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STABILITY OF EXACT PENALTY FOR NONCONVEX
INEQUALITY-CONSTRAINED MINIMIZATION PROBLEMS

Alexander J. Zaslavski

Abstract. In this paper we use the penalty approach in order to study
inequality-constrained minimization problems with locally Lipschitz objective
and constraint functions in Banach spaces. A penalty function is said to
have the generalized exact penalty property if there is a penalty coefficient for
which approximate solutions of the unconstrained penalized problem are close
enough to approximate solutions of the corresponding constrained problem. In
this paper we show that the generalized exact penalty property is stable under
perturbations of objective functions, constraint functions and the right-hand
side of constraints.

1. INTRODUCTION

Penalty methods are an important and useful tool in constrained optimization.
See, for example, [2-5, 9, 12] and the references mentioned there. The notion
of exact penalization was introduced by Eremin [7] and Zangwill [17] for use
in the development of algorithms for nonlinear constrained optimization. Since
that time exact penalty functions have continued to play a key role in the theory
of mathematical programming [8, 10, 11, 13, 15, 19-21]. For more discussions
and various applications of exact penalization to various constrained optimization
problems see [2, 3, 5, 12].

We use the penalty approach in order to study inequality-constrained minimiza-
tion problems with locally Lipschitzian constraints in Banach spaces. A penalty
function is said to have the exact penalty property [2, 3, 5, 12] if there is a penalty
coefficient for which a solution of an unconstrained penalized problem is a solution
of the corresponding constrained problem.
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In this paper we will establish the exact penalty property for a large class of
inequality-constrained minimization problems

(P) f(z) — min subjectto x € A
where
A={zeX: gi(z)<¢foralli=1,...,n}.
Here X is a Banach space, ¢;, i = 1,...,n are real numbers, and the constraint
functions g;, i = 1,...,n and the objective function f are locally Lipschitz.

We associate with the inequality-constrained minimization problem above the
corresponding family of unconstrained minimization problems

f(2) +72max{gi(z) —¢;,0} - min, z € X
i=1

where v > 0 is a penalty. In this paper we establish the existence of a penalty
coefficient for which approximate solutions of the unconstrained penalized problem
are close enough to approximate solutions of the corresponding constrained problem.
This novel approach in the penalty type methods was used in [19-21]. In the present
paper we obtain a generalization of the results of [19-21]. We study the stability
of the generalized exact penalty property under perturbations of the functions f and
g1, - - -, gn and of the parameters ¢y, ..., c,. The stability of the generalized exact
penalty property is crucial in practice. One reason is that in practice we deal with
a problem which is a perturbation of the problem we wish to consider. Another
reason is that the computations introduce numerical errors.

Consider a minimization problem h(z) — min, z € X where b : X — R! is
a lower semicontinuous bounded from below function. If the space X is infinite-
dimensional, then the existence of solutions of the problem is not guaranteed and
in this situation we consider j-approximate solutions. Namely, x € X is a §-
approximate solution of the problem Ai(z) — min, z € X, where 6 > 0, if h(z) <
inf{h(z): z€ X} +9.

In [19-21] and in this paper we are interested in approximate solutions of the
unconstrained penalized problem and in approximate solutions of the corresponding
constrained problem. Under certain assumptions which hold for a large class of
problems we show the existence of a constant Ag > 0 such that the following
property holds:

For each ¢ > 0 there exists d(e) > 0 which depends only on e such that if x is
a d(e)-approximate solution of the unconstrained penalized problem whose penalty
coefficient is larger than A, then there exists an e-approximate solution y of the
corresponding constrained problem such that ||y — z|| <.

This property implies that any exact solution of the unconstrained penalized
problem whose penalty coefficient is larger than Ay, is an exact solution of the
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corresponding constrained problem. Indeed, let = be a solution of the unconstrained
penalized problem whose penalty coefficient is larger than Ag. Then for any € > 0
the point z is also a d(€)-approximate solution of the same unconstrained penalized
problem and in view of the property above there is an e-approximate solution
of the corresponding constrained problem such that ||z — y.|| < e. Since € is an
arbitrary positive number we can easily deduce that = is an exact solution of the
corresponding constrained problem. Therefore our results also includes the classical
penalty result as a special case.

It should be mentioned that if one uses methods in order to solve optimization
problems these methods usually provide only approximate solutions of the problems.
Therefore our results are important and useful even when optimization problems
have exact solutions.

As we have already mentioned the main result of the present paper is a gen-
eralization of the results of [19-21]. In [19] we considered the problem (P;) with
one constraint function (n = 1) and established a very simple sufficient condition
for the exact penalty property. It was shown that the problem f(z) — min subject
to g(z) < c possesses the exact penalty if the real number ¢ is not a critical value
of the function g. In other words the set g—!(c) does not contain a critical point
of the function g. Note that in [19] we used the notion of a critical point of a
Lipschitz function introduced in [18]. The result of [19] was generalized in [20]
for the problem (P;) with an arbitrary number of constraints n. Moreover, in [20]
we showed the stability of the generalized exact penalty property under perturba-
tions of the objective functions f. We considered a family of inequality-constrained
problems of type (P;) with given real numbers cy, ..., ¢,, given locally Lipschitz
constraint functions ¢4, ..., g, and with objective functions f which are close (in
a certain natural sense) to a given fonction fy. In [20] we showed that all the
constrained minimization problems belonging to this family possess the generalized
exact penalty property with the same penalty coefficient which depends only on
fo,91---,9n,c1, ..., cn. Another generalization of the result of [19] was obtained
in [21]. In [21] we assumed that g is a locally Lipschitz function defined on X,
fo : X — R'is a function which is Lipschitz on all bounded subsets of X and
which satisfies a growth condition, and that for a real number ¢y which is not a crit-
ical value of g, the set go_l(co) is nonempty. We considered a family of constrained
minimization problems f(z) — min subject to g(z) < ¢ where a triple (f,g,c¢)
is close to the triple ( fo, go, co) in a certain natural sense. We showed that all the
constrained minimization problems belonging to this family possess the generalized
exact penalty property with the same penalty coefficient which depends only on
fo, g0, co. Note that the proofs in [20, 21] are based on tools of variational analysis
[4, 12, 16]. In [20] in order to generalize the results of [19] we introduced a notion
of a critical point of a Lipshitz mapping with respect to a parameter x € (0,1). In
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the proof of the stability result of [21] we used the methods and techniques of [18].
In the present paper combining the methods and techiques of [20, 21] we generalize
their results for inequality-constrained problems of type (P;) with an arbitrary num-
ber of constraints n. We establish stability of the generalized exact penalty property
under perturbations of objective functions, constraint functions and the right-hand
side of constraints.

More precisely, we consider a family of constrained minimization problems of
type (P;) with an objective function close to a given function f, with constraint
functions close to given functions g1, ..., g, and with the right-hand side of con-
straints close to given constants ¢y, . . ., ¢, in a certain natural sense. Under certain
conditions on f, g1,...,9n,c1,-- .,y We show that all the constrained minimiza-
tion problems belonging to this family possess the generalized exact penalty property
with the same penalty coefficient which depends only on f, ¢1,...,9n, €1, .-, Cn.

2. PRELIMINARIES

Let (X,]||-||) be a Banach space and let (X*, || -||.) be its dual space. For each
x € X and each r > 0 set

Blz,r) ={y € X : [lz -yl <r}.

Assumethat f : U — R! be a Lipschitz function which is defined on a nonempty
open set U C X. For each x € U let

fOx, h) = limsup [f(y +th) — f(y)]/t, h € X

t—0t y—zx

be the Clarke generalized directional derivative of f at the point = [4], let
Of () ={le X*: fO%ax,h)>1(h) forall h € X}
be Clarke’s generalized gradient of f at = [4] and set
Z¢(x) = inf{f°(x,h): h€ X and ||h] = 1}

[18].

A point z € X is called a critical point of f if 0 € 0f(x) [18].

A real number ¢ € R! is called a critical value of f if there is a critical point
x € U of f such that f(z) = c.

In order to consider a constrained minimization problem with several constraints
we need to use a notion of a critical point for a Lipschitz mapping F' : X — R"
introduced in [20].
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Assume that n is a natural number, U is a nonempty open subset of X and that
F=(f1,...,fn) : U — R"is a locally Lipschitz mapping.
Let x € (0,1). For each z € U set [20]

(2.1) Epn(a) = nf{|| > (amnin — cigni)|l :
i=1

ni1, M2 € 0fi(x), g1, iz €[0,1], i =1,...,n
and there is j € {1,...,n} such that o102 = 0 and |a;j1| + |oyj2| > K}

It is known [4, Chapter 2, Sect. 2.3] that foreach x ¢ U and all i = 1,...,n,
(2.2) O(—f;)(x) = ~0fi(x).

This equality implies that

(2.3) E_rx(z) = Epk(z) for each z € U.

In the sequel we assume that U = X.

A point z € X is called a critical point of F' with respect to s if Zp,.(z) =0
[20].

A vector ¢ = (eq,...,¢,) € R™ is called a critical value of F' with respect to
if there is a critical point x € X of F' with respect to x such that F'(z) = c.

Remark 2.1. Letn = 1. Then z € X is a critical point of F' with respect to
 if and only if 0 € OF (x). Therefore x is a critical point of £ in our sense if and
only if = is a critical point of F' the sense of [19]. It is clear that in this case the
notion of a critical point does not depend on «.

Remark 2.2. Assume that f; € C', i = 1,...,n and Df;(x) is the Frechet
derivative of f; at x € X, i =1,...,n. If x € X is a critical point of F' with
respect to x, then D f;(z), i = 1,...,n are linear dependent.

The following proposition was proved in [20, Proposition 1.1].

Proposition 2.1.  Assume that {z;}7°, C X , = limp_oxy in the norm
topology and that lim infy_.oc Zp . (zr) = 0. Then Ep . (x) = 0.

Let M be a nonempty subset of X. We say that the mapping F : X — R"
satisfies Palais-Smale (P-S) condition on M with respect to « if for each bounded
with respect to the norm topology sequence {x;}°, C M such that {F(z;)}2,
is bounded and lim inf; .. Zf«(x;) = 0 there exists a convergent subsequence of
{x;}22, in X with the norm topology [1, 14, 18].
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For each function h : X — R' and each nonempty set A C X put
inf(h) = inf{h(z) : z € X}, inf(h; A) = inf{h(z): z € A}
For each z € X and each B C X put
d(x, B) = inf{|]x —y|| : y € B}.

We assume that the sum over empty set iz zero.

3. MaIN REsuLTS

Denote by M the set of all continuous functions » : X — R!. We equip the
set M with the uniformity determined by the following base:

EM,q,6)={(f, g) EMxM:|f(z)—g(x)|<e for all z€ B0, M)}

31)  {(f,9) e MxM: [(f—g)@)—(f —9) W) < dqllz—yll
for each z,y € B(0, M)},
where M, q, e are positive numbers. It is not difficult to see that this uniform space

is metrizable and complete.
Let n be a natural number, f € M, G = (g1,...,9n) With g; € M for all

i=1,...,nandletc=(cy,...,c,) € R"
Put
(3.2) A(G,e)={r e X: gi(x)<¢ foralli=1,...,n}

and consider the following constrained minimization problem
(P) f(z) — min subjectto x € A(G, ¢).
We associate with the problem (P) the corresponding family of unconstrained min-
imization problems
(Py) f(@) + Z Aimax{g;(z) — ¢;,0} — min, z € X,
i=1

where A = (A\q,...,\,) € (0,00)™.

For each x € (0,1) set

Qp ={z=(21,...,2,) € R":

x; >k foralli=1,...,nand max z; =1}.
n

i=1,...,

(3.3)
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Let ¢ : [0, 00) — [0, 00) be an increasing function such that

(3.4) lim ¢(t) = oo

t—o00

and a be a positive number. Denote by M, the set of all functions » € M such
that

(3.5) h(z) > ¢(||z||) — a for all € X.
Assume that
(3.6) feM,g

is Lipschitz on all bounded subsets of X, G = (g1,...,9.) : X — R! is a locally
Lipschitz mapping and that ¢ = (¢4, ..., ¢,) € R™.
We assume that A(G,¢) # () and fix

(3.7) 0 c A(G,¢).

In view of (3.4) there exists a number M, such that

(3.8) My > 2+ |0]] and ¢(My — 2) > f(0) +a + 4.
For each z € A(G, ¢) put

(3.9) I(z)={ie{l,...,n}: ¢ =gi(x)}.

Fix k € (0,1). In this paper we use the following assumptions.
(A1) If z € A(G, @), ¢ > 1 is the cardinality of a subset {i1,...,i,} of I(x) with
i1 <ip < ---<igand if z is a critical point of the mapping
(Girs -1 Gi) : X — RY

with respect to x, then f(z) > inf(f; A(G, 2)).

(A2) There is ~y,. > 0 such that for each finite strictly increasing sequence of natural
numbers {71, ..., 4.} which satisfies {i1,...,i,} C {1,...,n} the mapping
(Gir»---»Gi,) : X — R7 satisfies (P-S) condition on the set

with respect to .

(A3) For each € > 0 there is 2. € A(G, ¢) such that f(z.) < inf(f; A(G,¢)) + €
and if I(x.) # 0, then zero does not belong to the convex hull of the set

UieI(z0)09i(Te).
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In the present paper we establish the existence of exact penalty under assump-
tions (A1)-(A3). Usually this existence is related to calmness of the perturbed
constraint mapping. Here we use the assumptions of the different nature. Note
that (A1) holds if any solution of the optimization problem is not a critical point
of the correspoding constraint mapping. Assumption (A2) is a version of the clas-
sical Palais-Smale condition. Assumption (A3) holds if there is a solution of the
optimization problem which is not a critical point of the corresponding constaint
maping.

The following theorem is our main result.

Theorem 3.1. Let (Al), (A2) and (A3) hold and let ¢ > 0. Then there exist
positive numbers Ao, > 0 such that for each ¢ > 0 there exists § € (0, €) such
that the following assertion holds:

If f € M, satisfies

(f, f) € E(Mo, q,7),
if G=(g91,...,9n) : X — R™ satisfies

g; € wand (g;, g;) € E(Mo,r,r)foralli =1,... n,
ifvy=(v1,...,7) € Q, A > Ao, ¢ = (c1,...,¢,) € R™ satisfies
|ci—ci| <rforalli=1,...,n
and if z € X satisfies
f(x)—i—z Ay max{g;(z)—c;, 0} Sinf{f(z)—i—z Ay max{g;(z)—¢;, 0} : z € X }+9,
i=1 i=1
then there is y € A(G, ¢) such that

lz =yl <eand f(y) <inf(f; A(G,c)) + e

Theorem 3.1 easily implies the following result.

Theorem 3.2.  Let (Al), (A2) and (A3) hold and let ¢ > 0. Then there exist
positive numbers A, r such that for each f € M satisfying (f, f) € £(Mo, q,7),
each mapping G = (g1, ...,9») : X — R™ which satisfies

(3.10) gi € M and (g;,9;) € E(My,r,r)foralli=1,...,n,
each ¢ = (cy,...,c,) € R" satisfying

(3.11) |ci—c| <rforalli=1,...,n,
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each v = (v1,...,7) € Qx, each A > A and each sequence {x}7°, C X which
satisfies

Jim [f(zx) + > Mimax{gi(zx) — ¢, 0}]
=1

= inf{f(z) + Z)\%max{gi(z) —¢,0}: z€ X}
i=1

there is a sequence {y;}3>, C A(G, c) such that

Jimn [y — /| =0 and T F(y) = inf(f; A(G, o).

Corollary 3.1. Let (A1), (A2) and (A3) hold and let ¢ > 0. Then there exist

positive numbers A, r such that if f € Mg satisfies (f, f) € £(Mo,q,r), if a
mapping G = (g1,...,9n) : X — R" satisfies (3.10), if ¢ = (¢1,...,¢,) € R”
satisfies (3.11), if v = (v1,...,7m) € Qs, A > Ap and if x € X satisfies

F(@) + 3 Ay max{gi(x) — ¢, 0}

i=1
= inf{f(z) + Z)\% max{g;(z) —¢;,0}: z € X},

=1

then z € A(G, c) and f(z) = inf(f; A(G, c)).

4. PrRoOF oF THEOREM 3.1

For each f € My, each G = (g1,...,9n) : X — R", each ¢ = (c1,...,¢p) €
R™ and each A = (\q,..., Ay) € (0,00)™ define for all z € X

(4.1) D) = £(2) + 3 \max{gi(z) — ¢, 0.
=1

We show that there exist positive numbers Ag, r such that the following property
holds:

(P1) For each € € (0,1) there exists 6 € (0, ¢) such that for each f € Mgy
satisfying

(f,f) € E(Mo, q,7),
each G = (g1,...,9n) : X — R" satisfying

gi € M and (g;,9;) € E(Mp,r,r)foralli=1,...,n,
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each v = (v1,...,7n) € 4, €ach A > Ag, each ¢ = (¢y,...,¢,) € R™ satisfying
lei—¢c| <r, i=1,...,n
and each x € X satisfying

VD (@) <int(@D) + 5

we have
{y € Bz, ) NAG,¢): vV (y) <D ()} # 0.

Avy,c >\’Y c
It is not difficult to see that (P1) implies the validity of Theorem 3.1.
Let us assume that there are no Ay > 0, > 0 such that the property (P1) holds.
Then for each natural number % there exist ¢, € (0, 1), ) e M, satisfying

(4.2) (fu: ) € E(Mo, q, k™),

G = (gY“), - 797(’Lk)) : X — R" satisfying

(4.3) 9" e Mand (g™, 5,) € E(Mo, k=4 k) forall i=1,...,n,
(4.4) 70 = (4B € QA >k,

c®) = (M Py e Rn satisfying

(4.5) P gl <k i=1,...,n,

and z; € X such that

(f(k),G(k))
Ay () c(k)

k) Gk

( _ _
(4.6) () <1nf(¢(f o a)) +2 le, k2,

(4.7) {y € Bzg, ) NAGH, B . UG () < UTEM 001y — g,

Ay (8 o(k) Y AP, ()
For each natural number & set
(F® G(k))

(4-8) wk = wkk,y(k’)’c(k) .
Set

te)
(4-9) w %m(k) (k)

Let £ be a natural number. It follows from (4.6) and Ekeland’s variational principle
[6] that there exists i € X such that

(4.10) Ur(yr) < Yr(ar),
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(4.11) yk — 2kl < (2k) e,

(4.12) Dr(yr) < Pulz) + k|2 —yi| forall z € X.
By (4.7), (4.8), (4.10) and (4.11)
(4.13) yr & A(G®) ) for all natural numbres k.

For each natural number & set

Le={ie{l,...,n}: ¢Py) =M},
(4.14) Lw ={ie{1,....n}: g () > P},
Lo ={ie{l,...,n}: g () <M}

By (4.13), (4.14) and (3.2),
(4.15) I+ # 0 for all integers k& > 1.

Extracting a subsequence and re-indexing we may assume without loss of generality
that for all natural numbers &,

(4.16) In="1, Iy =Ly, I =1,_.
We continue the proof with the two steps.
Step 1. We will show that for all suffciently large natural numbers &
AGW, M) 20, [yxl| < Mo -2
and that

lim sup £ () < limsupinf(f®); A(G®, ™)) < inf(f; A(G, 2)).

k—oo k—oo

Let 6o € (0,271). By (A3) there exists

(4.17) 20 € A(G, )
such that:
(4.18) f(z0) <inf(f; A(G, ) + do;

if I(29) # 0, then 0 does not belong to the convex hull of the set

4.19 _
(4.19) Uier(z)99i(20)-
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By (4.17), (4.18) and (3.7),

(4.20) f(z0) < F(0) + 1.

In view of (4.20), (3.6), (3.5) and (3.8),

(4.21) [|20]] < My — 2.

Define z; € X as follows.

(4.22) If I(z) =0, then set z; = z.

Assume that

(4.23) I(zp) # 0.

Choose ¢; € (0, 1) such that

(4.24) ¢i > gi(zo) + 406, for all integersi € {1,...,n} \ I(z).

By (4.19) and (4.23) there exists

(4.25) n € X such that ||n|| =1 and d5 € (0,1)
such that
(4.26) l(n) < =26, forall I € Uie](zO)agz‘(Zo).

In view of (4.26),
(4.27) 32(20,m) < —26, for all i € I(z).

Since the function f is Lipschitz on bounded subsets of X and the functions g9(-, n),
it =1,...,n are upper semicontinuous it follows from (4.24) and (4.27) that there
exist a number 03 € (0, min{1, §;}) such that

(4.28) 32(2,m) < —(3/2)d, for all i € I(z) and all z € B(z, d3),
(4.29) & > gi(z) +30; foralli € {1,...,n}\ I(2) and all z € B(zp, d3),
(4.30) |f(2) — f(z0)] < d for all z € B(z, d3).

Put

(4.31) z1 = 2o + 037.
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By (4.31), (4.29) and (4.25),
(4.32) c; > gz(zl) + 367 forall i € {1, .. .,n} \ I(ZO).

Let j € I(z). By the mean value theorem [4, Theorem 2.3.7], (4.25) and (4.28)
there exist
s €[0,63] and I € 0g;(z0 + sn)

such that

95(20+03n) —gj(20) = 1(d3n) < gj(z+sn, 53n) = 8375 (z0+sm, 1) < 03(—3/2)62.
Combined with (3.9) and (4.31) this implies that

(4.33) Gi(z1) < ¢ — (3/2)6203 for all j € ().

Relations (4.32) and (4.33) imply that

(4.34) Gj(z1) < ¢ — (3/2)0203 for all j € {1,...,n}.

By (4.30), (4.31), (4.25) and (4.18),

(4.35) f(z1) < f(z0) + 6o < inf(f; A(G, €)) + 26.

In view of (4.31), (4.25) and (4.21),

(4.36) l|z1]] < ||z0]] + 63 < My — 1.

Now we conclude that in both cases which were considered separately (1(z) = 0;
I(29) # () we have defined z; € X such that

(4.37) gj(zl) <c¢,j=1,...,n
(438) F(z1) < inf(f; A(G.2)) + 260,
(4.39) |z1]] < Mo — 1

(see (4.34)-(4.36), (4.22), (4.21), (4.17) and (4.18)). It follows from (4.37), (4.39),
(4.3), (4.5), (3.2) and (3.1) that there exists a natural number k&, such that

(4.40) 21 € A(G®) ) for all integers k > k.

In view of (3.5), (4.8), (4.1), (4.10), (4.6), (4.40), (4.39), (4.2) and (4.48) for any
integer k > ko
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O(llyrl) —a < F® (i) < rlyr) < Yrlar) < inf(Pr) + (2k2) 7
< inf(¢p; A(G®), ) 4 (2k2) "L =inf(fF); A(GW), cR))) 4212
< fB(z) 4272 < fz) + k427 k2
< inf(f; A(G, @) + 20 + 2k~ 1.

(4.41)

By (4.41), the inequality dp < 1/2, (3.7) and (3.8) for all integers k& > kg
(4.42) Gyr) —a < f(0) +2, |lykll < Mo —2.
It follows from (4.30) and (4.42) that for all sufficiently large natural numbers &
(4.43) AGW), B 20, [[ykl] < My —2.
By (4.41),
lim sup £ () < limsupinf(f®), A(G®, *))) < inf(f; A(G, &) + 26.

k—oo k—oo

Since dy is an arbitrary element of the interval (0,1/2) we conclude that

(4.44) lim sup f*) (yx) < lim supinf(f(k)7 A(G(k), Ry < inf(f; A(G,¢)).

k—oo k—oo

Step 2. In this step we will complete the proof of the theorem. It follows from
(4.41), the inequality 5 € (0,1/2), (4.8), (4.1), the inclusion f*) ¢ M, and (3.5)
that for each integer k£ > kq and each i € I

—a+ Mt max{g" (i) - e, 0} < inf(f; A(G,2)) + 2
Together with (4.4) and (3.3) this implies for each integer k > ko and each i € I

(4.45) gt () — e =max{g{" (yr) —"), 0} <k 715! (it (F; A(G, ) +2+0).

(2

Then for all sufficiently large natural numbers &

0 < g™ (yp) - cgk) <~ /2forallicI,.

(2

Together with (4.14), (4.16), (4.3), (4.5) and (4.43) this implies that for all suffi-
ciently large natural numbers &

4.46 —v < Gilyg) — G < v forall i € I, U L.
+

Since f is Lipschitz on bounded subsets of X there exists a number Ly > 1 such
that

(4.47) \f(ul) — .]?('LLQ)‘ < LQH'LLl — ’LLQH for each U, U2 € B(O, MO).
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Let k > kg be an integer. It follows from (4.42), (4.14) and (4.16) that there exists
an open neighborhood V' of 4 in X such that for each y € V

9P () > P foralli e Iy, g (y) < P forallier,,

(4.48)
V C B(O,MO — 1)

It follows from (4.14), (4.16), (4.1), (4.8) and (4.48) that for each z € V/

IO +xe Y- 70w = )20 Y2 max{gf (i) — ¢, 0)

’i611+ i€ly
= 1B () + 3 M max{g” () — o), 0}
=1
(f*,G™) -1
=470, = V) < un(2) + E7 ]z = wl
8, G0 B
wg\iw(k) c(k)( z)+k IHZ — k||
— B 1A Y A _ o)
ZEIl
ey max{gf“(z) - cﬁ’“% 0} + k] — uil.

i€l

By the relation above, (4.48) and the properties of Clarke’s generalized gradient [4,
Chapter 2, Sect. 2.3],

0€af® )+ xS 1 P0g (i)

z‘eh+

+ Ak ny ({0 () - a€[0,1]}) + kH{Ie X*: ||I[]« < 1}.
kel

(4.49)

In view of the properties of Clarke’s generalized gradient [4, Chapter 2, Sect. 2.3],
(4.42), (4.2) and (3.1),

(450) Of®) () = O(F + (f® = ) (wr) € 0F (ur) + O(F® — F)(wi)
' COf(y) +afl e X*: |lifl < 1}.

By the properties of Clarke’s generalized gradient [4, Chapter 2, Sect. 2.3], (4.42),
(4.3) and (3.1) forall : € Iy U I 4,

09 (ur) = 0(g; + (9 — G)) (wr) < 9 (ww) + (™™ — i) (w)

(4.51)
C Agi(yk) + kI e X*: ||I]]« < 1}.
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Relations (4.49), (4.4), (4.50), (4.51), (3.3) and (4.4),

0eX 0P )+ S 4 P0g () +3 M (U{adgP (i) -
i€l el
ae 0, 1)+, 2le X*: ||l <1}

CAOf(ye) +hrg{le X* 0 ||l < 1}

+ 3 AP 0gi(y) + kT HL e X* e [|I]]. < 1)]
(4'52) i€l14

+ 3 7P (U{adgiye) + okl e X*: (U]l <1} a e [0,1]})
i€lq
+k2{le X ||l)]. < 1}

_ = k) a— k _
CAC O+ S A P0a )+ P (Ufadai(w) - ac0,1]})
’i611+ i€ly
+g/k+n/k+n/k+EkH{le X*: ||l <1}
It follows from (4.52) that there exists [, € X* satisfying
[Tl <1,
(4.53) B
lo€ df(yk), li € 0gi(yx), i1 € 1 UL, a; €[0,1], i€ I
such that

0=k Yg+2n+k L+ 00+ Y APu+ Y anPl

’i611+ i€ly

Combined with (4.53), (4.42) and (4.47) this implies that

(4.54) 157 A5+ ™l < k(g + 20+ 1) + k7 Lo

’i611+ i€ly

In view of (4.15) and (4.16) there exists a finite strictly increasing sequence of
natural numbers i; < --- <4, where ¢ > 1 is an integer, such that

{’il,...,’iq} =L+ UlL.

Consider a mapping G' = (gs,, - - -, gi,) : X — R%. By (4.54), (4.53), (2.1), (4.15),
(4.16), (3.3) and (4.4),

(4.55)  Egulyk) < k‘l(q +2n+ 1+ L) for each natural number k& > k.
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It follows from (4.55), (A2), (4.46) and (4.42) that there exists a subsequence
{yr, } 21 of the sequence {y; } 2=, which converges to . € X in the norm topology:

(4.56) Jim iy, = . = 0.
By (4.55), (4.56) and Proposition 2.1
(4'57) EG,n(y*) = 0.

In view of (4.56), (4.5), (4.3), (4.42), (4.45), (4.14) and (4.16) for s € {1,...,q}

_ _ . _ k . k k
(4-58) 9. () — €io = Jim (g, (yw,) — i) = Jim (9 (yw,) — ")) = 0.

For any
jge{l,...,n}p\{i1,...,iq},
we have j € I;_ and by (4.14), (4.16), (4.56), (4.42) and (4.3),

ek k)
95(y=) —plggogj(ykp) = lim g; ") (Yk,) < Jim " =g,

Together with (4.58) this implies that
(4.59) v« € A(G, ¢).
In view of (4.58),
(4.60) {i1, ... ig} C I(ys).
By (4.56), (4.42), (4.2) and (4.44)
Flu) = lim fly,) = lim f* (o) < inf(f; A(G,2).
Combined with (4.59), (4.57) and (4.60) this implies that
ye € A(G,2), f(ye) = inf(f; A(G,©)), Eunlys) = 0.

Together with (4.60) this contradicts (Al). The contradiction we have reached
proves that there exist Ay, » > 0 such that the property (P1) holds. This completes
the proof of Theorem 3.1.
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