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ON THE SOLVABILITY OF THE FIRST MIXED PROBLEM
FOR STRONGLY HYPERBOLIC SYSTEM
IN INFINITE NONSMOOTH CYLINDERS

Bui Trong Kim and Nguyen Manh Hung

Abstract. The purpose of this paper is to establish some new results on the
unique solvability of solution of the first mixed problem for strongly hyperbolic
systems in infinite cylinders with nonsmooth base.

1. INTRODUCTION

The boundary value problems for elliptic equation in domains with smooth
boundary have been well studied by S. Agmons, A. Douglis and L. Nirenberg
in [2]. The authors considered the normal solvability of the problems with Sapiro-
Lopatinsky’s condition. Besides, they also studied the smoothness of solutions which
depend on coefficients of the right hand part of the equation and the boundary of
considered domains.

The general elliptic boundary valued problems in nonsmooth domains were con-
sidered by V. A. Kondratiev [4], where author established important results on the
unique existence of solutions and asymptotic expansion of solutions for the problems
in the weight Sobolev spaces.

In this paper we consider the first mixed problem for strongly hyperbolic system
in infinite cylinders with the nonsmooth base. We establish some results on the
unique existence of generalized solution of the problem by using the method of
approximate Galerkin. It is noted that the problem for the case of finite cylinders
has been studied in the work [3], where the author investigated the solvability of this
problem and the asymptotic expansion of generalized solutions in a neighbourhood
of the conical point.
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The rest of the paper consists of two sections. Section 2 is devoted to some no-
tations and formulation of the problem. In section 3 we will establish the uniqueness
and existence of the solution in Sobolev spaces.

2. FORMULATION OF THE PROBLEM

Let Ω be a bounded domain in Rn with the boundary ∂Ω. For each T , 0 <
T <∞, we put

ΩT = Ω × (0, T ), ST = ∂Ω × (0, T ).

We use notation:

Ω∞ = Ω × (0,∞), S∞ = ∂Ω × (0,∞),

u = (u1, u2, ..., us), utk = (u1tk, u2tk, ..., ustk), ujtk = ∂kuj/∂t
k,

Dαu = (Dαu1, D
αu2, ..., D

αus), Dαuj =
∂|α|uj

∂xα1
1 ∂xα2

2 · · ·∂xαn
n
,

where α = (α1, α2, ..., αn) and |α| = α1 + α2 + · · ·+ αn.
Throughout the paper we will use the following functional spaces:

(1) Hm(Ω) is the space of complex vector functions u = u(x), x ∈ Ω having
generalized derivatives Dαu ∈ L2(Ω) with the norm

‖u‖Hm(Ω) =


 ∑

|α|≤m

∫
Ω

|Dαu|2dx



1/2

.

(2) Hm,k(ΩT ) is the space of complex vector functions u = u(x, t), (x, t) ∈ ΩT

having generalized derivatives Dαu ∈ L2(ΩT ), |α| ≤ m and utl ∈ L2(ΩT ),
1 ≤ l ≤ k with the norm

‖u‖2
Hm,k(ΩT ) =

∫
ΩT


 ∑

|α|≤m

|Dαu|2 +
k∑

l=1

|utl|2

 dxdt.

In particular,
‖u‖2

Hm,0(ΩT ) =
∑

|α|≤m

∫
ΩT

|Dαu|2dxdt.

(3)
◦
Hm,k(ΩT ) is the closure inHm,k(ΩT ) of the set of all infinitely differentiable
complex vector functions on ΩT which vanish near ST .
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(4) Hm,k(e−γt; Ω∞) is the space of complex vector functions u = u(x, t) on Ω∞
which have generalized derivatives Dαu, |α| ≤ m, utl , 1 ≤ l ≤ k such that

‖u‖2
Hm,k(e−γt,Ω∞) =

∫
Ω∞


 ∑

|α|≤m

|Dαu|2 +
k∑

l=1

|utl|2

 e−2γtdxdt <∞,

where γ is a positive constant.

(5)
◦
Hm,k(e−γt,Ω∞) is the closure in Hm,k(e−γt,Ω∞) of the set containing all
infinitely differentiable complex vector functions on Ω∞ which vanish near
S∞.

(6) L∞(0,∞;L2(Ω)) is the space of measurable complex valued functions u :
(0,∞) → L2(Ω); t �→ u(·, t) satisfying

‖u‖L∞(0,∞;L2(Ω)) = ess sup
t>0

‖u(·, t)‖L2(Ω) <∞.

We introduce the differential operator

(2.1) L(x, t, D) :=
∑

|α|,|β|≤m

Dα(aαβ(x, t)Dβ) +
m∑

|α|=1

aα(x, t)Dα + a(x, t),

where aαβ = aαβ(x, t), aα = aα(x, t), a = a(x, t) are s× s matrices of measurable
complex functions which are bounded in Ω∞; aαβ = (−1)|α|+|β|a∗βα, a

∗
βα are

complex conjugate transportation matrices of aαβ with continuous elements in Ω∞.
Let f belong to L∞(0,∞;L2(Ω)). We consider the following in the cylinder

Ω∞:

(2.2) (−1)m−1L(x, t, D)u− utt = f,

with the initial condition

(2.3) u|t=0 = 0, ut|t=0 = 0,

and boundary conditions

(2.4)
∂ju

∂νj
|S∞ = 0; j = 0, ..., (m− 1),

where ∂ju
∂νj

is derivative with respect to the outer unit normal of S∞.
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Definition 2.1. The differential operator L is said to be strongly hyperbolic in
Ω∞ if there exists a constant h0 such that

(2.5)
∑

|α|,|β|=m

aαβ(x, t)ξαξβηη ≥ h0|ξ|2m|η|2,

for al ξ ∈ Rn\{0}, η ∈ Cs\{0} and (x, t) ∈ Ω∞.

Definition 2.2. A function u(x, t) is called a generalized solution of the
problem (2.2)-(2.4) in the space Hm,1(e−γt; Ω∞), if and only if u(x, t) belongs to
0
Hm,1(e−γt; Ω∞), u(x, 0) = 0, and for each T > 0 the equality

(2.6)

(−1)m−1

∫
ΩT


 m∑

|α|,|β|=1

(−1)|α|aαβD
βuDαϕ+

m∑
|α|=1

aαD
αuϕ+ auϕ


dxdt

+
∫

ΩT

utϕtdxdt =
∫

ΩT

fϕdxdt.

holds for all ϕ ∈
◦
Hm,1(ΩT ) satisfying ϕ(·, T ) = 0.

3. SOLVABILITY OF THE PROBLEM

In this section we establish theorems on the uniqueness and existence of a
generalized solution of problem (2.2)-(2.4). First we prove the following lemma
which is a generalization of the Garding inequality (see [8]).

Lemma 3.1. Assume that L is strongly hyperbolic in Ω∞ and aαβ(x, t) are
continuous in x ∈ Ω uniformly with respect to t ∈ [0,∞) whenever |α| = |β| = m.
Then there exist constants µ0 > 0 and λ0 ≥ 0 such that

(3.1) (−1)mB(u, u)(t) ≥ µ0‖u(·, t)‖2
Hm(Ω) − λ0‖u(·, t)‖2

L2(Ω)

for all u ∈
◦
Hm,1(e−γt; Ω∞), where B is defined by

(3.2) B(u, u)(t) =
m∑

|α|,|β|=1

(−1)|α|
∫
Ω

aαβD
βuDαudx.

Proof. We use the notation βls = (−1)|l|+mals for |l|+ |s| < 2m and rewrite

(−1)mB(u, u)(t) =
∑

|α|=|β|=m

∫
Ω

aαβD
βuDαudx+

∑
|l|+|s|<2m

∫
Ω

blsD
suDludx.
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Since Ω is bounded, there exists a cube Π ⊂ Rn such that Ω ⊂ Π. We now consider
the following cases.

Case 1. bls = 0 for all l, s satisfying |l|+ |s| < 2m and aαβ(x, t) = aαβ(t).

For each u ∈
◦
Hm(Ω), using the Fourier expansion, we have

u(x, t) = (2π)−n/2
∞∑

k=−∞
cke

ikx,

where
ck = ck(t) = (2π)−n/2

∫
Ω

u(x, t)e−ikxdx.

Hence

Dαu = (2π)−n/2
∞∑

k=−∞
i|α|kαcke

ikx,

aαβD
βu = (2π)−n/2

∞∑
k=−∞

i|β|kβaαβcke
ikx.

Using Parseval equality, the strongly hyperbolic condition of L and Friedrichs in-
equality we obtain

(−1)mB(u, u)(t) = (2π)−n/2
∞∑

k=−∞

∑
|α|=|β|=m

aαβk
αkβckck

≥ h0

∞∑
k=−∞

|k|2m|ck|2

≥ µ0‖u(·, t)‖2
Hm(Ω),

where µ0 = h0C
(mesΩ)2/m , C is a constant depending on n only.

Case 2. We put
G := {x ∈ Ω : u(x, t) 	= 0}

and assume that DiamG < δ0 for some δ0 > 0. Let (x0, t) ∈ G. than there exists
a positive constant C1 which is independent of (x0, t) such that

(3.3) C1‖u(·, t)‖2
Hm(Ω) ≤

∑
|α|=|β|=m

∫
Ω

aαβ(x0, t)DβuDαudx.
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On the other hand we have
∑

|α|=|β|=m

∫
Ω

aαβ(x0, t)DβuDαudx

=
∑

|α|=|β|=m

∫
Ω

aαβ(x, t)DβuDαudx+
∑

|l|+|s|<2m

∫
Ω

bls(x, t)DsuDludx

+
∑

|α|=|β|=m

∫
Ω

[aαβ(x0, t)− aαβ(x, t)]DβuDαudx

−
∑

|l|+|s|<2m

∫
Ω

bls(x, t)DsuDludx

≤ (−1)mB(u, u)(t) +C2‖u(·, t)‖Hm(Ω)‖u(·, t)‖Hm−1(Ω)

+C3 max
x∈G




∑
|α|=|β|=m

|aαβ(x0, t)− aαβ(x, t)|

‖u(·, t)‖2

Hm(Ω),

where C2 and C3 are positive constants. Since aαβ(x, t) is continuous in x ∈ Ω
uniformly with respect to t ∈ (0,∞), for δ0 > 0 sufficiently small, we have

max
x∈G




∑
|α|=|β|=m

|aαβ(x0, t)− aαβ(x, t)|

< C1/2C3.

Combining this with (3.3) we get

C1

2
‖u(·, t)‖2

Hm(Ω) ≤ (−1)mB(u, u)(t) +C2‖u(·, t)‖Hm(Ω)‖u(·, t)‖Hm−1(Ω).

By the interpolation inequality (see [8]) we obtain the desired inequality.

Case 3. Consider the general case. We choose a partition of unity in Ω,∑
1≤h≤N

ψ2
h = 1, ψh ∈ C∞(Ω), diam(supp)ψ < δ0,

where δ0 is chosen such that


∑
|α|=|β|=m

|aαβ(x1, t)− aαβ(x2, t)|

< C1/2C3

for |x1 − x2| < δ0.
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Using the partition of unity above we have

(−1)mB(u, u)(t)=
∑

|α|=|β|=m

∫
Ω

N∑
h=1

ψ2
haαβD

βuDαudx

+
∑

|l|+|s|<2m

∫
Ω

blsD
suDludx

=
N∑

h=1

∑
|α|=|β|=m

∫
Ω

aαβψ
2
hD

β(ψhu)Dα(ψhu)dx+
∑

|l|+|s|<2m

∫
Ω

blsD
suDludx

=
N∑

h=1

∑
|α|=|β|=m

∫
Ω

aαβD
β(ψhu)Dα(ψhu)dx+ O(‖u‖Hm(Ω)‖u‖Hm−1(Ω)).

From the second case we have

‖ψhu(·, t)‖2
Hm(Ω)≤C4

∑
|α|=|β|=m

∫
Ω

aαβD
β(ψhu)Dα(ψhu)dx+C5‖ψhu(·, t)‖2

L2(Ω),

where C4, C5 are positive constants. Therefore we have

(−1)mB(u, u)(t) ≥
N∑

h=1

(
C6‖ψhu(·, t)‖2

Hm(Ω) −C7‖ψhu‖2
L2(Ω)

)
−C8‖u‖Hm(Ω)‖u‖Hm−1(Ω)

= C6

N∑
h=1


 ∑

|α|≤m

∫
Ω

(Dαψhu)2dx


−C7

N∑
h=1

∫
Ω

(ψhu)2dx−C8‖u‖Hm(Ω)‖u‖Hm−1(Ω)

= C6

∑
|α|≤m


 N∑

h=1

∫
Ω

(Dαψhu)2dx


−C7

N∑
h=1

∫
Ω

(ψhu)2dx−C8‖u‖Hm(Ω)‖u‖Hm−1(Ω)

≥ C6

∑
|α|≤m

1
N

∫
Ω

(
N∑

h=1

Dαψhu)2dx

)
−C7

∫
Ω

|u|2dx− C8‖u‖Hm(Ω)‖u‖Hm−1(Ω)

=
C6

N
‖u(·, t)‖2

Hm(Ω) − C7‖u‖2
L2(Ω) −C8‖u‖Hm(Ω)‖u‖Hm−1(Ω)

where C6, C7, C8 − const > 0.
Using arguments as in the proof at the end of Case 2, we obtain the conclusion of
the lemma. The proof is complete.

Theorem 3.2. (Uniqueness of genrealized solution). Assume that the coefficients
of operator L satisfy conditions of lemma 3.1 and there exists a positive constant µ
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such that |∂aαβ|, |∂aα|, |∂t|, |a| ≤ µ for 1 ≤ |α|, |β| ≤ m and (x, t) ∈ Ω∞. Then
the problem (2.2)-(2.4) has at most generalized solution in H m,1(e−γt; Ω∞) for all
γ > 0.

Proof. Suppose that there exists γ > 0 such that the problem (2.2) -(2.4) has
two generalized u1 and u2 belong to Hm,1(e−γt; Ω∞). Putting u = u1 − u2, we

see that u ∈
◦
Hm,1(e−γt; Ω∞) and u(x, 0) = 0. Moreover, u satisfies (2.6) for any

T > 0.
Define a function ϕ by

ϕ(x, t) =




0 if b ≤ t < T,
t∫

b

u(x, τ)dτ if 0 < t � b.

Applying ϕ to (2.6) and noting that ϕt = u, we obtain

(3.4)

(−1)m−1

∫
Ωb

(
m∑

|α|,|β|=1

aαβ(Dβϕt)Dαϕ

+
m∑

|α|=1

aα(Dαϕt)ϕ+ aϕtϕ)dxdt+
∫
Ωb

ϕttϕtdxdt = 0.

Put

B1(u, u)(t) = B(u, u)(t) + 2Re
m∑

|α|=1

∫
Ω

aα(Dαu)udx.

From lemma 3.1 and Cauchy’s inequality we have

(−1)mB1(u, u)(t) ≥ µ1‖u‖2
Hm(Ω) − λ1‖u‖2

L2(Ω),

where µ1 and λ1 are constants, µ1 > 0. We denote by I the s × s unit matrix and
define a00, a1 by a00 := (−1)mλ1I and a1 := a − a00.

From equality (3.4) we have

(−1)m−1

∫
Ωb


 m∑

|α|,|β|=0

aαβ(Dβϕt)Dαϕ +
m∑

|α|=1

aα(Dαϕt)ϕ+ a1ϕtϕ


 dxdt

+
∫
Ωb

ϕttϕtdxdt = 0.

Since aαβ = (−1)|α|+|β|a∗βα, adding this equality to its complex conjugate we
receive the following equality.
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(3.5)

∫
Ωb

∂

∂t
(ϕtϕt)dxdt+Re

∫
Ωb


 m∑

|α|,|β|=0

(−1)|α|+m−1 ∂

∂t
(aαβD

βϕDαϕ)


 dxdt

− Re
∫
Ωb


 m∑

|α|,|β|=0

(−1)|α|+m−1∂aαβ

∂t
DβϕDαϕ)


 dxdt

(−1)m−12Re
∫
Ωb


 m∑

|α|=1

aα(Dαϕt)ϕ+ a1ϕtϕ


 dxdt = 0.

Since ∫
Ωb

aα(Dαϕt)ϕdxdt =
∫
Ωb

∂

∂t
(aα(Dαϕ)ϕ)dxdt

−
∫
Ωb

∂aα

∂t
(Dαϕ)ϕdxdt−

∫
Ωb

aα(Dαϕ)ϕtdxdt

and

(3.6)

B1(ϕ, ϕ)(0) + (−1)mλ1‖ϕ(·, 0)‖2
L2(Ω)

=
m∑

|α|,|β|=0

(−1)|α|
∫
Ω

aαβD
βϕDαϕ|t=0dx+2Re

m∑
|α|=1

∫
Ω

aα(Dαϕ)ϕ|t=0dx,

(3.5) implies

(3.7)

∫
Ω

|ϕt(x, t)|2dx+ (−1)mB1(ϕ, ϕ)(0)+ λ1‖ϕ(·, 0)‖2
L2(Ω)

+ (−1)m2Re
∫
Ωb

a1ϕtϕdxdt

− Re
m∑

|α|,|β|=0

(−1)|α|+m−1

∫
Ωb

∂aαβ

∂t
DβϕDαϕdxdt+

+ (−1)m2Re
m∑

|α|=1

∫
Ωb

(
∂aα

∂t
(Dαϕ)ϕ+ aαD

αϕ)ϕt)dxdt = 0.

Put vα(x, t) =
0∫
t

Dαu(x, τ)dτ for 0 < τ < b. It is clear that

Dαϕ(x, t) = vα(x, b)− vα(x, t).
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Therefore we have

(−1)mB1(ϕ, ϕ)(0)+ λ1‖ϕ(x, 0)‖2
L2(Ω) ≥ µ1

m∑
|α|=0

∫
Ω

|vα(x, b)|2dx.

From (3.7) we obtain∫
Ω

|ϕt(x, b)|2dx+ µ1

m∑
|α|=0

∫
Ω

|vα(x, b)|2dx

≤ C1

( m∑
|α|=0

∫
Ωb

|vα(x, t)|2dxdt+
∫
Ωb

|ϕt(x, t)|2dxdt
)

+C2

b∫
0

( m∑
|α|=0

∫
Ω

|vα(x, b)|2dx)dt,
where C1 and C2 are positive constants. This is equivalent to∫

Ω

(|ϕt(x, b)|2 + (µ1 − bC2)
m∑

|α|=0

|vα(x, b)|2)dx

≤ C1

∫
Ωb

(|ϕt(x, t)|2 +
m∑

|α|=0

|vα(x, t)|2)dxdt.

Putting y(t) =
∫
Ω

(|ϕt(x, t)|2+
m∑

|α|=0

|vα(x, t)|2)dx, we obtain y(b) ≤ C
b∫
0

y(t)dt for

almost b ∈ (0, µ1

2C2
] ⊂ (0, µ1

C2
). Hence from the Gronwall-Bellman inequality we

have y(b) = 0 for a.e. b ∈ (0, µ1
2C2

]. Consequently, u(x, b) = 0 for a.e. b ∈ [0, µ1
2C2

].
Using the similar arguments as the above we can prove that u(x, b) = 0 for a.e.
b ∈ [ µ1

2C2
, µ1

C2
]. By the same procedure, after some steps we obtain u(x, b) = 0 for

a.e. b ∈ [0, T ]. Since T is arbitrary, we obtain u1 = u2. The proof of the theorem
is complete.

Theorem 3.3. (The existence of generalized solution). Suppose that f ∈
L∞(0,∞;L2(Ω)) and hypothesis of theorem 3.2 are satisfied.
Then there exists γ0 > 0 such that for all γ > γ0, problem (2.2)-(2.4) has at least
a generalized solution in H m,1(e−γt,Ω∞). Moreover

‖u‖Hm,1(e−γt,Ω∞) � C‖f‖L∞(0,∞;L2(Ω)),

where C is a positive constant which is independent of u and f .

Proof. We shall use the Galerkin’s approximate method to prove the existence
of generalized solutions.
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Let {ψk} ⊂ C∞
0 (Ω) be an orthogonal system in L2(Ω) such that its linear closure

in Hm(Ω) coincides with
◦
Hm(Ω). For each natural number N , we consider the

function

uN (x, t) =
N∑

k=1

cNk (t)ψk(x),

where cNk (t) are the solution of the system of ordinary differential equations of
second order:

(3.8)

∫
Ω

(
uN

ttψl +
m∑

|α|,|β|=0

(−1)m+|α|aαβD
βuNDαψl

)
dx+ a0u

N )ψldx

+(−1)m

∫
Ω

( m∑
|α|=1

aαD
αuN + a0u

N
)
ψldx

= −
∫
Ω

fψldx, l = 1, 2, . . . , N

with the initial conditions

(3.9) cNk (0) =
d

dt
cNk (0) = 0.

Here we use the notations a00 = (−1)mλ0I , a0 = a − a00 and λ0 is the constant
as in Lemma 3.1.

Since (3.8) is a linear system with initial condition (3.9), it has unique solution
cNk . Moreover,

d2cN
k

dt2
∈ L2(0, T ). Multiplying (3.8) by dcN

k
dt , taking the sum with

respect to l and integrating the obtained equality with respect to t on (0, T ] , we get∫
ΩT

(
uN

ttu
N
t +

m∑
|α|,|β|=0

(−1)m+|α|aαβD
βuNDαuN

t

)
dxdt+

+(−1)m

∫
ΩT

( m∑
|α|=1

aαD
αuNuN

t + a0u
NuN

t

)
dxdt = −

∫
ΩT

fuN
t dxdt.

Adding this equality to its complex conjugate and integrating by part we obtain

(3.10)

∫
Ω

|uN
t (x, t)|2dx+

∫
Ω

( m∑
|α|,|β|=0

(−1)m+|α|aαβ(x, t)DβuNDαuN
)
dx

+(−1)m2Re
∫

ΩT

( m∑
|α|=1

aαD
αuNuN

t + a0u
NuN

t

)
dxdt

−Re
∫

ΩT

( m∑
|α|,|β|=0

(−1)m+|α|∂aαβ

∂t
DβuNDαuN

)
dxdt=−2Re

∫
ΩT

fuN
t dxdt.
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By Lemma 3.1 we have

∫
Ω

( m∑
|α|,|β|=0

(−1)m+|α|aαβ(x, t)DβuNDαuN
)
dx

= (−1)mB(uN , uN)(t) + λ0‖uN (·, t)‖2
L2(Ω)

≥ µ0‖uN (·, t)‖2
Hm(Ω).

Combing this with (3.10) and using the Causchy inequality yields

(3.11)

‖uN
t ‖2

L2(Ω) + µ0‖uN‖2
Hm(Ω)

≤ 2µ
∫

ΩT

( m∑
|α|=1

|DαuN ||uN
t | + |uN ||uN

t |)dxdt

+ µ

∫
ΩT

( m∑
|α|,|β|=0

|DβuN ||DαuN |)dxdt+ 2
∫

ΩT

|f ||uN
t |dxdt

= 2µ
∫

ΩT

m∑
α=0

1√
ε
|DαuN |√ε|uN

t |dxdt

+ µ

∫
ΩT

( m∑
|α|,|β|=0

|DβuN ||DαuN |)dxdt+ 2
∫

ΩT

1√
ε1
|f |√ε1|uN

t |dxdt

≤ µ

∫
ΩT

( m∑
|α|=0

(
1
ε
|DαuN |2 + ε|uN

t |2)dxdt

+ µ

T∫
0

‖uN‖2
Hm(Ω)dt + ε1

∫
ΩT

|uN
t |2dxdt+ 1

ε1

∫
ΩT

|f |2dxdt

= µ

T∫
0

[(
1
ε

+ 1)‖uN‖2
Hm(Ω) + (εm∗ +

ε1
µ

)‖uN
t ‖2

L2(Ω)]dt

+
1
ε1

∫
ΩT

|f |2dxdt,

where m∗ =
m∑

|α|=0

1, ε > 0 and ε1 > 0. This implies that
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(3.12)

‖uN
t ‖2

L2(Ω) + µ0‖uN‖2
Hm(Ω)

≤ (εm∗µ+ ε1)

T∫
0

(‖uN
t ‖2

L2(Ω) +
µ(1 + ε)

ε(µεm∗ + ε1)
‖uN‖2

Hm(Ω)

)
dt

+
T

ε1
‖f‖2

L∞(0,∞;L2(Ω)).

Choosing ε such that µ(1+ε)
ε(µεm∗+ε1) = µ0, we get

ε =
µ− ε1µ0 +

√
(ε1µ0 − µ)2 + 4µ2µ0m∗

2µµ0m∗ .

Put
JN (t) = ‖uN

t (x, t)‖2
L2(Ω) + µ0‖uN(x, t)‖2

Hm(Ω).

From (3.12) we have

JN (t) ≤ (εm∗µ+ ε1)
∫ T

0
JN (t)dt+

T

ε1
‖f‖2

L∞(0,∞;L2(Ω)).

From this and the Gronwal- Bellman inequality, we obtain

(3.13)

‖uN
t (x, t)‖2

L2(Ω) + µ0‖uN(x, t)‖2
Hm(Ω)

≤ C

ε1
exp((εm∗µ+ ε1)T )‖f‖2

L∞(0,∞;L2(Ω))

.

If µ0 ≥ 1 then (3.13) implies

‖uN
t (x, t)‖2

L2(Ω) + ‖uN(x, t)‖2
Hm(Ω) ≤

C

ε1
exp((εm∗µ+ ε1)T )‖f‖2

L∞(0,∞;L2(Ω)).

If 0 < µ0 < 1 then we have

‖uN
t (x, t)‖2

L2(Ω) +‖uN (x, t)‖2
Hm(Ω) ≤

C

µ0ε1
exp((εm∗µ+ ε1)T )‖f‖2

L∞(0,∞;L2(Ω)).

Thus there exist a constant C > 0 such that

‖uN
t (x, t)‖2

L2(Ω) + ‖uN(x, t)‖2
Hm(Ω) ≤ C exp((εm∗µ+ ε1)T )‖f‖2

L∞(0,∞;L2(Ω)).

Put γ(ε1) = εm∗µ+ε1
2 . Multiplying both sides of the later inequality by e−γ(ε1)T and

integrating with respect to t ∈ (0,∞), we have

‖uN‖2
Hm,1(e−γ(ε1)T ,Ω∞)

≤ C‖f‖2
L∞(0,∞;L2(Ω)),
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where C depends on µ0 and ε1. Since

γ ′(ε1) =

√
(ε1µ0 − µ)2 + 4µ2µ0m∗ + ε1µ0 − µ

4
√

(ε1µ0 − µ)2 + 4µ2µ0m∗ > 0,

we have inf
ε>0

γ(ε1) = γ0 := µ(1+
√

1+4µ0m∗)
4µ0

. Hence for all γ > γ0, there exists
ε1 > 0 such that γ > γ(ε1) > γ0. Consequently,

(3.14) ‖uN‖2
Hm,1(e−γt,Ω∞) ≤ C‖f‖2

L∞(0,∞;L2(Ω)),

where C depends on γ and µ0. Thus we have shown that {uN} is bounded in
0
Hm,1(e−γt,Ω∞). By extracting further subsequence, we can assume that uN ⇀ u

weakly. Since uN ∈
◦
Hm,1(e−γt; Ω∞) and u(x, 0) = 0 on Ω, u ∈

◦
Hm,1(e−γt; Ω∞).

It remains to show that u is a generalized solution of the problem. In fact, we
define the set MN by

MN = {ϕ =
N∑

l=1

dlψl : dl ∈ H1(0, T ), dl(T ) = 0}.

Taking any ϕ ∈MN , we have ϕ =
N∑

l=1

dlψl. By multiplying (3.8) by dl, taking the

sum with respect to l and integrating in t ∈ (0, T ), we obtain

(3.15)

∫
ΩT

uN
ttϕdxdt+ (−1)m

∫
ΩT

( m∑
|α|,|β|=1

(−1)|α|aαβD
βuNDαϕ

+
m∑

|α|=1

aαD
αuNϕ+ auNϕ

)
dxdt = −

∫
ΩT

fϕdxdt.

Integrating by part with respective to t in the first term of (3.15) yields

(−1)m−1

∫
ΩT

(
m∑

|α|,|β|=1

(−1)|α|aαβD
βuNDαϕ+

m∑
|α|=1

aαD
αuNϕ+ auNϕ)dxdt

+
∫

ΩT

uN
t ϕt)dxdt =

∫
ΩT

fϕdxdt.

By letting N → ∞, we obtain

(3.16)

(−1)m−1

∫
ΩT

(
m∑

|α|,|β|=1

(−1)|α|aαβD
βuDαϕ+

m∑
|α|=1

aαD
αuϕ+ auϕ)dxdt

+
∫

ΩT

utϕt)dxdt =
∫

ΩT

fϕdxdt.
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It is noted that the set M :=
⋃∞

N=1MN is dense in the space of functions ϕ ∈
◦
Hm,1(ΩT ), ϕ(x, T ) = 0. Therefore (3.16) is valid for all ϕ ∈

◦
Hm,1(ΩT ) satisfying

ϕ(x, T ) = 0. This implies that u is a generalized solution of (2.2)-(2.4). Moreover,
from (3.14) we have

‖u‖2
Hm,1(e−γt,Ω∞) ≤ lim inf

N→∞
‖uN‖2

Hm,1(e−γt,Ω∞) ≤ C‖f‖2
L∞(0,∞;L2(Ω)).

The proof is complete.

4. APPLICATIONS

In this section we will apply the previous results to the study of generalized
solution existence of elasticity problems.

Let us assume that u and f be real vector functions which defined on Ω ⊂ Rn.
Consider the differential operators:

(4.1) Ls(x, t, D)(u) =
n∑

j,h,k=1

∂

∂xh
(ajk

sh(x, t)
∂uj

∂xk
), s = 1, ..., n

where ajh
sh are continuous real functions on Ω satisfying condition

(4.2) ajk
sh = ajk

hs = ash
jk .

Put

(4.3) esh =
1
2
(
∂us

∂xh
+
∂uh

∂xs
)

and

(4.4) W (x, t, e) =
n∑

s,h,j,k=1

ajk
sheshejk.

Assume that W (x, t, e) is an elastic potential which is a positive definite quadratic
form with respect to esh, 1 ≤ s ≤ h ≤ n for every (x, t) ∈ Ω∞.

According to [4], for any u(x, t) satisfying u(·, t) ∈ H1(Ω) for t ∈ (0,∞) we
have

n∑
s,h=1

∫
Ω

(
∂us

∂xh
+
∂uh

∂xs
)2dx ≥ C‖u(x, t)‖2

H1(Ω),

where C is a positive constant which is independent of u and t. From this inequality
we obtain
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(4.5)
n∑

s,h,j,k=1

∫
Ω

ajk
sh

∂us

∂xh

∂uj

∂xk
≥ C‖u(x, t)‖2

H1(Ω),

where C is a positive constant which is independent of u and t. It follows that the
elastic potential satisfies the inequality (3.1) with λ 0 = 0.

We now consider the following problem in Ω∞.

(4.6) Ls(x, t, D)u− utt = f(x, t), s = 1, 2, ..., n

with the initial conditions

(4.7) u |t=0= ut |t=0= 0

and boundary condition

(4.8) u |S∞= 0.

From Theorem 3.1, Theorem 3.2 and (4.5) we obtain the following result.

Theorem 4.1. Assume that W (x, t, e) is a positive definite quadratic form
with respect to the variable esh, 1 ≤ s ≤ h ≤ n, for all (x, t) ∈ Ω∞. Assume
further the following conditions:

(i) |∂ajk
sh/∂t| ≤ µ2, (x, t) ∈ Ω∞

(ii) f ∈ L∞(0,∞;L2(Ω)).

Then there exists γ0 > 0 such that for all γ > γ0 problem (4.6)-(4.8) has a
unique generalized solution u(x, t) in the space H 1,1(e−γt,Ω∞). Moreover

‖u‖H1,1(e−γt,Ω∞) ≤ C‖f‖L∞(0,∞;L2(Ω))

where C is independent of u and f .

Now we study the differential operator of the Lame’s type

µ∆ + (λ+ µ)grad(div)

where ∆ is the Laplace operator, µ > 0, λ and µ+ λ > 0. Consider the following
problem in Ω∞.

(4.9) µ∆u + (λ+ µ)grad(divu) − utt = f(x, t)

(4.10) u |t=0= ut |t=0= 0
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(4.11) u |S∞= 0.

Put ass
ss = λ + µ, ahs

sh = ash
hs = µ with s 	= h, ajj

ss = 0 with s 	= j and ahs
jk = 0

with jk 	= sh. Hence we have

(4.12)

2W (x, t, e) =
n∑

s,h,j,k=1

ajk
sheshejk

= (2µ+ λ)
n∑

s=1

e2ss + λ

1,n∑
h	=s

essehh + µ

1,n∑
h	=s

e2hs

= 2µ
n∑

s=1

e2ss + λ(
n∑

s=1

ess)2 + µ

1,n∑
h	=s

e2hs.

Since µ > 0 and µ+λ > 0 we can find ε > 0 such that µ−ε > 0 and µ+λ−ε > 0.
Hence (4.12) implies

(4.13)

2W (x, t, e) = 2ε
n∑

s=1

e2ss + 2(µ− ε)
n∑

s=1

e2ss + λ(
n∑

s=1

ess)2 + µ

1,n∑
h	=s

e2hs

≥ 2ε
n∑

s=1

e2ss + µ

1,n∑
h	=s

e2hs +
2
n

(µ− ε)(
n∑

s=1

ess)2 + λ(
n∑

s=1

ess)2

= 2ε
n∑

s=1

e2ss + µ

1,n∑
h	=s

e2hs + (
2
n

(µ− ε) + λ)(
n∑

s=1

ess)2.

This implies that b

(4.14) W (x, t, e) ≥ µ0

n∑
s,h=1

e2sh

where µ0 is a positive constant. Therefore system (4.9) satisfies conditions of
Theorem 3.1 and Theorem 3.2, where we can choose µ2 = 0. From Theorem 3.1
and Theorem 3.2 we obtain

Theorem 4.2. Let f be a function which belongs to L∞(0,∞;L2(Ω)). Then
for each ε > 0 problem (4.9)-(4.11) has a unique generalized solution u = u(x, t)
in H1,1(e−εt,Ω∞). Moreover,

‖u‖H1,1(e−εt,Ω∞) ≤ C‖f‖L∞(0,∞;L2(Ω)),

where C is a positive constant which is independent of u and t.
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