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GENERALIZED K KM THEOREMS ON HYPERCONVEX
METRIC SPACES WITH APPLICATIONS

Tong-Huei Chang, Chi-Ming Chen* and Huwi-Ching Huang

Abstract. In this work, we establish a generalized K KM theorem in a
hyperconvex metric space, and then we use this theorem to get a fixed point
theorem, the matching theorem, the coincidence theorem, minimax inequality
theorems and the variational inequality theorems.

1. INTRODUCTION AND PRELIMINARIES

In 1929, Knaster, Kurnatoaski and Mazurkiewicz [10] had proved the well-
known K KM theorem on n-simplex. In 1961, Ky Fan [5] had generalized the
K K M theorem in the infinite dimensional topological vector space. Later, Chang
and Yen [3] introduced the family K K M (X,Y") , and get some results about fixed
point theorems, coincidence theorems, and minimax inequality theorems. And, the
notion of hyperconvexity is due to Aronszajn and Panitchpakdi [2] who proved
that a hyperconvex space is an absolute retract. In 1996 Khamsi [8] established an
analogue of the famous K K M-maps principle due to Ky Fan for hyperconvex metric
spaces. Besides, in [9], Kirk et al. proved a K KM theorem for the geheralized
K K M mapping on hyperconvex metric space, and get some results about fixed point
theorems, Fan-matching theorems and minimax inequality theorems under compact
assumptiom.

Recently, Amini, Fakhar and Zafarani introduced the class KKM(X,Y) in
metric space [1], and get some results about fixed point theorems and matching
theorem. In this work, we use the conception of J. C. Jeng, H. C. Hsu and Y. Y.
Huang [7] to define the K K M family on metric space. We establish a generalized
K KM theorem in a hyperconvex metric space, and then we use this theorem to
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get a fixed point theorem, the matching theorem, the coincidence theorem, minimax
inequality theorems and the variational inequality theorems.

We digress briefly to list some notations and review some definitions. Let X and
Y be two Hausdorff topological spaces and T : X — 2¥ be a set-valued mapping.
Then T is said to be closed if its graph Gr = {(z,y) € X xY 1y € T(z)} is
closed. If D is a nonempty subset of X, then (D) denotes the class of all nonempty
finite subset of D.

We shall use the following notations in the sequel.

(i) T(x) ={y €Y :y € T(x)},

(i) T(A) = UgeaT (2),

(iii) T7H(y) = {z € X :y € T(a)},

(iv) T°YB) ={x € X : T(x) N B # ¢}, and

(v) the set-valued mapping 7¢ : X — 2V is defined by T¢(x) = Y\T(z), for
e X.

T
T
T
T

A metric space (M, d) is called hyperconvex [2] if for any collection of points
{zo} of X and for r,, a collection of non-negative reals such that

d(zq,xg) < 1o+ 178,

then
NaB(xa,Ta) # .

Here B(x,r) denotes the closed ball with center € X and radius r > 0.
Suppose X is a bounded subset of a metric space (M, d). Then
(i) the admissible hull of X is defined by
ad(X)=nN{B C M : B is a closed ball in M such that X C B },
(ii) a subset X of M is called admissible if X = ad(X),
AM) = {X ¢ M : X = ad(X)}, that is; X € A(M) iff X is the
intersection of closed balls containing X, and

(iii) if A is a subset of M, then A is said to be subadmissible iff for each D C (A),
ad(D) C A. We denote

SA(M)={X C M : X is a closed subadmissible subset of X }

It is clear that if A, is subadmissible for each o € A, then N, A, 1s subadmis-
sible. Let B is a subset of M, the smallest subadmissible set containing B is called
the subadmissible hull of B and we denote it by sad(B). So sad(B) = N{A|B C A
and A is subadmissible }.
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Remark 1. If A is an admissible subset of a metric space M, then A must
be subadmissible. Moreover, every compact subadmissible subset of a hyperconvex
metric space is admissible (see [14]).

Definition 1. Let X be a subset of a metric space (M, d), and let Y be a
nonempty set. If F : Y — 2% is a set-valued mapping satisfying that for each
{y1,92, ..., yn} € (Y), there exists {1, z2,...,x,} € (X) such that ad{z;,, x;,
s i} C UN_ F(ys;), for all {i1, ig, ..., ix} C {1,2,...,n}, then F is called a
generalized K K M mapping.

Definition 2. Let X be a metric space, Y be a nonempty set, and Z be a hyper-
convex metric space. If T: X — 2%, F : Y — 27 are two set-valued mappings sat-
isfying that for each {y1, y2, ..., yn} € (Y), there exists {z1, zo, ..., z,} € (X) such
that T'(ad({x;,, T, ..., i, })) C Ué‘?:lF(yi].), for all {iy, 9, ...,3x} C {1,2,...,n},
then F is called a generalized K K M mapping with respect to 7. If the set-valued
mapping 7' : X — 27 satisfies the requirement that for any generalized K K M
mapping F : Y — 27 with respect to 7T, the family {F(y) : y € Y’} has the finite
intersection property, then T is said to have the K K M property. We denote

KKM(X,Z)={T: X — 2?|T has the KKM property.}

Let X and Y be two topological spaces. Then we said that the set-valued mapping
T : X — 2Y has a continuous selection if there exists a continuous function
f: X — Y such that f(z) € T(x) for each x € X. And, we denote
Q(X,Y) ={T: X — 2Y|T has a continuous selection }, and
C(X,)Y)={f:X —=Y]|f isa continuous function }

Definition 3. Let X be a topological space, and let Y be a hyperconvex metric
space. A set-valued mapping 7 : X — 2Y is called a ®-mapping if there exists a
set-valued mapping F : X — 2Y such that

(i) for each x € X, N € (F(x)), implies ad(N) C T'(z), and
(i) X = UyeyintF~1(y).

The mapping F' is said to be a companion mapping of 7.

Remark 2. It is easy to show that if 7 : X — 2Y is a ®-mapping, then for
each nonempty subset X; of X, T'|x, : X1 — 2Y is also a $-mapping.
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2. MAIN RESULTS

Definition 4. Let M be a metric space. A subset A C M is called finitely
closed if for every x1, x9, ..., x,, € M, the set ad({z1, x2, ..., x,}) N A is closed.

The following theorem will plays an important role for our main theorem.

Theorem 1. ([8]). Let M be a hyperconvex metric space, X an arbitrary subset
of M, and G : X — 2M a KKM map such that each G(z) is finitely closed.
Then the family {G(x) : x € X} has the finite intersection property.

Note that if in addition Gx  is compact for some xo € X, then NyexGx # ¢.

By Theorem 1, we have the following K K M theorem:

Theorem 2. Let M be a hyperconvex metric space. Suppose that {x 1, xa,...xn} C
M and Ay, As, ..., A, be finitely closed subsets of M such that for each {i 1, i, ..., i}
C {1,2,...,n}, we have ad{x;,, zi,, ..., i, } C Ué?:lAi]., then N1 A; # ¢.

Proof. Define G : M — 2M by

G(z;) = A; foreach i=1,2,...,n, and
G(x)=M forall = ¢ {x1,z2,...,2,}

Then it is easily to see that G is a K K M map with finitely closed values. Hence,
by Theorem 1, the family {G(x) : x € X} has the finite intersection property, and
hence N}'_; A; # ¢.

]

The following K K M theorem concerning generalized K K' M map were intro-
duced by W. A. Kirk and B. Sims [9].

Theorem 3. ([9]). Let Y be a nonempty set, and let X be a hyperconvex metric
space. If F:' Y — 2% is a generalized K K M mapping such that each F(y) is
finitely closed, then the family {F(y) : y € Y'} has the finite intersection property.

The following Lemma 1 is the Penot’s formulation for admissible sets (see page
406 of “Handbook of metric fixed point theory”, Edited by W. A. Kirk, and B.
Sims), and it will plays an important role for this paper.

Lemma 1. Let (X,d) be a hyperconvex metric space, and let {Ay}aen C
A(X). If for each o, 3 € A, Ag N Ag # ¢, then NaenAa # ¢.
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Follows from the above Lemma 1 and Theorem 3, we have the following K K M
theorem.

Theorem 4. Let Y be a nonempty set, and let X be a hyperconvex metric
space. If F' 1Y — A(X) is a generalized K KM mapping, then Nycy F(y) # ¢.

Follows from the above Lemma 1 and the definition of the K K M property, we
have the following generalized K K M theorem.

Theorem 5. Let X be a metric space, Y be a nonempty set, and let Z be
a hyperconvex metric space. If T € KKM(X,Z) and if F : Y — A(Z) is a
generalized K K M mapping with respect to T, then N yey F(y) # ¢.

The following propositions show the relations among the families Q(X,Y),
KKM(X,Y) and ®-mapping.

It is well known that the continuous functions are generalized K K M mapping
on hyperconvex metric spaces, since the identity map is K K M, so when a set-valued
maping 7" has a continuous selection, then 7" trivially is a generalized K K M. So
we immediate have the following Proposition.

Proposition 1. Let X be a metric space, and let Z be a hyperconvex metric
space. If T € Q(X,Z), then T € KKM (X, Z).

Proposition 2. ([15]). Let X be a paracompact topological space, and let Y
be a hyperconvex metric space. Suppose F : X — 2Y is a set-valued mapping

satisfying
(i) for each x € X, F(x) is subadmissible, and
(ii) X = UyeyintF~1(y).

Then F has continuous selection, that is, there exists a continuous function [ :
X — Y such taht f(x) € F(zx) for all x € X.

Follow from Proposition 1 and Proposition 2, we are easy to conclude the
following proposition.

Proposition 3. Let X be a paracompact topological space, and let Y be a
hyperconvex metric space. Suppose F : X — 2Y is a ®-mapping. Then F €

Q(X,Y).

Applying Proposition 1 and Proposition 3, we immediate get the following corol-
lary.
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Corollary 1. Let X be a paracompact topological space, and let Y be a
hyperconvex metric space. Suppose F : X — 2Y is a ®-mapping. Then F €
KKM(X,)Y).

As an application of Lemma 1, we have the following Ky-Fan-type matching
theorem.

Theorem 6. Let X be a metric space, Z be a hyperconvex metric space, and
let T € KKM(X,Z). Suppose {U,}icr is a family of open subset of Zsuch that
UictU; = Z and U is admissible for each i € I, then for any subset {z ;}icr of
X indexed by the same set I, there esists a finite subset {x 1,22, ...,xn} C {x;}icr
such that

T(ad({x1,z2, ..., 2n})) NN U; # &.

Proof.  Suppsoe the conclusion is false. Then T'(ad({z1,x2,...,xs})) C
Ur_,Uf for each {x1,x2,...,x} C {x;}ic;. Define a set-valued mapping F' :

X — 2% by
Ut xe{zitier,
F(x) =

Z  x¢A{zitier
Then for each {y1, y2, ..., ym} € (X), wehave T'(ad({y1, y2, ..., ym})) C U1 F(y;).
Since T'€ KKM (X, Z) and F(x) is closed for each x € X, the family {F(z;) :
i € I} has the finite intersection property, that is; the family {US : ¢ € I} has
the finite intersection property. By Lemma 1, we have McrU; # ¢, which implies
UierU; # Z, so we get a contradiction. ]

Apply Theorem 6, we get the following coincidence theorem.

Theorem 7. Let X be a metric space, Z be a hyperconvex metric space,
and let T € KKM(X,Z). Suppose F : X — 27 is a set-valued mapping with
open valued such that F°(x) is admissible for each v € X and U exF(x) = Z.
If for each z € Z, F_l(z) is subadmissible, then there exists o € X such that

T(zo) N F(x0) # ¢.

Proof.  As the same case in Theorem 6, we consider the family {F(z) :
x € X}. Then all the assumptions of Therorem 6 are satisfied. Hence there
exists {x1, 2, ..., x,} € (X) such that T'(ad({z1, 2, ..., xn})) NN F(x;) # ¢.
Therefore, there exists zg € ad({z1,x2,...,x,}) and zg € T(zp) such that zy €
N, F(x;). Thatis; zo € F(z;) for each i = 1,2,...,n, x; € F~1(2) for each
i=1,2,...,n. Since F~!(z) is subadmissible, hence ¢ € ad({x1, z2, ..., zn}) C
F~1(2p), and so zg € F(x0). This implies T'(z0) N F(xq) # ¢. ]
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Remark 3. The assumption U,c x F'(z) = Z of Theorem 6 can replaced to be
T(X) C F(X), and then we can obtain the same conclusion.

If we assume X = Z and T = iz of Theorem 7, then we immediate have the
following corollary.

Corollary 2. Let Z be a hyperconvex metric space. Suppose F': Z — 27 is a
set-valued mapping with open valued such that F ©(z) is admissible for each z € Z
and U,e 7z F(2) = Z. If for each =z € Z, F~'(z) is subadmissible, then there exists
20 € Z such that zg € F(zp).

Applying Proposition 3, Corollary 1 and Theorem 7, we also have the following
corollary.

Corollary 3. Let X be a metric space, Z be a hyperconvex metric space,
and let T : X — 2% is a ®-mapping. Suppose F : X — 2% is a set-valued
mapping with open valued such that F¢(x) is admissible for each x € X and
Usex F(x) = Z. If for each z € Z, F~Y(2) is subadmissible, then there exists
xo € X such that T(xo) N F(x0) # ¢.

3. APPLICATIONS
The following notoin is introduced in [9].

Definition 5. Let X be a nonempty set, and let Y be a metric space. A function
f: X xY — R is said to be metrically quasi-convex(resp. metrically quasi-
concave) in y if for each x € X and A € R, the set {y € Y : f(z,y) < A}(resp.
{y €Y : f(z,y) > A}) is admissible.

Definition 6. Let X be a metric space, Y be a nonempty set, Z be a hyper-
convex metric space, and let ¢y : X x Z = R, p: Y x Z — R be two real-valued
functions. v is said to be ¢-generalized-quasiconcave in x if for any finite subset
B ={y1,y2, ..., yn} of Y, there exists A = {x1, 2, ..., z,} of X such that for each
{i1,i2,...,3k} € {1,2,...,n} and for each = € ad({x;,, 4,, ..., Ti, }), we have

> mi ., z) for all Z.
¥(z,2) > lrgnjlgkw(yz, z) forall ze€

By using the above definition and Theorem 5, we have the following theorem.

Theorem 8. Let X be a metric space, Y be a nonempty set, and let Z
be a hyperconvex metric space If T € KKM(X,Y) and ¢ : X x Z — R,
p:Y x Z — R are two real-valued functions satisfying that
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(i) for each y € Y, ¢ is metrically quasi-convex in z, and
(ii) v is p-generalized-quasiconcave in x,
then for each A € R, one of the following properties holds:

(1) there exists Z € Z such that
©(y,2) <\ forall y €Y;
(2) ¥(xo,20) > A for some (xg, 20) € Gr.

Proof. Define two set-valued mapppings F : X — 24, S:Y — 2%by

F(z)={z€ Z:¢(x,2z) <A} foreach z € X, and
S(y)={z€ Z:9(y,z) <A} for each y €Y.

Suppose the conclusion (2)is false. Then ¢ (x, z) < A, forall (z, z) € Gr, and so we
have Gr C Gr. The assumption (i7) implies that S is a generalized K K M mapping
with respect to F'. Hence S is a generalized K K M mapping with respect to 7.
By (i), S(y) is admissible for each y € Y. Since T'e KKM(X,Y), the family
S(y) : y € Y has the finite intersection property. By Theorem 5, Nycy S(y) # ¢.
Take Z € Nyey S(y). Then (y,Z) < A for all y € Y. This completes the proof. m

Apply Theorem 8, we immediate the following theorem.
Theorem 9. The conclusion of Theorem 8 implies the inequality

inf supp(y,2) € sup (e, 2).
2€Z yey (z,2)E€GT

Proof.  Let A = sup(, .yeg, ¥(2,2). Then the conclusion (2) of Theorem 8
is false. So there exists z such that p(y,z) < A for all y € Y. This implies
sup ey (¥, Z) < A. So we have inf,ez sup,cy ¢(y, 2) < SUP(3,2)€6y Y(x,z). m

Since C(X, Z) ¢ KKM (X, Z), by Theorem 9, we have the following corollary.

Corollary 4. Let X be a metric space, Y be a nonempty set, and let Z be a
hyperconvex metric space If s € C(X,Y)and ¢ : X X Z - R, ¢: Y xZ =R
are two real-valued functions satisfying that

(i) for each y €'Y, ¢ is metrically quasi-convex in z, and

(ii) v is p-generalized-quasiconcave in x,

then for each A € R, one of the following properties holds:
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(1) there exists Z € Z such that
¢(y,2) <A forall yey;

(2) Y(mo, s(xg)) > A, for some zp € X.

Applying the property of the family K K M (X, Z) and Theorem 8, we have the
following generalized variational inequality theorem.

Theorem 10. Let X,Y, Z be three hyperconvex convex spaces, let ) : X X Z —
R, ¢ :Y x Z — R are two real-valued functions satisfying the conditions (i) and
(ii) of Theorem 8, and let \ € R. If for any polytope A in X and for f € C(Z,A),
there exists zg € Z (depends on f) such that {(f(z¢),z0) < A then there exists
Z € Z such that
o(y,z) < A, forall yeVY.

Proof. Define two set-valued mapppings F : X — 2%, S:Y — 2%by
F(z)={z€ Z :¢(x,z) <A} foreach x € X, and

S(y)={z€ Z:9(y,z) <A} for each y €Y.

By the assumption, for any polytope A in X and for f € C(Z,A), there exists
2o € Z such that ¥ (f(20), z0) < A, it follows that zp € F'(f(z0)), and so we have
f(z0) € f(F(f(20))). This shows that fF|a has a fixed point in A, and so we
have F' € KKM(X, Z). By the definition of F', the conclusion (2) is false. Hence
there exists Z € Z such that p(y,z) < A forally € Y. ]
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