 8
—f—/i ¢§1 </gi q(r)f(7 u(7)7u/(7))dr> ds
m—2 s
i / K3 </f a(r) £, u(7) u’(t))dr> ds
m—2 1 s
- T}sz Z; ’ / % </0 A u(T)vu(T))dT> ds

1-— Z;I a;
+ /Ot? qjgl </8t;-* q()dr ¢p(a/N)> ds
m—2 L .
. —T:Z_:fbi ZZ; bi /& ¢§1 </0 q(7)dr %(a/N)) ds

+ /t: oot </tjq(7)d7 ¢p(a/N)> ds}_
- ZC\LfmaX{ ri—2 sz_fai /Ogi ¢! (/:q(T)dr> ds

1_2%‘

=1
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+ /0 ‘ o ( / ‘ q(T)dT> ds,
%T’Sbi /; & (/OSQ(T)dT> d$+/t: o </;CJ(T)dT> ds

1-— Z bz‘ i=1

i=1

- %Niga, (i=0,1,...,m—2).

Thus condition (S3) in Theorem 2.1 holds.

Therefore an application of Theorem 2.1 implies the BVP (1.1), (1.2) has at
least three positive solutions w1, ue and w3 such that

max [u)(t)] < d for i=1,2,3,

0<t<1
. g

b< %srglsl?—% lui (t)], o%f‘;i‘“l“)\ < M,

a < Juax lug(t)] < Kb, with %Stﬁl?—l lua(t)| < b,

k
Jax lug(t)| < a.

5. EXAMPLE

Let p = 3, q(t) =1lin(l.l)and m =4, & = 1/3, & = 2/3, a; = b; =
1/3 (i =1,2) in (1.2). Now we consider following BVP

G (WOROY+ S Gu0d @) =0, te ),
(62 uO)=guz)+FuG), )= zulz)+zul)
where

t 1 v 2 1
4+ 1.7x10° - uP + — [ | —— — <12
g TR T \\axon) T10) v

t 1 v 2 1
S+ 1.7 x10°-128 + — [ [ —— — > 12.
g T Ix To\\axton) T10)

Choose a =2/3, b=1, k=12, d =4x 102, wenote L =1, M =2, M =

3 3 3
2 1\ 2 2\ 2 19\ 2
\/5/48,N:§<2—<§> —<§) +<ﬂ) >£1.312,K:12.

fltu,v) =
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Consequently f(¢, u,v) satisfies

(1) f(t,u,v) < 1.1 x 108 < ¢3(d/L) = 1.6 x 10%3,

for (t,u,v) € [0,1] x [0,8 x 10%1] x [—4 x 102}, 4 x 1021];
(2) f(t,u,v) > 170000 > ¢3(kb/M) = 165888,

for (t,u,v) € [1/12,11/12] x [1,12] x [—4 x 10%!,4 x 10%!];
(3) f(t,u,v) < 0.727 < ¢3(a/N) = 0.765,

for (t,u,v) € [0,1] x [0,2/3] x [—4 x 10?4 x 102].

Then all conditions of Theorem 4.1 hold. Thus, with Theorem 4.1, BVP (5.1), 5.2)
has at least three positive solutions u1, ug, ug such that

L) < 21 =
Joax lui(t)| <4 x 107" for i=1,2,3,

1< min Jfui(t)], max |u(t)] <8 x 1021,

11 <t<
<t<15 0<t<1

[~

1

V]

2
- 12 ) i 1
3 < Joax lug(t)| < 12, with %Iéltléli_l lug(t)] < 1,

lus(8)] < 2
orél?% us 3
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