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HAUSDORFF NORMS OF RETRACTIONS IN BANACH SPACES
OF CONTINUOUS FUNCTIONS

Vittorio Colao, Alessandro Trombetta and Giulio Trombetta

Abstract. We construct retractions with positive lower Hausdorff norms and
small Hausdorff norms in Banach spaces of real continuous functions which
domains are not necessarily bounded or finite dimensional. Moreover, we give
precise formulas for the lower Hausdorff norms and the Hausdorff norms of
such maps.

1. INTRODUCTION
Let X be a Banach space, and let
BX)={zeX:|z||<1} and S(X)={ze X :|z| =1}

It is well known that there exists a continuous mapping (retraction) R : B(X) —
S(X) satisfying Rz = « for all z € S(X) if and only if the space X has infinite
dimension.

Recall that the Hausdorff measure of noncompactness v x(A) of a bounded

subset A of X is the infimum of all ¢ > 0 such that A has a finite e-net in X (see
[2]).
Assume X is infinite dimensional and set inf ¢ = oo. Throughout this paper
whenever X is a Banach space of real continuous function we meant it endowed
with the sup norm || - ||. Given a retraction R : B(X) — S(X) the quantitative
characteristics

7 (R) = sup {0 < k < 1: vx(RA) > kyx(A) for every A € B(X)},
vx(R) = inf{k >1:vx(RA) < kyx(A) for every A C B(X)}
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are the lower Hausdorff norm (y ,.-norm, for short) and the Hausdorff norm (v x-
norm, for short) of R, respectively. It is of interest in problems of nonlinear analysis
(see, for example, [1, 5, 7]) the estimate of ZX(R) for a given retraction R and,
in connection with the Hausdorff norm, the evaluation of the following quantitative
characteristic

W(X) =inf{k > 1:3J aretraction R : B(X) — S(X) with vx(R) < k},

called the Wosko constant of the space X. The constant W (X') was introduced by
Wosko in [11], where it is proved that W (C[0, 1]) = 1. The same result has been
extended in [3] and [9] to other Banach spaces of real continuous functions. On the
other hand we observe that there is not a unified method to evaluate W (X'), most
of the evaluations have required individual constructions in each space X (see, for
example, [1, 4, 10]).

Let K be a set in a normed space E containing the closed unit ball B(E)
and denote by BC (g (K) the Banach space of all real bounded functions that are
continuous on K and uniformly continuous on B(E). In the first section we prove
that in the space BC p(g)(K) for any u > 0 there exists a retraction R, of the
closed unit ball onto its boundary with lower Hausdorff norm

if u<4
VB iy (1) Fl) = if u>4
y u

SN N =

8

+

and Hausdorff norm vsc, . ( r)(Ry) = The latter equality gives that the
Wosko constant W (BC g(gy(K)) = 1.

In the second section we deal with the Hilbert cube P. We show that in the
Banach space C(P), of all real valued continuous functions defined on P, for any
u > 0 there exists a retraction R,, of the closed unit ball onto its boundary with

lower Hausdorff norm

d

if u<4

L,
Y (Ru) - 4
— L ifusd
u
and Hausdorff norm 4 (p)(R,) = “£8. Hence W(C(P)) = 1.
We observe that a retraction R which has positive v .-norm is a proper map, i.e.,

the preimage R~'M of any compact set A/ C X is compact. Thus all retraction
R, we construct are proper maps.
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2. RETRACTIONS IN THE SPACE BCp(p)(K)

Let A and S, with A C S, be nonempty sets of a topological space. In the
following we will denote by BC(S) and BCU(S) the Banach spaces of all real
functions defined on S which are, respectively, bounded and continuous, bounded
and uniformly continuous. Moreover we denote by BC4(S) the Banach space of all
real bounded functions that are continuous on .S and uniformly continuous on A.

Let (E, | -||) be a normed space and K a subset of E containing the closed unit
ball B(E). Now for each a € [0, 1] we introduce the maps A\,, \* : E — E by

2 . 1
A M
14+a .
Aa () = Lj if LT @ <zl <1
|zl o2
x, if Jzf >1
and -
a .
if <1
TR T AT
x, if [jz|| > 1.

Moreover for f € BCg(py(K), we set

Ap = {fo()\a)lK:ae[O,l]},
Af :{fo(A“)lK:ae[O,l]}.
Observe that Ay C BCp(p)(K) and Af C Lo (K), where Lo, (K) is the space of

all real essentially bounded functions defined on K.
We begin with the following two lemmas.

Lemma 2.1. Let a € [0,1].

(1) X (@) = Xa W) < 75 e —yll, forall z,y € B
(ii) Let (a,,) be a sequence in [0, 1] converging to a. Then ||\
and ||A%m — X4 — 0.

—Xallee — 0

am (e o]

Proof. (a) Let z,y € E. Observe that

Tz Yy 2
2l < Sz -y,

£t < Zhe -

for a, 5 € (0,00) with ||z]| < a < 8 < |y

Now if [z, [lyll < 52 then [[Aq (2) = Xa W)l = 13 lz —yll. IF l|z]], [y]l >

(1)
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1 then [[Aq (z) — Ao (w)|| = |z —y||. Moreover, using (1) it is easy to get the
following implications:
1+a 1+4a
< < <1 — < —
ol < 52 SE< <1 = Pa@ - X < el
14+a
lzll < == Nyl >1 = JAa(@) =AWl < 2|z —yll,
1+a
—slzl= 1yl >1 = e (@) =AWl < 2|z —yll,
1+4+a 1+4+a
<lell= 1 ——= <yl <1 = JAa(@) =A@ < 7 llr vl
(b) Enough to check that [|A, (z) — X (z)]| < |a—b] and [[A* (z) — A" (2)]| <
1
5 \a — b‘

Lemma 2.2. For all f € BCpg)(K), the sets Ay and Alare compact in
BCp(p)(K) and in L (K), respectively.

Proof. Let (a,,) be a sequence of elements of [0, 1] converging to a. In order
to prove the compactness of the set Ay we will show that

|72 Qe = o O], =0
Let £ > 0. Since f is uniformly continuous on B(E), there is § > 0 such that

() [f(y) = f(2)] <,

for all y,z € B(E) with ||y — z|| < 6. By Lemma 2.1 (b) there is 7@ € N such
that

(3) A, (2) = Aa (2)]| <6,
for all m >m and z € B(FE). By (2) and (3) we have

[0 Caniae = 7o ]| = mane 170 (@) = fO(@))] <

z€B(E)

for all m > 7. Hence the thesis. The proof of the compactness of the set A/ in
Lo (K) is similar. |

In virtue of () of Lemma 2.1 we can define the map @ : B(BCp(g)(K)) —
B(BCp(g)(K)) as follows

2 | L e
f<1+uﬂhf>’ Tl =

f(=), it flzf] > 1
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Then |Qfll = Iflly for all f € B(BCpg)(K)) and Qf = f forall f €
S(BCp(k)(K)). Observe that the mapping @ can be written as

(4) Qf = foNy )ik

Proposition 2.3. The map @ is continuous.

Proof. Let (f,,) be a sequence in B(BC () (K)) such that || fr — flleo — O.
Let e > 0. Then there exists m; € N such that || f,, — || < § for all m > m;.
By the uniform continuity of f on B(E) there is § > 0 such that if z,y € B(E)
with [lz — y|| < 4 then

[f(x) = fly)] <

[N

since || fm oo — IIfllo, Lemma 2.1(b) implies H)‘Hfml\oo — )‘Hfl\ooH — 0. Hence
there is mo € N such that ~

H*Hfmnoo - AHfHOOHOO <4,

for all m > ms. Therefore

‘f (Anfmnoo)m () = f (Anfnoo)m ()

for all x € K and m > mq. Then, for any z € K and m > max {my, ma}, we
have

‘fm (Anfmuoo)m (@)= f (M) @
< Ifm (Anfmnoo)m@)—f(Anfmnoo)lK(@

IS

g
<_7
-2

+|f (Anfmnoo)m (w)—f(Aanoo)'K(@

So we obtain [|Q frm, — Qf|l. — 0. ]

By the following proposition we give lower and upper estimates of the Hausdorff
measure of noncompactness of QA for a set A in B(BCp(g)(K)).

Proposition 2.4. Let A be a subset of B(BC g(g)(K)). Then

1
3 VBC () (K) (A) S VBC ) (1) (QA) < Ve ) (36) (A)-
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Proof. LetA C B(BCp(g)(K)). Firstwe prove ysc,, . (x)(QA) < ’YBcB(E)m)(A)-
FiX o > v5c,,,, (10)(A) and let {f1, ..., fo} be an a-net of A in BCp(x)(K). By
Lemma 2.2 the set Ui, Ay, is compact in BC g(g)(K). Hence given § > 0 we can
choose a d-net {gi, ..., gm} Of UL Ay, in BCpg)(K).

We show that {g1, ..., gn} is @ (a + &)-net of QA in BCp(p)(K). To this end
for g € QA let f € A such that Qf = g and fix i« € {1,...,n} such that

|f = fill o < o Since f;o ()\Hfﬂoo)'K € Ay, we can find j € {1, ..., m} such that

H (o) i

197 — Qfll
g; — fio (A|f|oo)|KHOO +|fio (Allf”oo)m —fe <A”f'°°>|KH

<5+ H(fi ~ o (A||f|oo)|KHOO <5+a

< 4. Then

<

o0

Therefore e, (1) (K)(QA) < a+8, S0 Ve, 1 (1) (RA) < VBC s (1) (A). We
NOW Prove Yac (1) (QA) > 378, () (A)- FiX B> vpe, 0 (k) (QA) and let
{h1, ..., hs} be a g-net for QA in BCB(E)(K). By Lemma 2.2 the set UleAhi is
compact in L (K). Therefore given 6 > 0 we can choose a é-net {pi, ..., pr} for
Us_; AP in Lo (K). We now show that {py, ..., px} isa (3+d)-net for A in L (K).
Let f € A. Fix I € {1, ..., s} such that |Qf; — Tul|o, < 3. Since hyo (AIfllc) ;¢ €
A" we can find m € {1, ..., k} such that ||h; o (A1l ) ;- — pa|| < 6. Then

1f = Pmllso
< Hf Chyo (Anﬂoo)mHm g o (Anfnoo)'K _pmHOO

H (f e QHH%)M) ° <(P”f'°°>|f<“oo 0
_ sup ((r=me (01+), o () ) @

{erctale o, H4=]uq,00)}
B su o (Al Dbl
{mEK:|$|€[0,1fﬁ#@}u(1,o@)} ‘(f <)\ >|K> () — hu(z)

<Qf —Tulloo +6 < B +4.

IN

+0

+9

Therefore v, (x)(A) < B+ 0, so we obtain ysc,, . (x)(A) < 2(8+6) and
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Remark 2.5. Observe that for all f € BCU(B(E)) the set A7 is compact in
BCU(B(E)). Therefore

YcuB(E)(QA) = vscuB(E)(A),
for all A C B(BCU(B(E))).

Next, for a given u € (0, +oc), we define a map P, : B(BCp(g)(K)) —
BCp(k)(K) by

. 1
0, it x| < ~ e !fHOO or |jz| > 1,
1+ . 1+ 34
e 3 1 llo
—u(|lz]| — 1), if 1 < lzff < 1.

Proposition 2.6. The map P, is compact, i.e., P, is continuousand P, B(BC p(g)(K))
is relatively compact.

Proof. First we prove that the map P, is continuous. Observe that if f, g €
. 1 3
B(BC p(y(K)) with || f]| ., < llgll, and ¢l < 31/l \ye have

(5) 1P.f — Pugll, = UM |

Let now (f,,) be a sequence in B(BC p(p)(K)) converging to f. Then || f [l —
/]l Moreover if || f|lo, = 1 we have

©) 1Pufin = Puf oo = 71 = | fall).

On the other hand, if || f||o # 1 there is m € N such that for all m > m

L e 3+ e

Ifmlloe < I flloe = —F—= = YR

and

[flloo < lfmlloo =

Thus by (5), if || f|lc # 1, it follows that

LA [[fmllos o 3+ 11l
2 - 4

™) 1Pufin = Pufllo = 5 oo = 11l
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for all m > m. By (6) and (7) it follows ||P, f,, — P.fl|,, — 0. To complete
the proof it remains to show that P, B(BCpg)(K)) is compact. Let (g,,) be a
sequence in P, B(BCg(py(K)) and let (f,,,) be a sequence in B(BC p(g)(K)) with
P, fm = gm. Without loss of generality we can assume that || f,,,|| .. — || f|l Where
[ € B(BCp(g)(K)) and that (7) holds for all m. Then

u
gm — PufHoo = || Pufm — PufHoo = b H’fm”oo - Hf”oo‘ — 0,
which completes the proof. ]

Now we are in the position to prove the main result of this Section.

Theorem 2.7. Let K be a set in a normed space E such that B(E) C K. For
any u > 0 there is a retraction R, : B (BCp(g)(K)) — S (BCp(g)(K)) such that

%, if uw<4
oo 101 7| 3 if w4
u
and
VBC 5y (1) (Fu) = : ZLL i3

In particular we have that W (BC g(g)(K)) = 1.
Proof. Letwu € (0,+00). Definea map T, : B(BCp(g)(K)) — BCpg)(K)
by T..f = Qf + P,f. Since P, is compact, Proposition 2.4 implies

1
(8) 5 V8C 5y (K) (A) < VBe 5y (1) (Tudd) < V8 (1) (A),

for any A C B(BCp(g)(K)). We have T,,.f = f for all f € S(BCpg)(K)) and
for any f € B(BCg(g)(K)) we find

u u
T, > i ,—(1— - > .
ITfloc 2 |y min e {1l 0= 1511) = 10} 2 g

We define a retraction R,, : B(BCp(g)(K)) — S(BCpg(K)) by setting

Tuf

Bl =Tl

Then
R,AC [07 u_—|—8] "T,A,
u
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therefore using the monotonicity property of the Hausdorff measure of noncompact-
ness and (8) we get

u+8 u+8
VBC 1 () (Bud) < VBC s (K) ([0, T] 'TuA> S = VBC s () (A)-

The latter inequality together with (12) of the Example 2.13 implies

(9) Vs, (1) (Flu) = - Z .
On the other hand,
y 1, if u<d4,
ITf o < max {1, 5} = it

Fix u > 4. We have 7,4 C [0, %] - R,A. Again by the monotonicity property of
the Hausdorff measure of noncompactness, and using the left hand-side of (8), we
obtain

u u
VBC s (K) (A) < 29Be 5 5, () <[07 ﬂ 'RuA> = §'YBCB(E)(K)(RuA)-
Then for all v > 4 we have

2
(10) TBC iy (K) (Ru) 2 w

If u <4, we have T,A C [0,1] - R,A. So ’YBCB(E)(K)(A) <2 'YBCB(E)(K)(RuA)
hence

1
an Dy 00 0) 2 5

By Example 2.14 we obtain

1 .
5, if u S 4
Vi iy (100 ) = _
-, if u>4.
u
Finally by (9), since lim, o “uﬁ =1, we infer W(BCpg)(K)) = 1. |

The following example shows that, given a set K in an infinite dimensional
normed space E with B(F) C K, the map @ is not anymore continuous when
considered from B(BC(K)) into itself. Therefore our construction does not work
in the case of the Banach space BC(K).
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Example 2.8. Let (zx) be a sequence of elements of B(BC(K)) such that
ekl = 5 (k= 1,2,..) and |lz; — z;| > § for all i, j € N with i # j. Moreover
let (ay;) be a monotone increasing sequence of elements of (0, 1) such that a;, — 1.

Set yr = ek (k = 1,2,...). We have that [ly|| = o < 1 and [y =
5 <1 (k=1,2,.). Set S = {wy : k=1,2,.} U{yp : k=1,2,..}. Then

S is a closed subset of K and the map f : S — R defined by f(x;) = 1 and
flye) = 0 (k = 1,2,...) is continuous. By the Dugundji’s theorem there is a

continuous extension f : K — [0, 1] of f. We have that 1 flloo = Hﬂ‘ —1land f

is not uniformly continuous on K. In fact, fixed ¢ € (0, 1), since kaoo— Ykl — 0,
for all 6 > 0 there is k such that ||zz — y|| < 6 and | f(zp) — f(yp)| =1 > &
Now we show that the map @ is not continuous. Put f, = ax f (k= 1,2,...).

Then ka - ﬂ‘oo — 0 but HQJ?;€ - QfHOO =1(k=1,2,..). In fact
' oo
> ‘Qﬁ(wk) - Qf(wk)‘ = ‘J?k <)‘|\fk|\oo(xk)> - J?<>\|\f|\oo($k)>‘
— [ Qe = Flan)| =T (12 ) = Flaw

Since the measure of noncompactness of a set is invariant under isometries, the
following corollary enlarges the class of spaces for which Theorem 2.7 holds.

=1.

Corollary 2.9. Let M be a metric space. Assume that there are a set K in
a normed space E containing B(E) and an homeomorphism h : K — M such
that both the restrictions h /p(g) and h/‘hl(B(E)) are lipschitz, where A1 is the
inverse homeomorphism of h. Then for any « > 0 there is a retraction R, :
B (BCh(B(E))(M)) — S (BCh(B(E))(M)) such that

if uw<4

ZBCMB(E))(M)(RU) - if u>4

S O] -

)

and Vse, 5z, (M) (Ry) = % In particular, we have W (BCjp(g))(M)) = 1.

Proof. It is enough to observe that i : BCp(g)(K) — BChp(r)) (M) defined
by i(f) = f o h is an isometry. [ |

Corollary 2.10. Let 2y € E, r > 0 and K be a set in E such that B, ,(F) :=
{r € E: |z -z <r} C K. For any u > 0 there is a retraction R, :
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B(BCBxO,r(E)(K)) — S(BCB{xO,r}(E)(K)) SUCh that

_{%, if u<4
-] 2
u7

iy, , () Fiu) if u>4

and Y5e,, o (50) (Bu) = w8 1n particular, W (BCp, ,(g)(K)) = 1.

Proof. It follows by Corollary 2.9 when we consider i(z) = X(z — x) for all
z € K. ]

Remark 2.11. As a particular case of Theorem 2.7, if E' is a finite dimensional
normed space, then for any « > 0 there is a retraction R,, : B(BC(E)) — S(BC(E))
such that
if u<4
(Ru) -

TBe(E
) L ifusd

SN -

and vpe(p)(Ru) = 5.

This result with Corollary 2.10 yields W(C(K)) = 1 ([9, Theorem 10]) when K
is a convex compact set in E with nonempty interior, and also yields W (BC(R)) = 1
([3, Theorem 2.4]).

The following corollary covers the case of the space BCU(E)). By repeating the
proof of Theorem 2.7, taking into account Remark 2.5, and by slight modifications
of Examples 2.13 and 2.14 we have a different evaluation of lgcu(E))(Ru)'

Corollary 2.12. For any u > 0 there is a retraction R, : B (BCU(E)) —
S(BCU(E)) such that
1 if w<4
(Ru) = 4

gl .
Beu () ,ifu>4
u

and vacy(g) (Ru) = “E2. In particular, W(BCU (E)(K)) =1

In connection with Theorem 2.7 we have the following Examples 2.13 and 2.14.

Example 2.13. Let K be a set in a normed space E such that B(E) C K.
Define the maps f,, : K — R (n=3,4,...) by

. it flafl <5 -
ol L
u+8’ 2 n
1 1 1 1
) = - if - —— < -
e = ot (el -5). i -t <el<ge
U . 1 1

v it [z > =+~
u+8’ HxH_Q—'—n
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Then the following are the expression for @ f, and, given » > 0, that for P, f,
respectively

v 1+221 1
if < Z uf8 /> =
w8 I+ 451 L l+te 11
o (” 1= “+82)v it =5 = ) < e
n
an(x) u 1+ﬁ(1 1)
2 2 n’’
U 1+-%“ 1 1
B if > w8 7 7.
. 1+ 2
0, i [lzf] < T“g or |lz|| > 1,
14+ 2 14 R 34
(Pufo)(@) =3 w(laf - —28 ), if — 8 < )| < 248
L3+ 2
—u(flz] = 1), if ——% < o < 1.
Hence we obtain
u
1@+ Pufulloe = max{llfullucr 5 (1= I5al) = Ifull} = —.

Setting A = {f,, : n > 3}, we have

u+ 8

RuA={Rufa:n>3}= (Q+ P)A,

and

u+8

Example 2.14. Let K be a set in a normed space E. Without loss of generality
we may assume By(E) C K. Define the maps f., : K — R (n =3,4,...) by

. 1
= it ] <1-—,
n
i 1
fc,n(x) = nC(HxH - 1)7 if 1— % < HQ'H <1+ n

. 1
c, it o) >1+—.
n
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We have that

. 1+c 1
— if 1—-—
c ol < <01 =),
c 1+c¢ . 1+ec¢ 1 1+c¢
2 — if 1—)<L
n—(llall — ). (- ) < ol <
.. 14+c¢
ch,n(x): 0, if T<H x| <1,
. 1
ne(l|z]l — 1), if 1< ol <14,
. 1
c, if |lz|| >1+—.
n

Set Ac = {fe;n :n >3} Then 7ECJE;(E)(K)(AC) = c and ’YBCB(E)(K)(QAc) = 3
Let » > 0. We find

0, it el < 2 or ] > 1.
Pufala) = § ulllell = 55), i < el < 22
~u(fle] 1), fé%—QMRl
Thus ||P, an = ul5<. Moreover if ¢ < —t then [|Qf, + Py fnllo = max{c,
ulzt} = . Hence

4 2

Now by (10), 7&, (K)(R ) > 2. Suppose 1BCB(E)(K)(R“) =2 45 witho > 0.
Fix ¢ such that ( 5 <u +a then

2
VBC (i (K) (PuAz) = m%cg(;;)(K)(Az)

2
< <a + U) VBC 1 () (AT) < VBC s 5, (1) (Rudz),

which is a contradiction. So that v, (R,) = 2. For each u < 4, by (11)

1 —BCpg)(K) u . _ _
we have Tne,, ) (K)(R ) > 5. Suppose lBCB(E)(K)(R“) =5 + o with o > 0. Fix
¢ such that iy <2 +a then

2
VBC ) (1) (R Az) = mVBcB(E)(K)(AE)

1
< (5 +0)BCs 5 (5) (A2) < VBCp (5, (1) (Rude),

which is a contradiction so that v . , ( )(K)(Ru) = 1.
- B(E
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3. RETRACTIONS IN THE SPACE C(P)

Let [ be the real Hilbert space, with the usual norm || - |2 and canonical basis
(en,). Denote by

P—{x=(xn) €la:|on| < % (n=1,2,.)}

the Hilbert cube. We consider the Banach space C(P) of all real continuous function
defined on P.
For a € [0, 1] define the maps ¢, and ¢* : P — P by

©a (t) == (Aa (t1) , t2, ey by o)

O (t) == (A" (t1) ,t2, sty -on),
where by A\, we continue to denote the restriction of A, to the interval [—1, 1], i.e.

. [ 1
1, if t,¢€|-1,— +a’>,
i 2
2 . [ 14+a 14+a
A (1) := t if ¢ —
a(t1) 1—|—a1’ 16_ 5 2>7
. (1
1, if t e +a,1],
| 2
and 14
a
A8 (tl) = —l, t1 € [—1, 1].

2
Moreover for f € C(P) set

By = {fops:acl0,1]},
Bf = {foy*:ae(0,1]}.
Lemma 3.1. Leta € [0,

if (an,) IS a sequence in [0,
I = oo — 0.

1]. The maps ¢, and ¢® are continuous. Moreover,
1] converging to a, then [j¢,,, — ¢allc — 0 and
Proof. Clearly ¢, and ¢ are continuous. Lete > 0. Then there is 7 such that

|am — a] < e forall m > m. Itis easy to verify that |\, (t1) — Ao (t1)| < |am —al
for any ¢; € [0, 1], hence we obtain that

1€a,, (1) = @a O)ll3 = Py (t1) = Aa (01)[* < €7,

for all m > 7 and for all t € P. Thus ||¢q,, — ¢allo, — 0. The proof of the
continuity of the maps ¢® is similar, taking into account that | A% (¢;) — A%(¢1)] <
|an, — a| for any #; € [0, 1]. m
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Lemma 3.2. Let f e C(P). The sets B and B/are compact in C(P).

Proof. Let (a,,) be a sequence of elements of [0, 1] converging to a. In order
to prove the compactness of the set By it will be sufficient to show that

(13) Hf O(parn - f o Lp@”oo - 0

Let € > 0. Since f is uniformly continuous on C(P), there is 6 > 0 such that for
all s,t € P such that ||t — s||, < 0 we have

(14) [f(t) = fs)| <e.
By Lemma 3.1 (c) we can choose 7 such that
(15) HSOQm (t) - SOQ (t) H2 S 57

for any m >m and ¢t € P. By (14) and (15) it follows that

Hf o @am - f o SOQHOO - Itréapx‘f(@am(t)) - f(@a(t))‘ S €,
for all m > 7. Hence we get (13). The proof of the compactness of the set Bf in
C(P) is similar. |

As no confusion may arise, we denote by @ and P, the maps we use to construct
the retractions in the space C(P). In virtue of 3.1 (a) we define the map @ :
B(C(P)) — S(C(P)) as follows

(16) Qf = Ffoeyp, -

It is easy to see that ||Qf|lec = ||f|l for all f € B(C(P)) and Qf = f for all
f € S(C(P)). Let u € (0, +00). Moreover, we define the map P, : B(C(P)) —
C(P) by

u(ty + 1), if ¢t ¢ -_17 _%> :
—u(h-i—%), if 1 ¢ :—3+!1f”°°,_1+!f”oo>,

(Puf) ()= { 0, e | Ll L]
u(tl—%), if tle:1+’£f”°°,3+!1f”oo],
—ut — 1), it 1 6:73+!1f”°°,1].

The proofs of the following propositions are similar to the proof of Propositions 2.3
and 2.6, hence are omitted.
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Proposition 3.3. The map @ is continuous.
Proposition 3.4. The map P, is compact.

Next result gives a precise estimate of the Hausdorff measure of noncompactness
of QA for A C B(C(P)).

Proposition 3.5. Let A be a subset of B(C(P)). Then y¢(p)(QA) = ve(p)(A).

Proof. Let A C B(C(P)). By a proof analogous to that of Proposition 2.4
we find v¢(p)(QA) < 7¢(py(A). Moreover, taking into account that for each
f € C(P) the set Bf is compact in C(P) (Proposition 3.2), we find ~¢(p)(A) <
Yep)(QA). ]

The next theorem is the main result of the Section.

Theorem 3.6. For any v > 0 there is a retraction R,, : B(C(P)) — S(C(P))

with
1, if u<4
—(P) 1 itusa
u
and +s
u
7C(P)(Ru) T

In particular, we have W (C(P)) = 1.

Proof. Let w € (0,400). Define the map T, : B(C(P)) — C(P) by
T.f =Qf + P,f. Since P, is compact, Proposition 3.5 implies

17 Yep)(Tud) = verp)(4),
for any A C B(C(P)). Then we define R, : B(C(P)) — S(C(P)) by
 Tuf
ol =l

Next, adapting the proof of Theorem 2.7 and Example 2.13 to this setting we find

u+ 8

(18) Yo (Ra) = .

Also, taking into account (17) and adapting Example 2.14 we obtain

1, if u<4
lc(p)(Ru) = é
u7

if uw>4.
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Finally, since lim, . “=2 =1, we have W(C(P)) = 1. ]

We point out that our construction does not work in the case of the Banach
space BC(ly) of all real bounded and continuous functions defined on l». In fact,
the following example shows the map ) defined in (16) is not anymore continuous
when considered from B(BC(l2)) into itself.

Example 3.7. Set I}, = [Z?ﬁl TR Drish %) and J;, = [Z?El T Dritie %)
foreach k =1,2,...
Then let f : [ — R defined by

3
if ||¢)2e |0, 2
0 it e o, 3).
2k 1
=) CREDE -0, Een.  (b-12..)
=1
2k‘+21
RS S N A
=1

The map f is bounded, continuous and || f|| ., = 1 but f is not uniformly continuous.

In fact, let 0 < € < 1. Given é > 0 find kK € N such that ﬁ < ¢ and choose

t, s € Iy such that [[¢]|5 = 2% 1 and ||s]|5 = 3251 L. Then f(t) = 0 and
f(s)=1sothat |f(t)— f(s)|=1>c¢.

Consider now the sequence ( f,,), where f,,, : lo — R is defined by f,,, = (1 — %)f
(m=1,2,..). Then [|fmllo =1— < and || f, — fll.oc = = — 0. We now show
that

=1

)

[roery 1oy

o0

14(1-2 14+(1-1
for all p,q € N. Suppose ¢ < p so that 0 < +(2 L < +(2 p) and

2
1+(1—%) >
2
[EYCEeSE Set
2 2
Sqp = 2 2> 0.

— _1

Fix k € Nsuch that (¢, 3)? = m and t, € (0, 1+(12 ‘1)>. Set
’ 9P ’
7 2k 1 2 1
t(k):t_7t§ _._t_272§70707
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Since
@ S TR S BESRY|
oy, = P gy + 2 e = R
we have _
2k
s (t®)) = 13- 5 =0
On the other hand )
. 2k
“@1—%(t(k))u2 = (h;)%ﬁy + Z: % - (H,EV(ﬁ)Q
T ) . 5 , 5 , 2k+1 1
~ L itmenGrasy) Graon)) T2
implies
: 2k+1 1
Hors(®) =13 5 =1

Thus [£(, 1 (#9)) = £(py_2 (1F)| = 150 that | f o0y — Fop,af =1.

Suppose @ : B(BC(l2)) — B(BC(l2)) continuous. Then if || f,, — f|l., — 0 we
have that

1Qfm — Qflloe = Hfm O P fmll — f 0 <P||f|\00HOO = Hfm Opr_1 — fHOO — 0.
Let e > 0. Fix p,q € N such that
If = follo T QS — Qfll o + 1fg — fllo < 1.

Then
-

g

fowi_1—Ffop_1 fowi 1 —fpwnfpnooH
P q p o0

o0

oo onni = faoonsa| + |0 eumin — Foers

- | 10h =yl + oo s~ Fovy s

= Hf - fp”oo + Hpr - qu”oo + qu - f”oo <1,

which is a contradiction. Observe that the set Bf = {fo¢®:a € [0,1]} is not
compact.

o0

Jowi 1 —fpop 1
P P

o0
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Since the Hausdorff measure of noncompactness of a set is invariant under
isometries and the Banach space C(K) of all real continuous functions defined on
a Hausdorff space K homeomorphic to the Hilbert cube is isometric to C(P), we
get the following corollary.

Corollary 3.8. Let K be a Hausdorff space homeomorphic to the Hilbert cube
P. For any u > 0 there is a retraction R,, : B(C(K)) — S(C(K)) with

1, if u<4
Yoy (Bu) =4 4
—C() —, if u>4
u
and .
u 4+
Ye(x)(BRu) =

In particular, we have W(C(K)) = 1.

Remark 3.9. The previous Corollary applies in two particular important cases.
(i) Every infinite dimensional compact convex subset K of a normed space is home-
omorphic to the Hilbert cube P (see [8]).
(ii) Let K be a metrizable infinite dimensional compact convex set in a topological
linear space and assume K is an absolute retract, then K is homeomorphic to the
Hilbert cube P (see [6]).
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